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Abstract

I study a dynamic model of durable-good monopoly where the seller minimises
lifetime regret against the worst-case type of buyer. The optimal mechanism
is time-consistent: at no point can the seller benefit from replacing it with
another mechanism. Despite this, the optimal mechanism cannot be supported
in an equilibrium without commitment. This is because the seller’s regret
is endogenously determined by the best counterfactual payoffs he can obtain
against every type, and these payoffs vary with his commitment power. When
the seller lacks commitment the good may not be sold to all types. However,
in the limit as offers become frequent the good is sold immediately at a price

equal to the lowest buyer value.

1 Introduction

How should a monopolist sell a single unit of a good when faced with uncertainty
about the buyer’s value? The classic answer is that the seller maximises expected
profits given a prior distribution over the buyer’s values. However, this probabilistic
information may be unreliable, or missing altogether. The literature has responded

to these concerns by developing robust approaches such as profit maximisation given
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a worst-case distribution of values (Carrasco et al., 2018, 2019) and regret minimisa-
tion given a worst-case distribution of values (Bergemann and Schlag, 2008, 2011)."
Extensions of these approaches to dynamic models are scarce and tend to favour
worst-case profit maximisation (Libgober and Mu, 2021; ?). This paper, instead,
explores regret minimisation in a dynamic setting where the seller offers prices to a
buyer over an infinite horizon knowing only that the buyer’s value lies in an interval
v, U].

My approach can be motivated by the following reasoning. Suppose the seller
learns the buyer’s value v after selling the good. He then compares the profits he has
made to the best profits he could have made if he had known the buyer’s value was
v at the start of the game. The resulting (hypothetical) improvement in profits is
the seller’s (lifetime) regret against type v of the buyer. Prior to the sale the seller
anticipates the regret he will have against each possible type. Lacking probabilistic
beliefs, the seller adopts the minmax regret decision rule introduced by Savage (1951):
he minimises regret in the worst-case scenario, i.e. against the worst-case type.

I study two versions of the problem varying the seller’s commitment power. When
the seller has commitment, he chooses a mechanism to minimise the worst-case re-
gret described above subject to the buyer’s best response. The optimal mechanism
exhibits regret equalisation across time: the seller’s regret against the worst-case type
who buys at time ¢ equals regret against the worst-case type who buys at time ¢ + 1,
and also equals regret against the worst-case type who does not buy the good (pro-
vided such types exist). Regret equalisation implies that the optimal mechanism is
time-consistent: at no point can the seller benefit from replacing it with a different
mechanism. This feature is particular to the regret objective and stands in contrast
with many standard dynamic settings, where optimal mechanisms induce suboptimal
future outcomes in order to improve incentives at earlier stages.

To study the case where the seller lacks commitment, I define a solution concept
called Perfect Regret Equilibrium (PRE). It mirrors Perfect Bayesian Equilibrium
(PBE) except for the seller’s objective. In a PRE the seller uses the history of prices
and the buyer’s equilibrium strategy to infer which types have purchased the good,

akin to updating beliefs in a PBE. He then minimises worst-case regret against the

Many extensions to multiple goods and/or multiple buyers have been studied. See Carroll (2017);
Du (2018); Brooks and Du (2021); Che (2022); He and Li (2022); Suzdaltsev (2022a,c); Zhang (2023)
for worst-case profit maximisation and Kogyigit, Rujeerapaiboon, and Kuhn (2022); Zhang (2022);
Kogyigit, Kuhn, and Rujeerapaiboon (2024) for worst-case regret minimisation.



remaining types. Regret against a given type v is backward-looking: at any history
from time ¢, he compares his lifetime equilibrium profits against v (calculated from
time 0) to the best lifetime profits he could achieve against v by changing his strategy
from time 0. Hence, the seller’s strategy has less impact on regret as the game goes on,
leading to nonstationary equilibrium behaviour. The advantage of this formulation
of regret is that the seller’s preferences are dynamically consistent, which roughly
means that an optimal strategy remains optimal at subsequent histories holding the
buyer’s strategy fixed (Proposition 1). This is a desirable but elusive feature of
dynamic models with nonstandard preferences (Carroll, 2019). When preferences
lack dynamic consistency, there may not exist an equilibrium where strategies are
immune to all possible deviations. For instance, Schlag and Zapechelnyuk (2024)
consider another regret-based solution concept for dynamic games where equilibrium
strategies only need to be immune to one-shot deviations, even though the one-shot
deviation principle does not apply (see Section 3.5 for a detailed discussion). PRE
is more strict because it requires optimality against all deviations. Yet, the one-shot
deviation principle applies similarly to standard dynamic games (Proposition 2).

The main result of the paper characterises a PRE in the “gap case” v > 0 (The-
orem 1). The equilibrium is unique up to buyer indifference. It shares a lot of
structure with the commitment solution due to the time consistency of the latter. In
both cases the seller’s preferences depend endogenously on the best counterfactual
payoffs against each type. The price path of a PRE matches the optimal mechanism
for a seller whose preferences are determined by the PRE counterfactual payoffs. It
differs from the optimal mechanism only because the PRE counterfactual payoffs
differ from the counterfactual payoffs under commitment.

Equilibrium sales in a PRE are qualitatively different from their PBE counter-
parts. Since regret is measured against a time-0 benchmark, sales at late stages of the
game are less relevant due to discounting. In the long run regret against each type
approaches the best counterfactual payoff, which is increasing in the type. The seller,
therefore, prioritises extracting surplus from the high types. Consequently, low types
may never purchase the good. This contrasts the Bayesian model, where the good is
sold to all types in finitely many periods (Fudenberg, Levine, and Tirole, 1985).

The differences with the Bayesian model vanish as offers become frequent. Gul,
Sonnenschein, and Wilson (1986) showed that in the limiting PBE outcome the good



sells immediately at a price of v, confirming a conjecture of Coase (1972).> This is
attributed to the time inconsistency of the seller’s optimal mechanism. The Coase
conjecture also holds in my model with regret, despite the time consistency of the
seller’s optimal mechanism (Theorem 2). The result is, instead, driven by the time in-
consistency of the seller’s optimal counterfactual mechanism against each type, which
produces the best counterfactual payoffs under commitment. My result contributes
to a large literature investigating the sensitivity of the Coase conjecture to different
specifications of the model.?

The rest of the paper proceeds as follows. Section 2 illustrates the results of the
paper in a simple setting with two periods. Section 3 presents the general model
where time is infinite, defines the PRE solution concept, and discusses related litera-
ture. Section 4 describes the commitment outcome and Section 5 presents the PRE
characterisation. Extensions are discussed in Section 6. Omitted proofs appear in

the Appendix.

2 Two-period example

This section presents a two-period version of the model studied in the rest of the
paper. A buyer wants to purchase a single unit of a good from a seller. The buyer’s
type is his value v, which is unknown to the seller. The seller only knows that
v € v, 0], where v > v > 0. The seller offers prices for the good at each time ¢ = 0, 1.
The buyer maximises utility. He gets utility §‘(v — p) from purchasing the good at
time ¢ for a price p, and he gets 0 otherwise. Assume that the buyer purchases the

good when indifferent.

2.1 Commitment

Suppose the seller can commit to a mechanism consisting of prices pg, p1 posted at
times ¢ = 0, 1, respectively. Given a mechanism (pg,p1), let By, By denote the sets

of types who purchase the good at times ¢ = 0,1, respectively, and let B, denote

2See also Sobel and Takahashi (1983); Fudenberg, Levine, and Tirole (1985); Ausubel and De-
neckere (1989).

3See McAfee and Wiseman (2008); Kim (2009); Fuchs and Skrzypacz (2010); Board and Py-
cia (2014); Ortner (2017); Nava and Schiraldi (2019); Chang and Lee (2022); Groseclose (2022);
Brzustowski, Georgiadis-Harris, and Szentes (2023); ?); Doval and Skreta (2024).



the set of types who do not purchase the good. Let By = [v1,7]|, By = [vg,v1), and
B = [v, 1), as illustrated in Figure 1. The seller’s payoff (profits) against type v is

Po ifve BO
ug(v) =< op; ifve B -
0 if v € By
If the seller wants to maximise profits against a particular type v, he can set prices

po = p1 = v. Type v will then buy at ¢ = 0 resulting in the payoff C'(v) = v. This is

called the best counterfactual payoff against v.
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Figure 1: A mechanism Figure 2: Optimal mechanism

The seller’s regret R(v) = C'(v) — ug(v) against type v is the difference between
the seller’s payoff against v and the best payoff he could obtain against v. In general,
no mechanism can maximise profits against all types, so regret against some types
will be positive. The seller wants to guarantee a level of regret irrespective of the

buyer’s type. His objective is to minimise regret against the worst-case type of buyer:

min sup R(v). (1)

PO:P1 ye[,7]



Solution

Consider the seller’s (worst-case) regret against (types in) By. The seller gets the
same payoff against each of these types because all of them buy the good at t = 0 for
a price of pg. On the other hand, the best counterfactual payoff C'(v) is increasing in
v. Hence, the seller’s regret against By equals his regret R(v) = C(v) — py against
the highest type in By, depicted on Figure 1 by a red vertical line at v. Similarly,
his regrets against By and By, equal C(v;) — 0p; and C(vy), respectively. They are
depicted on Figure 1 by red vertical lines at v; and vy. The seller’s problem (1),
therefore, amounts to minimising worst-case regret against the three groups of buyers

By, By, By, corresponding to the three red lines:

g}lipn max g(@) — pg 5 (C(Ul) - 5p1)1v1>ya C(U2)1v2>y ’ (2>
»P1 J/ \ J/
regret ag;inst Bo regret against B1 regret ag‘;inst Bso

where 1 is the indicator function. If v; = v, then the good is sold to all types at
t =0, so B; = () and the seller does not incur regret against types who buy at ¢t = 1.
Similarly, if vo = v, then By, = () and the seller does not incur regret against types
who do not purchase the good because there are no such types.

In what follows I show that the optimal mechanism equalises regret across all
nonempty groups of buyer types. Fix a mechanism (pg, p1) and suppose v; > v. The
seller’s problem (2) shows that p; does not affect regret against By. Hence, an optimal

choice of p; minimises regret against the worst-case type in B; and By:*

p1 € argminmax ¢ C(v1) —dp , C(va)lyysy o - (3)

D [

Vo Vv
regret against B1 regret against Beo

If vo > v, then type vy is indifferent between accepting and rejecting p; at t =1, so
p1 = vy. Condition (3) then requires equalisation of regret against By and B.,. For
example, if C'(v1) — dp1 < C(vq), then the seller incurs higher regret against B,
as shown in Figure 1. A small reduction in p; would improve the objective in (3)

by decreasing regret against B, while ensuring it will not be overtaken by regret

4If regret against By is sufficiently large, then multiple choices of p; may be optimal, some of
which do not minimise regret against B; and B.,. This does not arise in the optimal mechanism.



against Bj. Regret equalisation implies that C'(v1) = C'(v2) + dva. When this cannot
be satisfied for any v, the good is sold to all types at t =1 at price p; = v, and

vo = v. Hence, in both cases vy = f&(vy), where
fi (v) = sup{v’ > v|C(v) > C(V) + v’} (4)

with the convention sup() = v. Since regret against B, equals regret against B,

when B, # (), problem (2) shows that the price in the initial period satisfies

po € argminmax ¢ C(0) —p ,(C(v1) — p1)Lyysp o - (5)
p S—— N ~ 4
regret against Bg regret against B

The optimal price py can now be derived similarly to p;. If v; > v, then type v,
is indifferent between purchasing at t =0 and ¢t = 1, so pg = (1 — d)vy + dp;. The
optimal mechanism equalises regret against By and By, i.e. C(v) —py = C(v1) — 0p1.
Substituting the indifference condition for v; results in C'(v) = C'(v1) + (1 — 0)vy. If

the latter cannot be satisfied for any v, then v; = v. Hence, v; = f§(v), where
fo (W) = sup{v’ > v|C(v) > C(v') + (1 — o'} (6)

Equations (4) and (6) describe the law of motion for the highest outstanding
type in each period, referred to as the state. Substituting C(v) = v gives v; =
max{v/(2 —9),v} and vo = max{v; /(1 +6),v}. The optimal prices are inferred from
the types vy, vy via the equations pg = (1 — 0)vy + 0p; and p; = v,. For the choice of

parameters in Figure 2 vy = 6,v9 =4, pg = 5,p; = 4.

Time consistency

Suppose the seller chooses the optimal mechanism (pg, p;). He sets price pj§ at t =0
and the buyer rejects it. Then at ¢ = 1 he is given the option to abandon the mecha-
nism by setting a price p;. This is not anticipated by the buyer, who believes the seller
is committed to (p§, p}). Can the seller benefit from choosing p; # p;? The answer

depends on his preferences at t = 1. I assume the seller minimises his worst-case re-



gret against types who did not purchase the good at ¢ = 1, given by sup,¢py.,) R(v).?
The interpretation is that the seller regrets the extra profits he could have made from
the beginning of the game with knowledge of the buyer’s type, as outlined in the
introduction. It follows that p; satisfies (3) and, therefore, equals pj. Hence, the op-
timal mechanism remains optimal from the perspective of ¢ = 1. This property of the
optimal mechanism is often termed time consistency following Kydland and Prescott
(1977).

If the seller has an exogenously given counterfactual C' that is strictly increasing
and continuous, the resulting optimal mechanism, called C-optimal, is also time-

consistent. This is crucial for the equilibrium analysis below.

2.2 No commitment

Now suppose the seller cannot commit to prices. A strategy for the seller is therefore a
price pg set at ¢t = 0, and a function P;(v) representing the price at ¢ = 1 when the re-
maining types are believed to be [v, v). In equilibrium the seller follows the regret ob-
jectives at t = 0 and ¢ = 1 outlined so far: His regret R(v) = C'(v) —m(v) against type
v is defined analogously to the case of commitment, except that C'(v) is now the best
payoff that can be obtained against v given the buyer’s equilibrium strategy. At ¢ =0
the seller’s equilibrium strategy minimises worst-case regret sup,(, 5 f2(v) against all
types. At ¢ =1 the seller minimises worst-case regret sup,cp, ) R(v) against types
[v,v") who have not purchased at t = 0 according to their equilibrium strategy given
the price set at t = 0.

Let [v1, 0] be the types who buy at ¢ =0 and [ve,v1) be the types who buy at
t =1 in equilibrium. Despite lack of commitment, the states vy, vy follow the same
laws of motion (4) and (6) as in the setting with commitment. This is a consequence
of the time consistency of the C-optimal mechanism discussed above. At t =1 the
seller without commitment faces the same problem (3) as a seller with commitment

who is given the option to abandon his previously chosen mechanism. Hence, the

5 Alternatively, the seller could consider worst-case continuation regret in line with the solution
concept of Schlag and Zapechelnyuk (2024) (see Section 3.5). In this case the optimal mechanism
would not be time-consistent.



price p; set on the equilibrium path satisfies

p1 € argminmax {C(vy) — dp, C(va) Lyyso (7)
P

where vy = p is the lowest type who buys the good, mirroring the analysis of (3).
Thus, p1 = v = f(v1). The same analysis applies to any history at ¢t = 1 where
types [v,v) are present, resulting in an optimal price P;(v) = f¢(v). This completes

the seller’s strategy at ¢ = 1. Similarly, the equilibrium price at ¢ = 0 satisfies

Do € arg;nin max {C(v) — p, (C(v1) — 0P (v1))Ly,>0} (8)
mirroring (5). Hence, v; = f§(v) and pg = (1 — 0)vy + dp1 = (1 — )vy + dvy, as in
the case of commitment.

Despite following the same law of motion as the optimal mechanism, the equilib-
rium states vy, vy differ from their counterparts under commitment. This is because
the best counterfactual payoff the seller can obtain against type v in equilibrium
(without commitment) is lower than the best commitment payoff. The equilibrium
counterfactual C' is characterised by a fixed point. Given C|, the seller’s strategy is
determined as described above. This, in turn, determines the buyer’s strategy as the
best response to the pricing of the seller. Finally, the buyer’s strategy determines
the best payoffs the seller can obtain against each type, and they should match the
counterfactual payoffs in C.

I now use the above steps to verify that the equilibrium counterfactual for the

parameters v = 4,7 = 9,5 = 0.5 considered so far is given by®

s+2 ifv<8

Cv) = :
v—2 ifv>8

6In general, C can have a different number of linear segments.



It follows that the seller’s strategy at t = 1 satisfies’

4 ifvo<8

Pi(v) = f{(v) = L oS8
v—4 ifv>

This can be used to determine equilibrium states and prices v; = 5,v9 = 4,pg =
4.5,p1 = 4.

Now consider the buyer’s best response to the seller’s strategy. At t =1 type v
accepts any price p < v. At t = 0 type v accepts a price p iff v —p > §(v — Py (v1(p))),
where v1(p) is the lowest type who accepts. It follows that v accepts iff (1 — §)v >
p— 0P (v).

The best lifetime payoff the seller can obtain against type v given the buyer’s
strategy results from selling the good to v at t =0 or t = 1. The best payoft from
selling at ¢t =1 is dv. The best payoff from selling at ¢ =0 is (1 — §)v + 0Py (v).
Since 6 = 0.5, selling at ¢t =0 is more profitable. It can be shown that C'(v) =
(1 —9)v+ 0P (v), completing the verification of the equilibrium counterfactual C.

Figure 3 summarises the solutions with and without commitment. Red verti-
cal lines depict regret against types who purchase at t =0 and ¢ = 1 in the case of
commitment, as in Figure 2. Blue vertical lines depict these regrets in the equilib-
rium without commitment. The function C°™ of best counterfactual payoffs under
commitment is steeper than the the function C°M™ of best counterfactual payoffs in
equilibrium. It follows from the laws of motion (4) and (6) that commitment produces
higher states and, therefore, results in slower sales. Indeed, at ¢t = 0 types above 6 buy
when there is commitment, while types above 5 buy in equilibrium. Both the commit-
ment and equilibrium prices at ¢ = 0 satisfy pg = (1 — §)v; + dv, for their respective
states vy, vo. Hence, the equilibrium price of 4.5 is lower than the commitment price
of 5.

If v < 8, then C(v) < 6 = C(v) + dv, so fE(v) =v =4. If v > 8, then C(v) = v —2 =
vd 424 =Cluv—4)+0(v—4),s0 fC(v) =v—4.
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Figure 3: The solutions with and without commitment

3 Model

A monopolist seller has a single unit of a durable good. A buyer has value v € V =
[v, 9] which is known to himself but not to the seller, where v > v > 0. In what

follows I will refer to the buyer with value v as type v or simply v.

3.1 Timing and strategies

The game unfolds in discrete time ¢ = 0,1, .... Each period the seller offers a price,
then the buyer accepts or rejects it. The prices belong to a bounded set P that
contains V.® If the buyer accepts, the game ends; otherwise, the game proceeds to

the next period. A history of length ¢ is a sequence (pg, p1, ..., pi—1) € P of prices

8Boundedness of P is required only for the proof of the one-shot deviation principle (Proposi-
tion 2). The remaining results continue to hold when P is unbounded, but the proofs of Lemma 6
and Proposition 5 need to be modified (see Kostadinov (2024)).
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offered up to time ¢ that have been rejected by the buyer. Let H! be the space of
histories of length ¢t > 1, H° = {h°} be the singleton set containing the initial history,
and H = U H! be the space of all histories.

A strategy for the seller is a function og : H — P mapping histories to price
offers. A strategy for the buyer is a function o : V x H x P — {A, R} where
op(v,h,p) = A(R) means that type v accepts (rejects) price p offered by the seller
following history h. Let ¥Xg and ¥ g be the respective strategy spaces for the seller
and the buyer.

A strategy op for the buyer can be used to infer the set of types V'|h|op| present
at history h, i.e. the types who reject all prices along h according to og. Formally,
V[hP|op] =V and

Vihlog] = {v € V|os(v, (po, ..,ps—1),ps) = R for all s <t — 1} 9)

for histories h = (po, .., pi—1) € H' such that ¢ > 0 and the RHS of (9) is nonempty,
where (po, .., ps—1) = h® when s = 0. Any other history A’ cannot be reached if the
buyer is following op. I set V[ |op] = {v} for all such histories. Let V[h|op] :=
sup V[h|og| be the highest buyer type present at history h.

It will be useful to define histories h®[h|og] on the path of a seller strategy og
following a history h. For any history h € H! let hi[h|os] = h and h*T[h|os] =
(h*[hlos], os(h®[hlog])) for all s > t.

3.2 Payoffs and regret

Players share a common discount factor § € (0,1). Suppose they follow a strategy
profile ¢ = (0g,05). The seller’s lifetime payoff given history h when the buyer’s

type is v is given by
us(v, hlo) = &'py,
where ¢ = inf{s > t|og(v, h*[h|os],os(h*|h|os])) = A} is the first time following h

when the good is sold to type v and p; = og(h'[h|og]) is the corresponding sales price.

If such a time ¢ does not exist, then the good is never sold and ug(v, hlo) = 0.

12



Type v’s payoff given history h and an offer p is

uB(Ua hap’(j) = 51‘/(,0 - pt)a

where t and p; are defined analogously except for replacing og with the strategy o%
that differs only in o%(h) = p.
The highest lifetime payoff the seller can obtain against type v is

us(vlop) = sup ug(v, h’|o%, op).
04€Ts

Suppose the seller has a payoff benchmark against every type given by a function
C :V — R. Regret against v at any history h is equal to the difference between the

benchmark C'(v) and the seller’s lifetime payoff against v given h:
R(v, hlo,C) = C(v) — ug(v, hlo).

The seller’s (worst-case) regret against (types in) V at his given by sup,.¢ R(v, hlo,C).
When V = V[h|og] this corresponds to the seller’s regret against all types believed
to be present at h, denoted

R(hlo,C) = sup R(v,hl|o,C). (10)

veV[h|op]

3.3 Equilibrium

I now propose an equilibrium concept modelled after Perfect Bayesian Equilibrium
(PBE) with the difference that the seller minimises lifetime regret instead of max-

imising payoff.

Definition 1. A strategy profile o and a counterfactual function C':V — R form a
Perfect Regret Equilibrium (PRE) if the following conditions hold:

(E1) op € argmaxug(v, h,plog, o) for allveV, he H,peP

O’}BEEB

(E2) og € argmin R(h|oy,0p,C) for all h € H

o4€Xs

(E3) C(v) = ug(v|op).

13



The general principle is as follows. At any history h each player considers all
possible realisations = of his opponents’ private information drawing inference from
past actions and equilibrium strategies. When contemplating a strategy for the rest
of the game (each type of) each player computes two payoffs for each realisation z —
(i) the best lifetime payoff he could attain if he could return to time 0 and choose a
strategy for the entire game with knowledge of x, and (ii) the lifetime payoff based
on all actions taken up to A and employing the chosen strategy from h onwards.
The player chooses a strategy that minimises worst-case lifetime regret defined as the
difference between (i) and (ii), assuming the worst realisation z and assuming that
other players follow their equilibrium strategies.

I now demonstrate how this principle is applied to produce Definition 1. Since the
seller is uninformed, there is a single realisation xg of his private information. The
buyer’s best counterfactual payoff described by (i) above is therefore independent
of his strategy, as the worst-case realisation of the seller’s private information is
always xg. Hence, to minimise lifetime regret, the buyer maximises payoff (ii) or,
equivalently, maximises the continuation payoff from h, exactly as he would in a
PBE. This produces condition (E1).

Unlike the seller, the buyer has private information about his value v. Hence, at
each history h the seller minimises his lifetime regret in (10) against the worst-case
type v from the types V[h|opg| believed to be present at h according to the buyer’s
strategy.” This produces condition (E2).

The final condition (E3) requires that the benchmark C against which the seller
measures regret is given by the payoff (i) above, i.e. C'(v) is the best payoff he could
obtain counterfactually knowing that the buyer’s type is v. Henceforth, I refer to C'

as the counterfactual (function) and to C'(v) as the (best) counterfactual payoffs.

Remark 1. PRE can be interpreted as a solution concept for a game with multiple
priors. Let II be the set of all probability distributions over V and suppose the
seller’s prior beliefs are given by the set 1I; = {7 € Il|w(v) = 1 for some v € V} of all
degenerate distributions. Then u(hlog) = {7 € |r(v) = 1 for some v € V[h|opg|}
are the posterior beliefs following history h obtained by updating each prior by Bayes’

9Recall that V[h|og] = {v} when h is inconsistent with o3, i.e. the seller infers he is facing type
v. This has no impact on behaviour on the equilibrium path by the same argument used for the
Bayesian model: any other belief would cause the seller to charge a higher price at h, preserving the
buyer’s incentives to accept at prior to h.
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rule using the buyer’s strategy op. Hence, (E2) is equivalent to the (sequential)

optimality of the seller’s strategy under beliefs {p(h|op) ey in the following sense:

og € argmin  sup /R(U, hlog, o, C)dr(v) for all h € H. (11)

0’%625 weu(hlop)

Suppose the set of prior beliefs contains II; and let {v(h|op)}ren be the cor-
responding posterior beliefs. Optimality under {v(h|og)}rex is equivalent to (11)
because v(h|log) O pu(h|og) and each distribution in v(h|og) is supported on V' [h|og]
so the worst-case distribution in v(h|og) is degenerate. Hence, PRE is equivalent to
a solution concept where the seller entertains any set of priors containing I1%, e.g. the

set of all possible priors.

3.4 Properties of PRE

The most unusual feature of the seller’s preferences is their backward-looking nature.
Regret is based on what the seller could have done at earlier stages of the game, even
though his strategy can only influence the future. Therefore, his preferences violate
a common formulation of consequentialism which states that preferences should not
depend on past actions.

Another nonstandard feature of the seller’s preferences is that they are not ex-
ogenously given. They are defined only in the context of the counterfactual payoffs
in C, which are determined endogenously by the buyer’s equilibrium strategy. Nev-
ertheless, given any counterfactual C' the preferences satisfy two desirable properties.
First, they are dynamically consistent in the following sense adapted from Epstein
and Schneider (2003).

Proposition 1. Fiz a time t and let h* € H', C .V — R, op € Y¥p, 05,04 €
Ys with og(h) = os(h) for all h € H® with s < t. If R(h,05(h')|og,0p,C) <
R(R',o5(hY)|ok, 0p,C), then R(h'|os,op,C) < R(h'|oy, op,C).

Proposition 1 is interpreted as follows. Fix a strategy op for the buyer. If the
seller finds it suboptimal to switch from og to o at the time-t+1 history (h*, og(h')),
then this switch is also suboptimal when evaluated at the time-¢ history h!. Hence,
the choice between og and o is consistent across time. A useful heuristic is that “the

optimal strategy at ¢ remains optimal at ¢ + 1” but this is a stronger statement that
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does not hold in general because there may not exist an optimal strategy at t + 1, or
there may be multiple optimal strategies at ¢, some of which are not optimal at ¢ + 1.

The seller’s preferences also satisfy the one-shot deviation principle, which states
that a strategy og is optimal iff there is no better strategy o% that differs from og at

a single history.

Proposition 2. (og,05,C) satisfies (E2) iff R(h|os,05,C) < R(hlog, op,C) for all
h € H and o with og(h') = o5(h’) for all h' # h.

In standard dynamic games players maximise discounted expected utility. These
preferences are dynamically consistent and the one-shot deviation principle applies.'’
Moreover, there exists a stationary recursive characterisation of equilibrium (Abreu,
Pearce, and Stacchetti, 1990). For example, in the standard durable-good monopoly
model the sets of (continuation) PBE from all histories where the seller holds a given
belief about the buyer’s type are identical. This is not true for PRE because regret is
based on lifetime payoffs computed from time 0, so the impact of the seller’s strategy
diminishes over time. This time dependence results in nonstationary equilibrium

behaviour described in Section 5.2.

3.5 Relation to the literature

Decision rules based on worst-case regret originate in Savage (1951). The first appli-
cation of this criterion to games of incomplete information is in Linhart and Radner
(1989)."" They consider a sealed-bid mechanism for bilateral trade and assume each
player minimises regret against the worst-case strategy of the worst-case type of his
opponent.'? There are no constraints on the strategies under consideration except
that the buyer does not bid above his value and the seller does not bid below his
cost. In contrast, PRE posits that the seller minimises regret against the equiltbrium
strategy of the worst-case buyer type. This feature of PRE appears in the solution

concept of Hyafil and Boutilier (2004) for static games."® It also features in a number

10Gince the buyer’s preferences in my model amount to maximising discounted expected utility,
they are also dynamically consistent and satisfy the one-shot deviation principle.

HRenou and Schlag (2010) and Halpern and Pass (2012) offer regret-based solution concepts for
static games of complete information.

12Gee Shafer (2020) for an extension to multiple buyers and sellers.

137 adopts a similar approach from the interim perspective: regret-minimising bidders in a first-
price auction correctly anticipate summary statistics of the distribution of their opponents’ bids
across all possible types.

16



of static settings where a mechanism designer minimises regret against the worst-
case types of the agents given optimal behaviour by the latter (Hurwicz and Shapiro,
1978; Bergemann and Schlag, 2008, 2011; Bevia and Corchén, 2022; Kogyigit, Rujeer-
apaiboon, and Kuhn, 2022; Kocyigit, Kuhn, and Rujeerapaiboon, 2024; Suzdaltsev,
2022b; Zhang, 2022; Guo and Schmaya, 2023, 2025).

A vast literature originating in Hart and Mas-Colell (2000, 2001) studies the impli-
cations of regret objectives for the long-run distribution of action profiles in repeated
games.'? In these papers players consider the counterfactual improvement in payoff
from changing their strategy from time 0, similarly to PRE. However, this counter-
factual gain is computed under the assumption that the actions of their opponents
observed so far would remain the same.'” In a PRE, instead, the seller takes into
account that switching to an alternative strategy would change the buyer’s behaviour.

Caldentey, Liu, and Lobel (2017) study a continuous-time model of durable-good
monopoly where the seller minimises regret and has commitment. Section 4.2 shows
that the optimal mechanism in the frequent-action limit of my model matches their
solution.

PRE contributes to the literature on dynamic games with ambiguity aversion.
Ellis (2018) has shown that departing from standard preferences creates a conflict
between dynamic consistency and consequentialism, provided a certain common prior
assumption is maintained. This has led to two approaches.

One branch of the literature insists on dynamic consistency. Hanany, Klibanoff,
and Mukerji (2020) propose a solution concept similar to PBE for players with smooth
ambiguity preferences who hold multiple prior beliefs (Klibanoff, Marinacci, and Muk-
erji, 2005).' These preferences are dynamically consistent when beliefs are updated
in a specific way that violates consequentialism. This approach preserves the one-shot
deviation principle. PRE exhibits the same tradeoff — dynamic consistency and the
one-shot deviation principle hold (Propositions 1 and 2), while consequentialism is
sacrificed.

It is also possible to obtain dynamic consistency in specific games games with

information structure satisfying a rectangularity property (Epstein and Schneider,

14See Chapter 7 of Cesa-Bianchi and Lugosi (2006) for a survey.

15Schlag and Zapechelnyuk (2012) show that relaxing this assumption has a substantial impact
on the results of this literature.

6de Castro and Galvao (2019) and de Castro, Galvao, and da Siva Nunes (2025) apply a similar
approach to a single agent with quantile preferences.
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2003). Pahlke (2022) defines a solution concept for players with minmax preferences
(Gilboa and Schmeidler, 1989). While these preferences are dynamically inconsistent
in general, Pahlke (2022) obtains dynamic consistency by modifying ex-ante beliefs.
Liu (2024) studies dynamic contracts where the principal faces ambiguity about the
actions available to the agent but, unlike in standard models, the agent is myopic.
? study durable-good monopoly where the seller faces ambiguity about the dynamic
process governing how the buyer learns about his value. They restrict attention to
processes that make the seller’s preferences dynamically consistent.

A second branch of the literature works with dynamically inconsistent preferences,
while preserving consequentialism (Bose and Daripa, 2009; Bose and Renou, 2014;
Auster and Kellner, 2022; ?).!7 The solution concepts in this literature require that
strategies are immune to one-shot deviations, or satisfy the closely related notion of
consistent planning (Strotz, 1955). However, the one-shot deviation principle does
not apply due to lack of dynamic consistency. Hence, in equilibrium players can profit
from multi-stage deviations.'®

)

The “dynamic inconsistency” approach above is also adopted in a regret-based
solution concept called Perfect Compromise Equilibrium (PCE) proposed by Schlag
and Zapechelnyuk (2024)."” Both PRE and PCE posit that at every history players
minimise regret against the worst-case type of their opponent given their equilibrium
strategy. The difference lies in the formulation of regret. In a PCE a player’s regret
against type v of his opponent equals the difference between his equilibrium contin-
uation payoff against v and the best continuation payoff he could obtain against v
from the current history. He computes payoffs assuming not only that his opponent
will follow their equilibrium strategy but also that he himself will follow his equilib-
rium strategy in subsequent periods. This has two important implications. First,
attention is restricted to one-shot deviations when computing the best continuation
payoff against v. Second, the optimality of equilibrium strategies is checked only
against one-shot deviations. In a PRE regret against v equals the difference between
the lifetime equilibrium payoff against v and the best lifetime payoff against v. All

deviations are considered when computing the best payoff against v, and equilibrium

17 Auster, Che, and Mierendorff (2024) apply this approach to a single-agent stopping problem.

18Tn special settings there may be no profitable multi-stage deviations, despite dynamic inconsis-
tency. Malladi (2020) shows this in the context of a single-agent search problem.

9Hayashi (2009) uses the same regret objective in a single-agent stopping problem. In ? T apply
PCE to a dynamic setting with uncertainty about future stage games.
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strategies are optimal against all deviations. These differences are further illustrated
in the Appendix, which contains a derivation of the PCE in the two-period setting

from Section 2.

4 The commitment solution

In this section I assume the seller can commit to a strategy. This amounts to the
design of a mechanism consisting of a sequence of prices (p;);2,. The seller minimises
regret at the initial history h° subject to the buyer’s optimal behaviour. It will be
useful to study the general problem of finding a regret-minimising mechanism given
an arbitrary function C' : V — R of counterfactual payoffs. Such a mechanism is

called C-optimal.

Definition 2. Let C': V — R. A mechanism (p;);2, is C-optimal if it solves
min R(h°|o, )
(Pt)20,0€Ls xR
s.t og(h') = p; for all t,h" € H'
(0,C) satisfies (E1)

An optimal mechanism minimises regret given the best counterfactual payoffs that
can be obtained with commitment. These payoffs are given by the identity function
C'(v) = v because the seller can extract all surplus from a given type v by committing

to price at v in perpetuity.
Definition 3. A mechanism is optimal if it is C-optimal for C(v) = v.

I now outline the structure of C-optimal mechanisms when C' belongs to the

following class C, which includes the identity function.

Definition 4. C denotes the class of continuous functions C' : V — R that are
increasing at a nonvanishing rate, i.e. there exists X\ > 0 such that C(v') — C(v) >
AV —w) for allv' > v.

The solution resembles its counterpart from the two-period example in Section 2.
Optimal prices depend on time ¢ and a state variable v; representing the highest

outstanding buyer type at time ¢ (in the supremum sense) with the convention sup () =
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v. The state is strictly decreasing over time until a (possibly infinite) time 7" with
vry1 = v < vr when the good is sold to all remaining types. Hence, the set of types
B; who buy the good at time ¢ is nonempty for all ¢ < T and satisfies (vyy1,v¢) C
Bi C [v41,v4). Let Boo =V \ U2, B; be the set of types who never buy the good.

The state evolves according to the law of motion v;; = fC(v;) where
fE () :=sup{v/ < v|C(v) > C(W) + (1 — '} (12)
similarly to (4) and (6) from the two-period example. Let

i) = [T o fly o0 fhy 0 f (v) (13)

for all s > t with the convention f¢, ,,(v) = v. Hence, a C-optimal mechanism
results in state v; = €, .,(¥) at every time t. Note that fC(v) = v due to sup @ = v,
S0 vy, = v whenever v; = v.

The price at time t and state v is given by
PE(w) = (1-68)Y 8" [, (v). (14)
s=t

A C-optimal mechanism sets price PE (v;) at each time ¢ when sales are made. These
prices ensure that the state follows the law of motion (12) when the buyer acts

optimally. In particular, (14) implies

Vps1 — PP () = (01 — P (i), (15)

which means that type vy, is indifferent between buying the good at times ¢ and
t 4+ 1. Types above vy strictly prefer to buy at ¢, while types below v;,; strictly
prefer not to buy at ¢, resulting in state vy, at time ¢ + 1.

The following proposition summarises the characterisation of C-optimal mecha-

nisms.

Proposition 3. Let C € C. Then (p})2 = (PE(fC10(0)))2, is a C-optimal mech-

anism. Any C-optimal mechanism (p;), hasp; = p; for allt such that fC | ,,(v) > v.

A C-optimal mechanism equalises regret across time similarly to the two-period

setting. To see this, note that the seller obtains payoff 6 P¢ (v,) against all types in B;.
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The worst-case type in B; is therefore v; = sup B; because C' is strictly increasing. It
follows that regret against B; equals C(v;) — 6 PE (vy). If v41 > v, then the continuity
of C' and the law of motion (12) imply that

C('Ut) = C(Ut—f—l) + (5t(1 — 6)’1)t+1.
It follows from (15) that
C(vr) = 0"PF (vr) = Clvgr) — 0" P (ve41),

i.e. the optimal mechanism equalises worst-case regret against B; and B;,;. If sales
continue indefinitely, i.e. By # ), then regret against B; also equals regret against
B... This is because regret against B; equals regret against B, for arbitrarily large
s. The latter equals C(v,) — 0*PC(v,) and, therefore, converges to C(v), where
Uso = limg oo v5. On the other hand, regret against By, is given by C(vs) because
no sales are made to v, and lower types.

The argument for the optimality of regret equalisation is similar to the two-period

example. The seller’s regret can be rewritten as follows:

R(h°|o,C) = sup R(h°,v|o, C) = sup sup R(h°,v|o, C).
veEY te{0,1,..,00}:B:£D  vEB:
The optimal mechanism equates regret across each nonempty group of buyers By, By, .., Bso
because decreasing regret against one group will increase regret against another. For
example, the seller can decrease regret against By by charging a higher price py.
However, this would make more types wait until ¢ = 1 to purchase the good, thereby
increasing regret against By. If the seller tries to compensate for this by raising all
prices, then there will be more types who never buy the good, thereby increasing

regret against B.

4.1 Time Consistency

The regret equalisation of the optimal mechanism implies a powerful time consistency
property echoing the two-period setting. Suppose the buyer believes the seller is
committed to an optimal mechanism (p;);2,. The seller follows the mechanism until a

history h € H*. At this point he is (unexpectedly) given the opportunity to commit to
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a different sequence of prices for the remainder of the game. A continuation-optimal
mechanism from A minimises regret against the remaining types V[h|op|, aligning
with his preferences in a PRE given by condition (£2). This amounts to minimising
regret against the worst-case (nonempty) group of types By, Bii1, .., B, Which is
already achieved by the optimal mechanism due to regret equalisation. Hence, an (ex-
ante) optimal mechanism is continuation-optimal from any on-path history h. This
property is often called time consistency following Kydland and Prescott (1977).
Optimal mechanisms in standard settings often lack time consistency. If the
durable-good monopolist is a Bayesian expected-utility maximiser, then he would
commit to set the static monopoly price in each period (Stokey, 1979). The buyer’s
best response is to purchase in the initial period if his value exceeds the price, and
to never purchase otherwise. Therefore, the seller would benefit from lowering prices
after the initial sales are made, making the optimal mechanism time-inconsistent.
Proposition 4 states the time consistency result for my model and generalises it to
any counterfactual C' € C by showing that the C-optimal mechanism (p;) described
in Proposition 3 remains continuation-optimal from every history on its path (given
(). Proposition 4 also describes continuation-optimal mechanisms from any off-path
history h € H! in state v, where the seller prices at PE(f¢, ,,(v)) at any time s > .

This is used in Section 5 to characterise PRE, where the seller lacks commitment.

Proposition 4. Suppose that (o, C') satisfies (E1) and C' € C. Fiz a time t, a history
h € H!, and let v = V[h|og]. Then

R(h|o,C) > C(v) — 6'PF (v). (16)

In addition,

o Ifv >0, then (16) holds at equality only if os(h*[h|os]) = PC(fS,.,(v)) for
all s >t such that f&, ,,(v) >v ors=t.

o Ifos(h®[h|os]) = PE(fC, .,(v)) for all s > t, then (16) holds at equality.

s

The time consistency of the optimal mechanism does not follow from the dynamic
consistency of the seller’s preferences (Proposition 1). These two consistency notions
require robustness of optimal choice to different forms of commitment. Dynamic
consistency implies that when the buyer’s strategy is fixed the seller does not benefit

from committing to his own strategy. This type of commitment is beneficial only if
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the seller is worried that his preferences at subsequent histories will not align with
his optimal choice from today’s perspective. On the other hand, the seller’s strategy
is time-consistent if he cannot benefit from committing to a strategy and forcing the
buyer to best-respond to it. This type of commitment is more powerful because it
allows the seller to influence the buyer’s strategy by acting as a Stackelberg leader.?
Note that the expected utility preferences are dynamically consistent, yet they result

in a time-inconsistent optimal mechanism, as discussed above.

4.2 Frequent offers

I now use Proposition 3 to give a more precise characterisation of the optimal mech-
anism, where counterfactual payoffs are given by C(v) = v. In this case the law of

motion (12) simplifies to

ftc(v) = max {m,g} ) (17)

This can be used to obtain a closed form for the states v; = f&, ,,(v) and prices
Pe=(1—=0)> 05 0" vspa.

It is convenient to study the limiting case where the monopolist can make arbi-
trarily frequent offers.?! Let A > 0 denote the units of real time between consecutive
periods. If players discount at a rate r, then § = e™"®. As offers become arbitrarily

frequent, i.e. A — 0, the law of motion (17) converges to
U0y = —re "y,
for v; > v, where t measures units of real time, not periods. The solution is

v = max {g exp(exp(—rt)),y} :

Let T' = sup{t > O|v; > v} be the time it takes the monopolist to sell to all types. If
v > v/e, then T'= —In(1 + In(v/v)) and all types are served. The seller’s regret is

20Tn single-agent decision problems time consistency is equivalent to dynamic consistency, so the
terms are used interchangeably.

21Frequent offers are in the monopolist’s interest because commitment allows him to replicate any
pricing policy with less frequent offers.
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given by R* = —vln(v/v)/r. If v < ¥/e, then T = oo and sales continue indefinitely.
In this case the seller’s regret is R* = v/e. The resulting prices at any time ¢t < T" are
given by

V¢ — R

efrt

Dt =

Figure 4 and Figure 5 plot the solution holding r» and v constant while varying v.
When v is high, there is little ambiguity about the buyer’s type and the good is
sold in finite time. When v is low, there is more ambiguity and some types are not

served.??

Ut Ut

]
|
f

v | v
e E e
i v
l t t
0 t 0
0 T 0
Figure 4: T' < o0 Figure 5: T'= o0

The limiting optimal mechanism described above matches the optimal mechanism
in continuous time, described in Corollary 2 in Caldentey, Liu, and Lobel (2017).
The dynamic pricing of the seller can also be interpreted as a menu of contracts
(z(v),p(v))pey in a static setting where x(v) and p(v) respectively denote the prob-
ability of selling the good and the transfer associated with contract v. Lower prices

are paired with lower probability of obtaining the good to match the discounting in

22The parameters for Figure 4 are v = 0.85,9 = 1.7, = 2 and the parameters for Figure 5 are
v=03,0=17r=2.
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the dynamic model. This resulting menu is given by

0 ifo<
z(v) = ) ' p(v) =
In(v/v)+1 ifv>

0 if o<

oS

v—R* ifv>

ol ol

o |

It matches the optimal static mechanism in this setting described in Corollary 1 in
Bergemann and Schlag (2005). In the Bayesian model optimal dynamic pricing also
matches the optimal static mechanism, but the seller charges the same price to every
type who is served. Stokey (1979) attributes this to the equal rates of time preference
of both parties, who share a discount factor. In this paper discount factors are
also equal, but the regret-based preferences of the seller are nonstationary, while the
buyer’s preferences for maximising discounted expected utility are stationary. This

difference in time preference produces price discrimination in the optimal mechanism.

5 Equilibrium Characterisation

I now study Perfect Regret Equilibrium in order to characterise the outcome when
the seller cannot commit to future prices. Most of the results apply to the gap case
v > 0, where gains from trade with all types are positive. Discussion of the no-gap
case v = 0 is deferred to Section 5.5.

The main result of the paper, Theorem 1 below, establishes the existence of a
PRE. The equilibrium counterfactual function, buyer payoffs, and seller regret are
uniquely determined. The equilibrium strategies at each history are unique up to a

single buyer type who is indifferent between accepting and rejecting.

Definition 5. Strategies 0 = (0g,0p) are essentially equivalent to strategies o' =
(0%,0%) given counterfactual C' : V — R, denoted o g o', if for any history h € H
and price p € P

e op(v,h,p) = ag(v, h,p) for all but a single type v € V

R(h|o,C) = R(h|o’,C)

up(v, h,p|lo) = ug(v, h,plo’) for allv e V.
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Definition 6. A PRE (0,C) is essentially unique if every PRE (o',C") satisfies
C=C ando <o

Theorem 1. If v > 0, there exists an essentially unique PRE.

Given the equilibrium counterfactual C', the equilibrium strategies o are essentially

equivalent to the profile ¢ defined below.

Definition 7. For any C € C, the strategies c© = (0§,0%) are given by
e 05(v,h,p)=Aiff p<(1—36)v+ 6P, (min{v,V[h|cG]})
+ 0§(h) = PE(VIhIog)

for allt,h € H',v € V,p € P.

There is a deep connection between the PRE (¢, C) and the commitment out-
come given the same counterfactual C, similarly to the two-period example. The
following lemma shows that if o is played, then states follow the law of motion and
the seller follows a continuation-optimal mechanism from any history h given C|, as
described in Proposition 4. The seller’s regret at any history equals regret against the
highest type who purchases the good immediately, thereby attaining the lower bound
in (16). In particular, setting h = h° shows that states, prices and regret on the
equilibrium path match their counterparts from the C-optimal mechanism described

in Proposition 3.

Lemma 1. Let C € C. The strategies o€ are uniquely defined and satisfy
» VI[Ilog] = flio(v)

o 0§ (h®) = PC(fC0,(v))

* R(h|o®,C) =C(v) = 0'PF(v)
for all times s >t and histories h € H', h® = h*[h|o§] with v = V[h|o§].

The connection between the outcomes with and without commitment extends to
any counterfactual C' € C. Proposition 5 below states that if the seller’s preferences
are based on an exogenous C' € C, then the optimality of the strategies embodied in
equilibrium conditions (£1) and (E?2) isolates an essentially unique profile . Hence,

states and prices match their counterparts from any C-optimal mechanism even when
(E3) does not hold.
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Definition 8. (0,C) is a quasi-PRE if it satisfies (E1) and (E2).
Proposition 5. Let C € C and v > 0. Then (o,C) is a quasi-PRE iff o € °,

The existence of a quasi-PRE (¢¢,C) follows from the time consistency of C-
optimal mechanisms described in Proposition 4. The latter implies that the seller
cannot benefit from abandoning ¢¢ at any history and committing to an alternative
strategy for the rest of the game, which is closely related to the optimality of the
seller’s strategy o in the setting without commitment. The essential uniqueness of
the quasi-PRE strategies 0 is obtained by showing that the seller can guarantee the
lower bound on regret in (16), thereby uniquely determining equilibrium regret at
every history (Lemma 8 in the Appendix).

The PRE characterisation is completed as follows. First, any PRE (o,C) has
C € C (Lemma 12 in the Appendix). Hence, Proposition 5 implies that equilib-
rium strategies are essentially equivalent to ¢“. The equilibrium counterfactual C'
is characterised by fixed-point property (18) below. Given C, the buyer’s strategy
o0& determines the best payoff the seller can obtain against any given type v. This
amounts to (1 — §)v + §PF (v), obtained by selling to v at t = 0 at the highest price
he would accept. Equilibrium condition (E3) requires that this payoff matches the

counterfactual C(v), i.e.
C(v) = (1 —=68)v+ 6P (v). (18)

The proof of Theorem 1 is completed by showing that there exists a unique counter-
factual C' € C that satisfies (18) (Lemma 15 in the Appendix).

5.1 Comparison with optimal mechanism

Figure 6 shows the best counterfactual payoffs C°°™(v) = v under commitment and
the best counterfactual payoffs C®®™ in any PRE.?® The solutions with and without
commitment share the same structure, differing only in their respective counterfac-
tuals. Indeed, if there were a PRE (o, C°™), then Proposition 5 and Lemma 1 would
imply that equilibrium prices match the optimal mechanism. Conversely, if the seller
had commitment and the counterfactual payoffs were given by C°®™ then the result-
ing C°™_optimal mechanism would match the price path of the PRE (¢“™", Ceam).

23The parameters for Figure 6 are v =1, = 10,6 = 0.8.
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Figure 6: Counterfactuals with and without commitment

In the two-period example it was possible to show that C°M™ is flatter than C'°™,
which implies that prices are lower and sales are faster in equilibrium.?* However, the
rates of increase of C°™ and C°°™ in the infinite-horizon setting are not necessarily
ranked.””> Numerical examples indicate it is possible that more types buy the good

in the initial period under commitment, i.e. f§" (v) < f&™" (v).

5.2 Nonstationarity and Rationing

All PRE exhibit nonstationary behaviour illustrated in Figure 7 below. Consider
histories At € H! and h'™t € H!*! both of which are in the same state v. The law
of motion (12) and the monotonicity of the equilibrium counterfactual C' imply that
fE () < f&1(v) (unless both equal v). Hence, less types buy the good at h**! than
at h'. More generally, starting from h'*! results in slower sales in all subsequent
periods in the sense that f, ., ,,.;(v) (the state k periods from h'*') is higher than
[ est(v) (the state k periods from A'). This results in a higher price PS5, (v) at A'

compared to the price P (v) charged at h'.

24This feature of the two-period model does not depend on parameters.
25 An analytical example is available upon request.
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Figure 7: Nonstationarity of law of motion

The dependence of equilibrium prices on time for a fixed state distinguishes PRE
from PBE, where prices depend only on the state. The difference is due to the time-0
benchmark for regret, which makes the seller’s preferences nonstationary. As time
goes on, the best counterfactual payoff C'(v) against a given type v is unchanged,
but the seller’s (lifetime) payoff from selling to v at a given price decreases due to
discounting. In equilibrium higher types accept higher prices, so payoffs against them
from histories in the same state decrease faster over time in comparison to payoffs
against lower types. This makes the seller prioritise selling to high types more heavily
as time goes on, resulting in higher prices, i.e. P, (v) > P (v).

A similar slowdown of sales is observed on the equilibrium path. If the good is not
sold after sufficiently many periods, equilibrium payoffs against all remaining types
become arbitrarily close to zero due to discounting, even if the seller were to extract
full surplus from each of them. Therefore, regret against each type v converges to
C'(v). The strict monotonicity of C' implies that the seller’s regret against sufficiently
high types exceeds regret against the remaining types regardless of his continuation
strategy. Hence, worst-case regret minimisation causes the seller to focus entirely on

selling to high types. The resulting exclusion of low types is often termed “rationing”.

Proposition 6. There exists N > 0 such that every PRE (o, C) satisfieslim; o f,0(0) >

v whenever v >0 and v/v > N.

Section 4.2 showed that rationing can arise in an optimal mechanism. The pos-
sibility of rationing in equilibrium, however, creates a qualitative difference between

my model and the Bayesian model.?® In a PBE the good is sold to all types in finitely

26More specific comparisons between PRE and PBE are difficult to make unless a specific prior
over the buyer’s types is considered for the latter. For example, PBE prices can be higher than PRE
prices if there is a lot of mass near the top of the type space and vice versa.
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many periods.?” Proposition 6 shows that this is not true in a PRE when the set of

types is sufficiently large.

5.3 Effect of ambiguity

I now consider the effect of increased ambiguity, modelled as an expansion of the set

of types V the seller considers to be possible.

Proposition 7. Suppose v > 0. Let (0,C) be a PRE, and let v; = £, ,,(v) and
pe = PE(v;) be the equilibrium states and prices at each time t. Consider an alternative
game with YV = [aw, pv] for some o > 0,5 > 0. Let (5, é) be a PRE of the alternative

game with states (04):2, and prices (Pi)e2,-

(i) If « = f3, then 0y = v, and py = Bpy.

(i) If « =1 < 3, then ¥y > vy and py > py.

Part (i) of Proposition 7 states that if the set of types is scaled by a constant
3, then equilibrium states and prices scale by the same factor. Hence, if ambiguity
increases while holding v/v constant, then prices increase and the same proportion
of types buys the good in each period.

Part (ii) considers the case where the increase in ambiguity arises from adding
types higher than v to the set V. This results in slower sales and higher prices. A
key part of the argument is that continuation strategies after a type v € [v, 0] accepts
are identical to their counterparts in the original game with V = [v,9]. Hence,
counterfactual payoffs against types in [v, v] remain unchanged and are lower than
counterfactual payoffs against types higher than ©. The original prices (p;);°, would
therefore produce higher regret against types who buy at time 0 than regret against
the remaining types, thereby violating regret equalisation. Hence, the seller sets a
higher initial price pg > pg and similar arguments apply to subsequent prices.

Ambiguity can also be expanded by adding types lower than v, resulting in a
new set of types V = [aw, 0] with @ < 1. Unlike in part (ii), this would change
counterfactual payoffs against the original types [v, 7]. For example, after types [v, 7]

purchase the good, prices will continue dropping to serve the newly introduced lower

27See Lemma 3 in Fudenberg, Levine, and Tirole (1985).
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types. Hence, equilibrium strategies change and so do counterfactual payoffs.?® Con-

sequently, the new game can have higher or lower prices depending on parameters.

5.4 Frequent offers

Coase (1972) conjectured that lack of commitment causes the monopolist to charge
prices close to the lowest value v. Gul, Sonnenschein, and Wilson (1986) formalised
the Coase conjecture in the Bayesian model by demonstrating that prices approach
v when the seller makes sufficiently frequent offers, which corresponds to the limit
as players become arbitrarily patient. The following result shows that the Coase

conjecture also holds in my model with regret.

Theorem 2. Ifv > 0, the prices offered by the seller in any PRE converge uniformly
tov asd — 1.

In the Bayesian model the Coase conjecture is attributed to the time inconsistency
of the optimal mechanism. If the seller could commit, he would charge the static
monopoly price in perpetuity and, therefore, sales would occur only in the initial
period (Stokey, 1979). In any subsequent period it would be profitable to abandon the
optimal mechanism by lowering prices in order to generate sales. In equilibrium the
seller cannot commit not to act on these incentives. Therefore, the buyer anticipates
that prices will be lowered, causing the seller to charge low prices in the first place.

The intuition from the Bayesian model does not translate directly to my setting
because in any PRE (o,C) the seller follows the C-optimal mechanism, which is
time-consistent (Proposition 4). The Coase conjecture is, instead, driven by the time
inconsistency of the seller’s optimal counterfactual mechanism against type v > wv,
which prices at v in perpetuity. This mechanism forms the benchmark C(v) for the
seller’s regret against v in the case of commitment. However, if the seller prices in this
manner when he lacks commitment, type v would not buy the good in anticipation
of future discounts. This ends up lowering the best counterfactual payoff C'(v) to v
in the limit as 6 — 1. Since all counterfactual payoffs are close to v, the monopolist
lacks motivation to extract higher revenue from higher types and, therefore, sells the

good quickly, validating the Coase conjecture.

*8Formally, the proof of part (i) shows that Claw) = aC(v) for all v € [v,7] but C is not linear,
so C(aw) # C(aw).
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In the Bayesian model the good is sold in a number of periods bounded by some
finite T as 6 — 1.2° This implies that the buyer needs to wait at most 7' periods
to purchase the good at price v. The cost of waiting becomes negligible as § — 1,
driving equilibrium prices down to v. In a PRE, however, the good may not be sold
to some types when © is high (Proposition 6). Nevertheless, the proof of Theorem 2
shows that the good is sold in finitely many periods in the limit as 6 — 1 (holding V

constant), so prices converge to v.

5.5 The no-gap case

The PRE results presented so far were for the gap case v > 0. The no-gap case v = 0
presents some additional hurdles. First, the time consistency result (Proposition 4)
does not necessarily hold because it requires that the equilibrium counterfactual C
belongs to the class C. In the gap case this is proved via upward induction (Lemma 12
in the Appendix). The argument shows that the desired properties of C' hold on some
interval [v,v*] where the next-period state is v. The properties are then extended to
a larger interval [v,v* + ¢] and so on. This method cannot be applied to the no-gap
case because on the equilibrium path type v = 0 never buys the good, so the state
never reaches v. Similar difficulties produce equilibrium multiplicity in the Bayesian
model (Ausubel and Deneckere, 1989).

Secondly, even if I restrict attention to PRE (o, C') with counterfactual C' € C, it
is unclear whether C' is uniquely determined. This is again because the correspond-
ing proof for the gap case uses an upward induction argument (Lemma 15 in the
Appendix). On the positive side, the prices in any PRE (o,C) with C' € C match
the prices of a C-optimal mechanism.?’ These prices converge uniformly to v = 0 as
0 — 1 by an argument similar to the proof of Theorem 2. One such equilibrium is
characterised below. It is remarkably simple in comparison to the gap case due to the
linearity of the counterfactual C', which implies prices are linear in the state. In addi-
tion, equilibrium prices are lower than their counterparts in the optimal mechanism

because the slope of C' is smaller than one (see Section 5.1).

Proposition 8. Ifv = 0, there exists a PRE (¢¢,C) with C(v) = av and o € (0, 1).

2See Lemma 3 in Fudenberg, Levine, and Tirole (1985).

39This can be shown similarly to Proposition 5. In fact, the equilibrium strategies are essentially
equivalent to o€ except that in state v = 0 the seller may set a positive price because he is indifferent
between making no sales and selling to type 0 at a price of 0.
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6 Extensions

6.1 Mixed strategies

The analysis so far assumed that both players use pure strategies. Regret against
type v at history h was defined as the difference between the best lifetime payoft
against v and the equilibrium payoff against v given history h. The same definition
can be extended to mixed strategies by replacing the lifetime payoffs above with the
corresponding expected lifetime payoffs under the equilibrium strategies.

Bergemann and Schlag (2008) have shown that the seller can benefit from adopting
a mixed strategy in the static setting. The same is true in the dynamic setting of
this paper. Recall that with pure strategies regret against the worst-case type who
buys at t equals regret against the worst-case type who buys at ¢+ 1. However, regret
differs across types who buy at ¢ because they all pay the same price. Random prices
allow for further separation. Higher types find a larger set of prices (in the support of
the mixed strategy) acceptable and, therefore, buy the good with higher probability.
I conjecture that this will result in regret equalisation across all types who are not
rationed, which features in the static setting (Bergemann and Schlag, 2008).

The introduction of mixed strategies for the buyer depends on how the expected
equilibrium payoff of the seller given h is computed. It may be intuitive to consider the
expected lifetime payoff conditional on the actions in history h when the equilibrium
strategies are followed from A onwards. The problem with this definition is that
all interior acceptance probabilities are treated identically by the seller’s objective.
Indeed, it is irrelevant whether type v accepts with probability 0.99 or 0.01 because in
both cases v belongs to the set V]h|opg| of remaining types at the subsequent history
h. This can be rectified by accounting for the buyer’s randomisation at histories prior
to h. For example, if v accepts p with probability 0.99 at the initial history, the seller’s
equilibrium lifetime payoff against v given the subsequent history A = (p) € H! is a
convex combination with weight 0.99 on the lifetime payoff he would have received if v
accepted p at time 0 (equal to p), and weight 0.01 on the lifetime payoff conditional on
the actions in A (in particular, type v’s rejection of p at time 0) and the equilibrium
strategies from h onwards. Defining lifetime payoffs in this manner preserves the
dynamic consistency of the seller’s preferences, allowing for analysis similar to the
baseline model. The PRE characterisation is largely unaffected: the only change is

that an indifferent type v > v may mix between accepting and rejecting, which has
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no effect on the seller’s regret due to the continuum of types.

6.2 Finite number of types

When there are finitely many buyer types a PRE in pure strategies may not exist.
The reasons are similar to the Bayesian model (Fudenberg and Tirole, 1991; 7). If a
high type vy accepts a price with probability 1, there may be a sharp drop in price
in the following period as the good is sold to lower types, which makes it suboptimal
for vy to accept in the first place. Hence, the buyer needs to mix in equilibrium.
This, in turn, may require the seller to mix so that expected prices support the
buyer’s indifference. Introducing mixing along the lines of Section 6.1 above restores
equilibrium existence in a two-period model with two types.®! I conjecture that the

analysis can be extended to the infinite-horizon setting.

6.3 Other Objectives

In this section I consider two alternative objectives for the seller: maxmin utility
(Gilboa and Schmeidler, 1989) and smooth ambiguity preferences (Klibanoff, Mari-
nacci, and Mukerji, 2005). I assume v > 0 and show that in both cases the good is
sold to all types within a finite number of periods. Hence, similarly to PBE, these
alternative objectives cannot result in rationing, thereby distinguishing them from
PRE (Proposition 6). Moreover, the number of periods it takes to sell the good is
bounded uniformly in ¢, so the Coase conjecture holds under both objectives.
Suppose the seller entertains all degenerate priors supported on V as in Remark 1.
At each history he maximises utility under the worst-case belief that has not been
contradicted by the buyer’s equilibrium strategy. A maxmin equilibrium can then be

defined as a strategy profile o that satisfies (£'1) and

og € argmax inf ug(v, hloy,op) for all h € H.
oexg veVihlop]
Note that any price accepted by v is also accepted by all other types. Type v is
therefore the worst-case type at any history. Hence, the maxmin objective boils down
to maximising the payoff against v. A standard argument shows that v accepts all

prices lower than v and rejects all higher prices. Hence, there exists a unique maxmin

31This example is available upon request.
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equilibrium where the monopolist sells the good to all types immediately at a price
of v.

Hanany, Klibanoff, and Mukerji (2020) propose a solution concept for players
with smooth ambiguity preferences (Klibanoff, Marinacci, and Mukerji, 2005). It can
be adapted to my setting as follows. The seller has a finite set of priors my,.., mx
supported on V and each of them admits a density function that is bounded away
from zero and bounded above. There is a prior distribution o over {my,..,7x}. A

strategy profile o is sequentially optimal if it satisfies (E1) and

o5 € argmax Z O(Erlus(v,hlog, op)])un(r) for all h € H,

!
0g€Xs TEAV

where ¢ is a strictly increasing concave function reflecting ambiguity aversion and puy,
is updated from g0 using the smooth rule (Klibanoff, Marinacci, and Mukerji, 2005).
The updated distribution satisfies p,(7) > 0 only if 7 is the Bayes update of some
prior 7, using op.*>** Following the argument for Lemma 3 in Fudenberg, Levine,
and Tirole (1985), there exists ¢, > 0 and a sufficiently large N independent of &
such that every N, periods the highest type in the support of the Bayes update of
7, decreases by at least . (Otherwise, the bounded density of 7, would imply that
the monopolist prefers to sell to all types at v immediately.) Since there are finitely
many priors 7y, .., T, it follows that the good is sold within a finite number of periods

independent of 9.
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Appendix

Proof of Proposition 1

Let By = V[h'|og] and B,y = V[h',05(h')|og]. Then

R(ht|o-5'7 0B, C) = sup R(U, ht|0-57 0B, C)

vE By

:max{ sup  R(v,h'|og,op,C), sup R(v,(ht,as(htmas,aB,C’)

vEB\Bi+1 vEBt+1 }

Smax{ sup  R(v,h'|ol, 05,C), sup R(v,(ht,as(ht)ﬂa/s,aB,C’)

vEB\By41 vEBt11

= R(h|o, 08,C),

where the inequality follows from the hypothesis of the proposition because
R(v,ht|o%, 05,C) = R(v,ht|os,0p,C) = C(v) — d'og(h') for all v € B, \ Byy1.

Proof of Proposition 2

The following notation for strategy profiles is adopted throughout the proof: o =
(0s,08),0" = (0%,08),6 = (05,08),0" = (6%, 08).

It suffices to show the “if” direction. To this end, suppose that og is optimal
against one-shot deviations in the sense that R(h|o,C) < R(h|o’,C) for all h € H
and oy with o4 (h') = og(h') for all A’ # h. Suppose, towards a contradiction,
that R(h|6,C) < R(h|o,C) for some time ¢, history h € H', and strategy 7g. Let
h® = h®[hlog] for all s > t, and let T' = sup{s > t|65(h®) # og(h®)} be the last time
og differs from og on the path of 6g from h. For each s > ¢ consider the strategy 6%

that follows g at time s and earlier times, and follows ¢ after time s.
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Case 1: Suppose T < co. Then
R(h%|6°,C) > R(h®|lo,C) forallt <s<T (19)

because og is optimal against one-shot deviations and R(h*|6°, C') = R(h®|o’, C) for

the one-shot deviation oy with o%(h*) = ds(h*). Moreover,
R(h?|6,C) > R(h®|o,C) forallt <s<T. (20)

For s = T this follows from (19) because R(h”|67,C) = R(h'|6,C) by definition of
T. If R(h*tY6,C) > R(h*™o, C), then Proposition 1 and (19) imply that

R(h®|5,C) > R(h°|6°,C) > R(K|o, C).

Hence, (20) holds in contradiction to R(h|6,C') < R(h|o,C), since h = h'.
Case 2: Suppose T' = 0. If 6 is followed from h onwards, then for each type

v and time s one of the following holds:
« Type v buys the good prior to time s, so R(v, h|6,C) = R(v, hl6®,C).
o Type v does not buy the good, or buys after time s, so

R(v,h|6,C) > C(v) — 6°sup P
and R(v, h|6°,C) < C(v) — 6° min{inf P, 0}.

In both cases there exists a constant x independent of v and s such that R(v, h|6®*,C) <
R(v, hlé,C)+6°k. Since R(h|a,C) < R(h|o,C), it follows that R(h|6°, C') < R(h|o, C')
for sufficiently large s. Since ¢ follows og after time s, the optimality of og against

one-shot deviations yields a contradiction by the argument for Case 1.

PCE in the two-period setting

Consider the two-period example from Section 2 and the parameters v = 4,0 =9, =
0.5 considered therein. A PCE for the parameters is found as follows. At ¢t = 1 each
type v > p accepts price p. Hence, the best continuation payoff the seller can obtain

against v is C1(v) = v. Therefore, the regret-minimising price P;(v) at a history at
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=1 in state v solves

Py(v) € argmin {Cy(v) — p1, C1(v2) Ly} (21)

P

where vo = p;. Note that, unlike in (7), p; is not discounted because regret is

computed from the perspective of t = 1. It follows that

4 ifo<8
ifv>8

Pi(v) =

Nl

and regret is equalised across time (unless the good is sold to all types), similarly to
PRE. At ¢t = 0 the buyer anticipates that the seller will follow P, at t = 0. Similarly
to the PRE example, it can be shown that the best payoff against type v is

w42 ifv<3
Co(U) = (1—5)U+5P1(’U) = .
%v ifv>8
Note that Cy differs from C because they represent the best continuation payofts from
t =0 and t = 1 respectively instead of the best lifetime payoffs considered in PRE,
which are always computed from time 0. The PCE characterisation is completed by

the price py at t = 0, which solves

po € argminmax {Cy(v) — p, (Co(v1) — dP1(v1)) Ly 50, Co(va) Luysw} s (22)

p
with p = (1 —=9)v; +0P;(v1) and vy = max{v;/2,v}. This is obtained similarly to (8),
except for the inclusion of the regret Cy(ve)l,,s, against types who never purchase
the good. Unlike in PRE, this regret may not equal the regret (Co(vy) — 0Py (v1))
against types who purchase at ¢ = 1, despite the regret equalisation Cy(vy) — P (v1) =

]1111 >u
C1(vy) observed earlier. Nevertheless, regret at ¢ = 1 is higher for every v;*!, so

po € argmin max {C(0) — p, (C(v1) — 0P (v1)) Loy >0} -
p

341f Pi(v1) = v, then Co(v1) — 6P1(v1) > C(v2)1ly,s, obtains trivially. Otherwise, v > 8, so
Co(U1> — (5P1(’U1> = % > % +2= Co(%)
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This mirrors (8) from the PRE example, so po = fS°(¢). The solution has v; =
4.75,v9 = 4, pg = 4.375,p1 = 4.

In equilibrium regret against types who buy at ¢ = 0 equals regret against types
who buy at ¢ = 1, which is higher than regret against types who never buy the good.
Since all types buy at t = 0 or t = 1, there is no multi-stage deviation that lowers the
seller’s regret at t = 0. However, if v is large enough some types will not buy the good
and regret could be improved by increasing prices at ¢ = 0 and ¢ = 1 simultaneously.

Such a multi-stage deviation, however, is not allowed in a PCE.

Proofs of Proposition 3 and Proposition 4

Proposition 3 follows from Proposition 4 applied to history A", noting that the exis-
tence of an optimal mechanism follows from the existence of a strategy for the buyer
that is a best reponse to the mechanism (p;) in the sense of (E1). Such a strategy
can be constructed using Lemma 4(i) below.

The proof of Proposition 4 requires some preliminary results. Lemma 2 below

lists basic properties of the laws of motion (12), (13), and the prices in (14).
Lemma 2. If C' € C, then for all times s >t

(i) f€.fC.,, and PE are increasing and continuous.

(i1) 0 < f€(v) < v for allv > v and f€(v) = v.

Proof. Consider the function ¥ : ¥V — R given by ¢(v) = C(v) + §'(1 — §)v. It is
strictly increasing and continuous because C' € C. It follows that C'(v) = ¥ (fE(v))
if C(v) > ¥(v) and fC(v) = v if C(v) < ¥(v). Since 9 is strictly increasing, it
has a continuous and strictly increasing inverse ¢! : [(v),¥(v)] — R. Define
¢ : [C(v),C(v)] — R as follows:

i) ife > Y(y)

P = v if x < (v) .

Note that ¢ is well-defined because C'(v) < ¥ (v). It is increasing and continuous

' is increasing and continuous. Hence, f¢ = ¢ o C is increasing and

continuous. Since ¢ is arbitrary, an inductive argument establishes that f¢,

because ¥~
is in-
t

creasing and continuous for all s > t. Hence, the function a : V — V> given by
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v (9., (v)%2, is increasing and continuous. It follows that PC = 3 o a is increas-
ing and continuous, where £ : (v5)22, 1 — (1 —0) D> o0, 0" vgyq.

Towards part (ii), suppose v > v. If f€(v) = 0, then v = 0 and C(v) < ¥ (v') for
all v > 0, which implies C'(v) < C(0) in contradiction to the strict monotonicity of C.
Hence, fC(v) > 0. Since C(v) < (v), the continuity of ¢ implies that C'(v) < (%)
for some ¥ < v. It follows from the monotonicity of ¢ that f&(v) < ® < v. Finally,
f€(v) = v holds by definition. O

Lemma 3(i) below formalises the regret equalisation of the optimal mechanism.

Lemma 3(ii) implies that the states in an optimal mechanism follow the law of motion.
Lemma 3. The following hold for any time t, type v € ¥V, and C' € C:

(i) C(v) — 8P (v) < C(fC ., (v) —0*PE(fC ., (v)) for all s > t. This holds at

s—1—t s s—1—t

equality when f€, ,,(v) > v.

(ii) Any decreasing sequence (vg)s>¢ € V™ with vy = v and

sup C(Us) - 5S<1 - 6) Z 6kvs+k+1 S O(U) - 5tPtC<U) (23)
k=0

s>tws>v or s=t

has vy = & ,,(v) for all s > t.

Proof. Throughout the proof s refers to a time s > ¢ unless specified otherwise.
Part (i): The law of motion (13) implies that f&.,(v) = fE(f¢,,,(v)). Hence,

st
Py (flani(v) =(1 = 0) f(v) + 6P (f4(v)). (24)
Moreover, (12) and the continuity of C' imply
C(fL1mu() < C(FL () +6°(1 = 0) fL(v), (25)
and this holds at equality when f.,(v) > v. It follows from (24) and (25) that

O( scilat(v)) - 68Psc< glﬁt(”)) S O( scﬁt(v)) - 5S+1P£r1( sc;t(v))v

and this holds at equality when fC.,(v) > v. Part (i) now follows because (f&_;(v))s>¢

is decreasing and f¢, .,(v) = v.
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Part (ii): Consider any decreasing sequence (vs)s>¢ with v; = v that satisfies

(23). If v = v, then the claim holds trivially. I henceforth assume v > v. Let

ps=(1-0) Z 0 Vst ki1 (26)
k=0

and Ay = vy — f&,_,,(v). Hence, ps — PE(f<,,(v)) = (1 —0) > 50 0 Asit1. Since
A; = 0 by definition, part (ii) amounts to showing that Ay = 0 for all s > ¢.

Case 1: Suppose there exists T such that A, < 0 for all s > T. Then pyr <
PE(fS | .,(v)). Suppose, towards a contradiction, that Ap > 0. Then the strict

monotonicity of C' implies that C(vr) > C(f$_,_,,(v)) and, consequently,
Clur) = 0" pr > C(f1_14(v) = 0" P (f114(v)) = C(v) — 0" P (v),

where the last inequality follows from part (i). This contradicts (23) because A > 0
implies v > v. Hence, Ar < 0. An inductive argument establishes that A, < 0 for
all s.

It is now possible to show that Ay = 0 for all s > t. To see this, assume the
contrary and consider the first time s > ¢ such that A, ; < 0. Since A; = 0, it
follows that A, = 0 and, consequently C(v,) = C(f¢, .,(v)). Moreover, A,y < 0
implies p, < PE(f¢, .,(v)) because A,y < 0 for all k£ > 0. Hence,

C(v5) = 8°ps > O(fl15:(v)) = P (f154(v))-
Note that v, > v; otherwise v, = £, ,,(v) = v, which implies A,;; = 0 because
v < vy <v,=wvand fC,,(v) = fO(fC,,,(v) = f¢ () = v by Lemma 2(ii). Hence,
the above contradicts (23) due to part (i).

Case 2: Suppose that A; > 0 for infinitely many s. Note that (v,) is decreasing
by assumption and (¢, .,(v)) is decreasing by definition, so both sequences converge.
Hence, (Ay) converges.

Since C' € C, there exists a lower bound ) on its slope. Let T satisfy A\ > 267 and
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let s > T with A, > 0. It follows that

A, < C(Us) - C( 571%,5(“)) < 5S<ps - PC( ilat(v)))

s

oo o A
=01 = 0) ) 0F A < M1 —0) Y o=t
k=0

2
k=0

where the second inequality follows from (23) and part (i) because vs > v due to
Ag > 0. Hence, Ay, > 2A, for some k; > 1. The same argument can be applied to
time s + k; to find a time s + ks > s + k; such that Ay g, > 2A4k,. An inductive
argument establishes that (Ay) is unbounded, contradicting its convergence. Hence,
the assumption of case 1 holds, under which it was shown that A, = 0 for all s > ¢,

as required. ]

Lemma 4 characterises the buyer’s best response to the continuation-optimal

mechanism from any history.

Lemma 4. Let C € C.
(i) (0,C) satisfies (E1) iff

A ifv—p>sup,, 05 (v — os(h®[h,plos])
JB(va h>p) = .
R ifv—p <sup,.,0° ‘(v —os(h®[h,plos])

for allv eV, t,h e Ht,p e P.

(ii) If (o,C) satisfies (E1) and os(h®[h|os]) = PE(fC ., (v)) for some t, h € H!,
and all s >t where v = V[h|op], then V[h*[h|os]|log] = €, ,,(v) for all s > t.

s—1—t

Proof. Suppose the seller offers p following h € H! and follows og thereafter. Type v
obtains ¢'(v — p) if he accepts p following h and 6%(v — og(h*[h, p|os]) if he accepts at
any subsequent time s > t. If he rejects all subsequent offers, he receives a payoff of
0, which equals the limit of 6°(v — og(h®[h, p|os]) as s — oo because P is bounded.
The desired characterisation of (E£1) follows.

Towards the second part, type v prefers accepting PC (£, .,(v)) at time s to
accepting Py (f7,,(v)) at time s+1 when v— PE (£, (v)) = 6(v = PaL(f2,,(0))),

which is equivalent to v > £ (v) by (13) and (14). Type v prefers accepting at

s—t
s + 1 to accepting at s when v < f¢, (v) and is indifferent when v = f¢,,(v).
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C
s—t

Lemma 2(ii) implies that (v) > &, (v). Hence, types v > f£(v) prefer accept-

ing at t to any other strategy, and this preference is strict when v > fC(v). Hence,
V[t h|os]|os] = f€(v). The rest of the claim follows inductively. O

Lemma 5 states that higher types purchase earlier than lower types, known as the

“skimming property”.

Lemma 5. If (0,C) satisfies (E1) and og(v,h,p) = A for some v € V, h € H,
p € P, then og(v',h,p) = A for all v > v.

Proof. Let py, pa, ... be the prices set by the seller following history h and price p. Since
type v accepts, it follows that v — p > 6*(v — p;) for all ¢ > 1, which is equivalent to
(1 =060 > p—d'p;. Hence, (1 — ") > p— d'py for any v/ > v, so v’ also accepts p
following history h. [

To prove Proposition 4, consider C' € C and strategies o such that (o, C') satisfies
(E1). Fix a time ¢, a history h € H!, and let v = V[h|og]. Let h® = h*[h|os],
v, = VI[h*|og|, and p, = o5(h*) for all s > t, noting that v; = v. Let T be the set of

times s > t when a sale occurs given that the players follow o from h onwards, i.e.
T ={s >tlog(v',h*, ps;) = A for some v' € V[h’|op]}.

Lemma 5 implies that V[h¥T!|op] equals either [v,vs41] or [v,v441) for all s € T.

If 7 =0, then R(h|o,C) = C(v) by monotonicity and continuity of C' because no
type lower than v buys the good. Hence, (16) holds; it also holds at a strict inequality
when v > 0 because Lemma 2(ii) implies PE(v) > 0.

If T #0,let 7 =supT. The following upper bound on prices applies at all times
seT:

P < (1=106) ) 6" veinp. (27)
k=0

To see this, suppose first that s = 7 is finite. Hence, no further purchases occur,
SO Vg1 = vsyk for all & > 1. Since no type accepts a price higher than his value

Ps <1 =(1—0)> 72, 8%V, 11, as required. Now suppose s < 7 and let s’ be the
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first time in 7 after s. It follows that v,,; = .. = vy. Hence,

s'—s—1

Ds < <1 - 63/73)1]84-1 + 58/7Sps’ = (1 - 5) Z 6kvs+k+1 + 58/73173/
k=0

because v,y or types arbitrarily close to it prefer to accept p, than to wait until s’
and accept py. The desired upper bound (27) follows by applying the same argument

to py € T and prices at subsequent times in 7. I now show that

sup  C(v,) — 6%(1 Z(s Vsrns1 < R(h|o,C). (28)

s>tws>v or s=t

This follows from the following three cases.

(i) If s € T, then v, or an arbitrarily close type accepts at time s, so (27) implies

R(h|o,C) > C(v,) — 6°(1 — 8)ps > C(v,) — Z(s Vsrnit-  (29)

(i) Ift <s < 7ands ¢T,let s’ be the first time in T after s. Then v, = ve4y =
.. = Uy, 50 (29) evaluated at s’ € T implies

Cl(vy) — 6°(1 25 Vsinar < Clvg) —6°(1 =0 Z gt
k=0 k=s'—s
= Cvy) —05(1=06)) 6 vgip1 < R(h|o, C).
k=0

(iii) If s > 7 and vs > v, then 0 < vy = V541 = Vsyo.. and types lower than v, never

accept. Hence,

R(h|o,C) > C(v,) > C(v,) — Z(s Vs k1.

To complete the proof that (16) holds when T # (), T consider the following two cases.

(a) If vy # fC, ., (v) for some s > ¢, then (28) and Lemma 3(ii) applied to (vs)s>
imply that (16) holds at a strict inequality.
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(b) If vy = f¢, ., (v) for all s > ¢, then
PE(fE(v) = (1= 0) Z5kvs+k+1- (30)
k=0

It follows from Lemma 3(i) that the LHS of (28) equals C'(v) — P (v), so (16)
holds.

Suppose that v > 0 and (16) holds at equality. Then 7 # () and case (b) above

holds. If v = v, then P (v) = v. Since type v does not accept prices higher than

his value and v > 0, (16) at equality implies that p; = v. Hence, p, = PC (£, ,,(v))

S

for all s > t with s = t or f¢, .,(v) > v (the latter does not hold for any s > t

by Lemma 2(ii)). If, instead, v > v, then Lemma 2 implies that v, = f¢, ., (v) >

C
s—1

T and, therefore, satisfy p, < PC(v,) due to (27) and (30). If p, < PE(v,) for such

a time s, then the fact that type v, or an arbitrarily close type purchases at time s

(v) = vgyq for all s > ¢ with s =t or ¢ ., (v) > v, so all these times belong to

implies that
R(h|o,C) > C(vs) — 5SPSC(US) =C(v) — 5tPtC(v),

where the equality follows from Lemma 3(i). This contradicts (16) holding at equality.
Hence, p, = PC(v,), as required.
Towards the last point, suppose p, = PE(f¢, .,(v)) for all s > t. It follows from

S S

Lemma 4(ii) that v, = f&,_,(v) for all s > ¢. By Lemma 2(ii) vy > vy, for all s > ¢
such that vy > v. Moreover, if vs,; = v, then Lemma 2(ii) implies that v > 0, so all
types accept ps = v at time s because future prices equal v. Hence, sales occur at all

times s > t with v, > v or s = t. It follows from the continuity of C' that

R(h|o,C) = sup sup R(v', |0, C)
s>t:ws>v or s=t v/'€V[hs|ogl:op (v ,hs,ps)=A
= sup C(f10(©) = 0° P (f15:(0) = C(v) = 8 PF (v),

sZt:fSCflﬁt(v)>y or s=t

where the last equality follows from Lemma 3(i). Hence, (16) holds at equality.
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Bounds on equilibrium outcomes

This section contains preliminary results providing a partial characterisation of equi-
librium strategies and regret. Lemma 6 shows that the buyer always accepts prices

below v, so the seller offers at least v.

Lemma 6. If (0,C) is a quasi-PRE and C' is bounded, then og(h) > v and op(v, h,p) =
A forallveV,he H,p<u.

Proof. Let p = infyey 05(h). Since P is bounded, p is finite. Suppose p < v towards
a contradiction. Consider a history where the seller offers p < (1 —d)v + dp € (p,v).
Since v —p > 0(v — p), Lemma 5 implies that all types accept p. However, the seller
can decrease regret against all types by offering a slightly higher price, which would
be accepted due to the strict inequality above. It follows that p > v, i.e. the seller
never offers prices below v. This in turn implies that v accepts any price p < v at

any history, and so do all other types by Lemma 5. [

In what follows let ¢(v—) denote the left limit of an increasing function ¢ : V — R,
where ¢p(v—) = ¢(v). I use C— to denote the function with C'—(v) = C'(v—) for all v
and define C'— analogously.

The following results require a generalisation of the laws of motion and prices that
were defined only for C' € C. The law of motion f¢ for an increasing function C' is

defined as in (12) but the composite law of motion

sc;t(v) = fffofiflo._.ofgzoftc(v) (31)

for s > t is different from (13). The left limit C'— is used in place of C for state
transitions from ¢ + 1 onwards because C' may be discontinuous at a threshold type
such as f¢(v) who accepts at time ¢, so that types [v, fC(v)) remain at ¢ + 1. Finally,
the prices PC are defined analogously to (14). When C' € C, the definitions of
£, £¢,,, PE align because C— = C, making (31) equivalent to (13).

Lemma 7 lists basic properties of increasing counterfactuals, similarly to Lemma 2.
Lemma 7. If C': V — R is increasing, then for all times s >t
(i) €, fC.,, and PE are increasing

(it) 17 < [
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(i) [ (v—) = i(v) forallv eV

Proof. The monotonicity of f¢ and f~ follows from the argument used in the proof

of Lemma 2(i) (note that C'— is increasing). It follows that f¢,, and P¢ are increasing.

If C(v) > C(v')+ 6 (1 = 6)v then C(v) > C(v')+ 671 (1—)v'. Hence, f£ < f,.

Towards part (iii) it can be shown that

fE (v=) = sup{v' < v|C(d) > C(v') + 6*(1 — &)’ for some ¥ < v}
>

— sup{v/ < o|C(v-) 2 C(W/=) + 8" (L0} = [ () (32)

for all v > v (recalling the convention sup () = v). It follows that

Calv=) =sup 7 o0 fi o (D)

<v

=[S oo fiT (gupff<®>> =[S oo fiT o ff(v) = [ (v),
v<v

where the second equality follows from the monotonicity of £, f&,, .., fC and the

third equality follows from (32). If v = v, then f& ,(v—) = fC,,(v) =v = f<,(v). O

s—1 s—t

Lemma & below obtains bounds on acceptable prices and on the seller’s regret.
These bounds are later shown to be tight in any PRE (o, C'). Lemma 8 places minimal
assumptions on the counterfactual C', so that the bounds can be used to establish

necessary conditions for PRE in Lemma 12.

Lemma 8. Let (0, C) be a quasi-PRE such that C is bounded. Let C(v) = sup, <, C(v)
for all v. Then for any time t and history h € H*

(i) op(v,h,p) = A for allv € V]h|og],p < (1 —§)v + 6P§1(v)

C(v) = 0" P (v) if V[hlos]

Clv=) = 8'PC(v=) if V[hlos]

v, v]

(ii) R(hlo,C) <

[v,v)
Proof. Let T' > 0 and define the functions

o0

Pi(v) = (1=6) 38 () Lier +v1o7)

s=t
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for all ¢, where 1 denotes the indicator function. Note that ]%(v) €V C P for all
t,v because fC,,(v) € V for all s > t by definition. Since C'is increasing, each P, is

increasing by Lemma 7(i). Hence,

A=) = (=0 L0 (i F20 Ler + st )
s=t

= (1-9) Z 5 ( si_t(v)]lKT + 2132T>

s=t

for all v by Lemma 7(iii). It follows that

Pi(v) = (1~ 9) [ff(v) +6 3 0 (FEn () heer wﬂsﬂ)]

= (1= 8)f{ (v) + 6P (£ (0)-) (33)
and, similarly,
Pi(v=) = (1= 8)f (0) + 6P (f7 (v)-) (34)

for all £ < T. I now show that the following statements hold for all ¢ < T
(i) op(v,h,p) = Aforallv e V[hlog], he H', p < (1 —6)v+ 6Psy(v)
(i1); For all h € H' and ¢ > 0 there exists 0§ such that
C(v) — 6P, (v) + ¢ if V[hl|og] = [v, 1]

R(hlog,0p,C) < _ .
C(v—) — 0'B(v—) + ¢ if V[h|os]

[v,v)
(i11); For all h € H!
P(v)  if V[hlog] = [v,v]

os(h) > < .
P,(v—) if V[h|og]

[v,v)

Lemma 8(i) follows from statement (i), because P, — PC as T — oo. Similarly,
Lemma 8(ii) follows from statement (ii); by considering large 7" and small e.

The proof is by induction. Lemma 6 states that the seller never prices below v.
This implies (iii)7 because Pp = v and (i) because the buyer does not expect prices
lower than v. Statement (ii)r follows from (i) because prices below v are accepted

by all types.
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For the inductive step suppose the statements hold for times 7,7 — 1, ...t + 1. To
show (i), fix a history h € H, a type v € V[h|op], and price p < (1 —8)v+ 6P (v).
Suppose, towards a contradiction, that og(v,h,p) = R. Let s > t be the first time
when type v buys the good following (h,p) given the strategies o, and let h' =
h*[h, plos].

If s < T, Lemma 5 implies that either V[h'|og] = [v,?'] for some v/ > v or
V[h'|og] = [v,v") for some v' > v. In both cases statement (iii), implies that
os(W) > P,(v) due to the monotonicity of P,. Hence, a sufficient condition for

the suboptimality of the buyer’s strategy in the sense of (E1) is that

~

0'(v=p) > 6°(v — P(v)) (35)

whenever t < s <T'. If s =t + 1, then (35) holds by definition of p. If (35) holds for
t < s < T, then it also holds for s + 1 because

3'(v = p) > 80— Py() = 6* (v = (1= 0)fE () = 6Poy1(fE (0)-)
> §° (v (1= 6w — 5P8+1(v)> — 5 (v — Pyypr (v),

where the first line follows from (33) and the second line follows from f€(v) < v and
the monotonicity of Psﬂ. This contradicts the optimality of the buyer’s strategy.
Note that (35) evaluated at s = T" implies

5t (v —p) >6T (v — Pr(v)) = 67 (v —v). (36)

Suppose the first time s when type v accepts following (h,p) has s > T. The
buyer’s strategy is again suboptimal because Lemma 6 implies the buyer’s payoff is
no larger than 6°(v — v) and (36) implies that 6'(v — p) > 0°(v — v). Finally, if type
v rejects all offers following (h, p) he obtains a payoff 0, which is less than ¢*(v — p)
by (36). Hence, og(v, h,p) = A, completing the proof of statement (7),.

To prove statement (ii); fix € > 0 and h € H' such that V[h|og] = [v,v]. Suppose
the seller offers P,(v) — e at time ¢ and P,(fC, ,(v)—) — ¢ at any time s such that

t < s <T. Then statement (i), implies that all types v > ftc (v) accept at time ¢,
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Piv) = (1= 0)f£ (v) + 0P (£ (1) =) < (1= 00 + 6P (V')

by (33) and the monotonicity of P,.. Similarly, it follows from statements (i);41, .., (1)1
and (34) that every type v/ > fC (v) = fC(fC,_,(v)) accepts no later than time
s > t. Let 7 be the first time s with ¢ < s < T such that fC,,(v) = v. If such a
time does not exist, set 7 = 7. Since Pr = v, it follows from Lemma 6 that all types
accept by 7, so the seller’s regret is upper-bounded by

wax {C0) = 3 B0), max O (0)-) = PRS0 b e (3)
Since C' is increasing, the law of motion (12) implies that C'(v) > C(fC(v)—) +0'(1 —
8)fC(v) when fC(v) > v, ie. T > t, so it follows from (33) that

Cv) = 8'Py(v) 2C(fF (v)=) = 8" P (17 (v)-). (38)
Similarly, (12) applied to C— and (34) imply that,

CfE1n0)=) = P[4 (0) =) = C(f L (0) =) = 6 P (fE,(0) =) (39)

for t < s < 7. It follows from (37), (38), and (39) that R(h|o,C) < C(v) — 6" P,(v) +¢.

The case of V[h|og] = [v,v) follows from a similar argument: Suppose the seller
sets price ps(ff__l_}t(v)—) — ¢ at any time s with ¢ < s < T. Then every type
v > f95,(v) accepts no later than time s. It follows from (34) that R(h|o,C) <
C(v—) — 0'P,(v—) + . This completes the proof of statement (i7),.

Towards statement (iii), suppose og(h) < Py(v) for some h € H! with V[h|op] =
[v,v]. Tt follows from statement (i);, (33), and fC(v) < v that type v accepts og(h)
following h, so R(h|o,C) > C(v) — 6'P,(v) in contradiction to (i), and (E2). If
og(h) < P,(v=) and V[h|og] = [v,v), then v > 0, so C(v—) < C(v—) 4 6'(1 — &)v
and, hence, fC~(v) < v by the left continuity of C—. It follows from (i), and (34) that
types arbitrarily close to v accept, so the seller’s regret is larger than C'(v—)—6'P,(v—)

in contradiction to (¢i);. This demonstrates (iii);, thereby completing the proof. [
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Proof of Lemma 1

At the initial history V[h°|c$] = 9, which pins down ¢ (h°). This, in turn, determines
V[ht|o§] for each h! € H!, thereby determining o$(h'). The rest of the buyer’s
strategy ¢% and states V[-|0§] are uniquely determined by induction. The seller’s
strategy is well-defined because PC(v) € V C P for any ¢, v, which follows from (14)
and f¢,,(v) € V. It is unique because the states V[-|o§] are unique.

Towards the remaining parts, note that o% (v, h, PC(v)) = A for all v/ > fC(v)
because PX(v) = (1 —8) f£(v) + 6P, (fF(v)) < (1= 6)v' + 6P, (min{v', v}) due to
f£(v) < v and the monotonicity of PG, (Lemma 2(i)). Moreover, 0§ (v', h, PX (v)) =
R for all v < f(v) because PF(v) > (1 —&)v' + 0P, (v') and v < v. It follows
inductively that V[h*|o§] = f&,_,,(v) for all s > t. Hence, 0§ (h*) = PC(V[h*|c§]) =

PE(fC ., (v)). Tt follows from the argument for the last part of Proposition 4 that

s

R(h|oC,C) = C(v) — 6'PC(v).

Proof of Proposition 5

Here and in the proof of Theorem 1 it will be useful to work with the restriction Cf,
of a counterfactual C' to an interval V = [v,0] or V = [v,9). In a slight abuse of
notation, the class C will be expanded to include every function CY, that satisfies the
properties in Definition 4 except for the requirement that its domain is V. The same
convention applies to prices PtCV. Lemma 2, Lemma 3, and Lemma 7 apply to the
expanded class C.

Lemma 9 below pins down equilibrium prices and regret when the restriction of

C' to the remaining buyer types belongs to the (expanded) class C.

Lemma 9. Let (0,C) be a quasi-PRE such that C' is bounded. Fizt and h € H'.
Let v* = V[h|og] and C* = C—»1. If Cvipog € C, then R(hlo,C) = C*(v*) —
§tPE" (v*). Moreover, if v* > 0, then og(h®[h|os])) = PE™(f,,(v*)) for all s > t.

s—1t
Proof. Lemma 5 implies that such that V'[h|og] equals either [v,v*] or v, v*).

Suppose V[h|og] = [v,v*]. Then Cjy,+ € C is continuous, so C* = C—[y+ =
Cluw) € C. Tt follows that C'(v') = sup,<,, C(v) for all v < v*, so Lemma 8(ii) implies
that R(h|o,C) < C(v*) — 6 PE (v*) = C*(v*) — 6 PE" (v*).

Suppose V[h|op] = [v,v"). Then Clyp+) is continuous, so C .y = Cur) € C.
Since C*(v*) = limy, q+ C(v) = lim, »« C*(v), it follows that C* € C. Lemma 8(ii)
implies that R(h|o,C) < C—(v*) — 6*PE~ (v*) = C*(v*) — §'PC (v¥).
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In both cases (a) C* € C, (b) Cpypp = Cvinlos), and () R(hlo, C) < C*(v*) —
§'PE" (v*). Consider an extension of C* to V with C*(v) = C*(v*) + v — v* for all
v > v*. The extended C* satisfies C* € C due to (a). Moreover, (o, C*) satisfies
(E1) because (o,C') satisfies (E'1). Hence, Proposition 4 implies that R(h|o, C*) >
C*(v*)=8'PE" (v*). But R(h|o,C*) = R(h|o, C) due to (b), so (c) holds at equality, as
required. If v* > 0, it follows from Proposition 4 that og(h*[h|os]) = P (£, ., (v*))
for all s > t¢. OJ

The following lemma characterises the buyer’s best response from a history A

when the seller follows the continuation-optimal mechanism from h.

Lemma 10. Let C' € C. Suppose that os(h*[h|os]) = PE(f | ., (V[h|og])) for any

s—1-=t
times s > t and history h € H'. Then (o, C) satisfies (E1) iff op(v, h,p) = 0 (v, h,p)
for allv e V,t,h € H',p € P such that v — p # sup,-, 0° (v — og(h*[h,plos]).

Proof. Fix a time t, history h € H!, and price p € P. Let v, = V|h|op] and v, =
V[h,plop]. For any v,v' € V and s > t, let

ps(v,0") = (1= 8o + 8P| 5—1—>t+1(1’/))~
Note that

isrigps(v, V") = pra1(v,0) whenever v > v’ (40)
because

ps(v,0) = (1= 67w+ 67 [(1 = 0) f 11 (V) + 6P (fl14a (V)]
< (1=6v+ 671 = 8)v+ 0P (Fl 1 (V) = psra(v, ).

Lemma 4(i) implies that (E1) is equivalent to

A if p<infe;ps(v,v
UB(v,h,p) _ p >t P ( t+1) (41)
R if p>infey ps(v,vie1)

for all v € V,t,h € H',p € P. On the other hand o§(v,h,p) = A iff p <
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pe+1(v, min{v, v;}). Consider the sets

VA = {U‘p < iggps(vavﬂrl)} ) VA = {U’p < pt+1(va min{vavt})}a

Vi = {U’P = gﬁps(v,ﬂtﬂ)} ) ‘71 = {U‘P = piy1(v, min{w, Ut})}-

Lemma 2(i) implies that pg(-,v) is strictly increasing and continuous for all s > ¢
and v’. Moreover, the sequence of functions (ps(+,v"))ss¢ converges uniformly to the
identity function on V and is therefore equicontinuous. It follows that infs; ps(-,v’)
is continuous for all v'. Hence, each of the sets V4 and V4 is either empty, or an
interval [v*, 0] for some v*, and v € V; implies that v = inf V4. Moreover, V4 = Va

and V; = V; whenever

P, 00) = pra (0 min o, ), (42
where v* = inf V, or v* = inf V with inf ) = o.

Towards the “only if” direction, suppose (o,C) satisfies (E1). Then vy =
min{v*, v;} by (41), where v* = inf V4. Hence, v* > w44, so it follows from (40)
and (42) that V4 = V4 and V; = V;. It follows from (41) that type v accepts if
p < pir1(v,min{v, v, }) and rejects if p > p;y1(v, min{v,v;}). Hence, op aligns with
o when p is offered following h, except for a type v = v* with p = pyy1(v, V1) =
U — SUpys, 05 (v — o5(h¥[h, plos]). The claim follows because t, h, p are arbitrary.

Towards the “if” direction, suppose og(v,h,p) = 0% (v, h,p) for all v € V such
that v — p # sup,., 05 (v — og(h®[h, plos]), i.e. p = infes ps(v,ve41). Since Vi is

singleton or empty, v = V[h, plo§] = min{v*,v,}, where v* = inf V. It follows
from (40) and (42) that V4 = V4 and V; = V;. Hence, (41) holds. Since t, h, p are
arbitrary, it follows from Lemma 4(i) that (o, C') satisfies (E1). O

To prove Proposition 5, let (o, C') be a quasi-PRE with C' € C. Then C'is bounded,
so Lemma 9 and v > 0 imply that og(h*[h|os]) = PE(fC,.,(V[h|og])) for all s >t
and h € H. Tt follows from Lemma 10 and Lemma 4(i) that o equals 0% except for
one type at every history who is indifferent between accepting and rejecting. Hence,
the buyer’s payoff is uniquely determined. Lemma 9 also implies that os = ¢§ and
the seller’s regret is R(h|o,C') = C(v) — 6'PF(v) at any time-t history h in state v.
It follows from Lemma 1 that the seller’s regret is the same as the regret from the

c
profile ¢¢. Hence, 0 = 0.
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In the other direction, suppose C' € C and o € 5. Lemma 1 implies that

os(h*[hlos]) = PE(fC,,,(V[h|og])) for all s > t and h € H!. It follows from
Lemma 10 and Lemma 4(i) that (o, C') satisfies (E'1). It remains to show that the seller
cannot profitably deviate from og at any time-t history A in state v. By Proposition 2
it suffices to consider a one-shot deviation oy, i.e. o4(h') = og(h') for all K" # h.
The buyer’s incentives when facing o’ are the same as his incentives when facing og
following any history A’ and price p except for histories A’ preceding h. It follows from
Lemma 4(i) that op can be modified at these histories to produce a new strategy o’

such that (o, 0%, C) satisfies (£'1). It follows from Proposition 4 that
R(h|os, 05,0) = R(h|oy, o, C) > C(v) — 6'PE (v).

On the other hand, R(h|o,C) = C(v) — 6'PF(v) by Lemma 1. Hence, o is not a
profitable deviation, thereby completing the proof.

Proof of Theorem 1

The proof uses the fact that equilibrium regret is increasing over time and in the

state, as shown in Lemma 11 below.

Lemma 11. The following hold for any time t, type v* € V and C : [v,v*] = R with
Cec:

(i) PF > 0P, and PP (v) > 6PS,(v) for all v > 0.
(ii) C — &' PE is strictly increasing.

Proof. Part (i): If v = v, then P (v) = PS,(v) = v, so PE(v) > 0P, (v) if v >0
and P (v) = 0PS,(v) if v =0.

Suppose v > v and consider the sequence (vg)s>¢ such that v; = vy = v and
vs = f& 11 (v) for all s > ¢ + 1. Lemma 2(ii) implies that v;4q = v > fC(v). It

follows from the monotonicity of f&,_,,.; (Lemma 2(i)) that

Us = sc—l—>t+1(v) > fs,C—1—>t+1(ftC(v)) = s(il—n:(U)

59



for all s > ¢+ 1. Let ps = (1 — ) Yoo, 0" vs1k41. Hence,

o0

— PP (v Z (V1 — fg-k—nf(v)) >0
k=

and, consequently, C'(v;) —d'p; < C(vy) — ' PE (v). The sequence (v,)s>¢ is decreasing
by Lemma 2(i) and satisfies v; = v and vy, = v # fC(v). It follows from Lemma 3(ii)
that C(v,) — 6°ps > C(v) — 8'PE (v) for some s > ¢ with v, > v. On the other hand,
Lemma 3(i) implies that

C(v) = 0" PG (v) = C(fL 141 (v) = P (f 1040 (v) = Clus) = 87ps,

so 6'PE(v) > "' PY (v), thereby completing the proof.

Part (ii): Suppose, towards a contradiction, that ¢ (v) := C(v) — 6* PE(v) is not
strictly increasing. Note that ¢ is continuous because C' € C and PC is continuous
by Lemma 2(i). Hence, there exists v € (v, v*) such that for all ¢ > 0 there exists
v € (v,v + ¢) with ¥(v') < ¢(v). By Lemma 2(ii) there exists v > v such that
$() < ¥(v) and FE(W) < v.

Let v; = v and v, = f&, ,,(¢v') for s > t. Note that (vs)s>; is decreasing because

Vi1 = fC (V') < v =, Then

(o) = (1= 8) S v per = Cvg) — 8 PE(FE L, ()
< C() = 8'PEW) < Co) = 8'FE(v)  (43)

for all s such that vy > v or s = t. The first inequality follows from C(v;) = C(v) <
C(v') if s = t and from Lemma 3(i) if s > ¢ and v;, > v. The last inequality
follows from (v') < 4(v). Tt follows from (43) and Lemma 3(ii) that f&, ,,(v') =
vy = f¢, ., (v) for all s > t and, consequently, P (v) = PF(v'). This contradicts
(V") < (v) because C(v') > C(v). Hence, 9 is strictly increasing, as required. [

Let C* be the class of functions C' € C that satisfy the fixed-point property (18).
(Recall that C is expanded to include functions with domain [v,v*].) Theorem 1

follows from Lemma 12 and Lemma 15 below.

Lemma 12. Ifv > 0, then (0,C) is a PRE iff C:V - R, C € C*, and o < sC.
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Proof. Proof of the “if” direction. Let C': V — R satisfy C € C* and o € 5.
By Proposition 5 (o, C) is a quasi-PRE. It remains to show that (o, C') satisfies (E3).
Since ¢ £ o%, any type v that has not accepted prior to history h € H! accepts prices

below (1 —&)v + 0P, (v) at h and rejects higher prices. Hence,
as(vlop) = sup0'[(1 — §)v + PS5, (v)].
t

It follows from Lemma 11(i) and C € C that tig(v|op) = (1 — §)v + PF(v) = C(v), as
required.

Proof of the “only if” direction. Let (¢,C) be a PRE. By Proposition 5 it
suffices to show C' € C*. To this end, Lemma 6 implies that C'(v) = v, so it suffices

to show Lemma 13 and Lemma 14 below. O]
Lemma 13. Ifv >0, (0,C) is a PRE, and Cj,~) € C*, then Cpy,+) € C*.

Lemma 14. Ifv >0, (0,C) is a PRE, and Cjy,) € C*, then Cly -1 € C* for some
e>0.

Note that C' is bounded by (E3) because the buyer never accepts prices higher
than his value. Hence, any PRE (o, C) satisfies the hypotheses of Lemma 6, Lemma 8,

and Lemma 9, which are used in the proofs below.

Proof of Lemma 15. Fix a time t, a history h* € H!, and suppose v* accepts price p
following h', i.e. op(v*, ht,p) = A. Let h**! = (R, p) denote the subsequent history.
By Lemma 5 V[h!'*!op] C [v,0*). Since Cpy,+) € C*, it follows that C* := C'—, ] €
C*. Hence, Lemma 9 implies that og(h'™) < P (v*) due to the monotonicity of
PY (Lemma 2(i)). It follows from op(v*, h!,p) = A that p < (1 —&)v* + 5P (v*).

Hence,
C(v*) = us(v*lop) < sup§*[(1 — d)v* + (5P5:1(v*)] =(1—-95)v"+ 5P10* (v*) = C*(v"),
t

where the first equality holds by (£3) and the second equality follows from Lemma 11(i).
On the other hand, sup, ., C(v") = C*(v) for all v < v*, so Lemma 8(i) and Lemma 5
imply that v* accepts any price below (1 — 6)v + 0P (v) at t = 0. Hence,

is(v*|og) > sup (1 — 8)v 4+ 6PF (v) = (1 — §)v* +0PF (v*) = C*(v*)

v<v*
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by the monotonicity and continuity of PX" (Lemma 2(i)). Hence, C'(v*) = C*(v*), so
Clywr) = C* € C*, as required. O

Proof of Lemma 1j. Let C(v) = sup,<,C(v). It follows from Cj,,+ € C* that
Ciww] = Clw. Hence, Lemma 8(i) and Lemma 5 imply that any price below
(1 — §)v* + 6PF (v*) = C(v*) offered at time 0 is accepted by all types above v*,

SO

C(v)= sup C(v) forallv>v* (44)

v*<v’'<v

follows from (E3). Consider € > 0 and a time 7" > 1 such that the following hold:

Clv"+¢) <
T (v +¢) <

(v*4) 4+ 67 (1 — 6)*v (45)
: (46)

<

where C'(v*+) denotes the right limit of C' at v*. Consider a history h € H! such
that ¢ < T and V[hlog] = [v,v] where v* < v < v* +¢e. Let s+ 1 = inf{r >
t|V[h7[h|os]|os] < v*} be the first time the state is less than or equal to v* following
h. If s does not exist, then Lemma 5 implies there exists v" > v* such that following
h all types in (v*,v'] do not buy the good, so R(h|o,C) > C(v*+) by (44). This
contradicts (45) because the seller can guarantee regret no larger than C'(v* +¢) — d'v
at h by charging v (Lemma 6).

Let h* = h*[h|og], h**t = h*TL[h|og], and veyy = V[R¥Ftop]. Since vy < v*
and Cl ] = Clypr) € C*, it follows from Lemma 9 and v > 0 that og(h™™) =
Pgl(vs+1). It follows from the acceptance of price og(h®) following h® by type vs g

(or an arbitrarily close type) that os(h®) < (1 — 0)vers + 0P (ve41). If veyr > v,
then (44) implies that

R(h|o,C) > max{C(v*+) — 6*cg(h®), R(h**t o, C)}
> max{C(v"+) = 8°[(1 = §)vs 11 + 6P, (v511)), Clvsia) — 87 P (0s1)}, (47)

where the second line follows from Lemma 9. If the seller, instead, offers a price lower
than but arbitrarily close to (1 — §)v' + §PS, (v') following h for some v < v*, then
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v" accepts by Lemma 8(i). Hence,
R(h|o,C) < max{C(v) — &'[(1 — 6)v' + 0PS,(v)], C(v') — 6" "' PG, (v))},  (48)

where Lemma 8(ii) is used to upper bound the seller’s continuation regret from h!*!.
Since v > 0, Lemma 11(i) implies that 6"*' PG, (ve41) > 0 PG (vey1) if 5 > t. Tt
follows from (45), (47), and (48) with v' = v,y that s = ¢, i.e. the monopolist sells

to all types above v* at h. Hence,

R(h|o,C) = max{C(v) = 8'[(1 = 8)vpsr + 0Py (vi1)], Clvia) — 8 P (v }-
(49)

Consider the two terms inside the maximum on the RHS of (48). Both terms are
strictly increasing in o’ because PG, is increasing (Lemma 7(i)) and C' — 6" PS is
strictly increasing on [v, v*] where C equals C' (Lemma 11(ii)). It follows from the law
of motion (12) and the continuity of Cl, ,+ that the RHS of the regret guarantee (48)
is minimised on [v,v*] by v = fC(v). Hence, v;4q < v* and (49) imply that v, =
fE(v). If og(h) > (1 —8)ve1 +6PS, (vr41), then some types higher than v, strictly
prefer accepting og(hi*!) = Pgl(vm) following h'™ to accepting og(h) following h.
Hence, og(h) < PC(v). The same conclusion holds when v,,; = v because, similarly
to (47) and (48), it can be shown that C(v) — 6'v > R(h|o,C) > C(v*+) — 6*v and,
therefore, v;11 = v by (45). Similar arguments establish that vy, = fté “(v) and
os(h) < PC~(v) < PC(v) if V]h|og] = [u,v), replacing C(v) with C(v—) in (48) and
(49). Moreover, og(h) = PC(v) when v < v* due to Lemma 9 and v > 0.

Consider the highest payoff the seller can obtain against type v € (v*,v* +¢]. If
v accepts a price p > (1 — 0)v + 5Pgl(v) following history h € H' with ¢ < T', then
the above analysis shows that the seller’s next-period offer og(h,p) is no larger than
P&, (v), since V(h, plog) < v by Lemma 5 and PS, is increasing by Lemma 7(i). This
makes accepting p suboptimal for v. Hence, v rejects offers above (1 —6)v+dP5, (v)

following h and accepts lower offers by Lemma 8(i). It follows that
C(v) = us(vlop) = max(l — 6)v + 0P, (v) = (1 =)o+ 8P (v),  (50)
<

where the first equality follows from (E3) and the second equality follows because it

is not optimal to sell to v at time 7" or later due to (46) and Lemma 6. For the last
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equality it suffices to show that PC(v) > 5Pt€-1( ) for all t < T. Lemma 7(ii) and
(45) imply that £C(v) < fS,(v) < v*. Suppose fC(v) = f&,(v). It follows that

PE(w) = (1= 8)f () + 6PL1(fF (v) = 8 | (1= 0)f (v) + 6P (f (v ))] = 0P, (v),

where the inequality follows from Lemma 11(i) because Cj, .+ € C. Now suppose
£E(v) < fS,(v). Let C' : [v,v] — R be the function that agrees with C on [v, S (U
{v} and is linear elsewhere. The continuity of C' on [v,v*] and (12) imply that C(v) >

7(fgrl( )). Hence, C' € C. Since fC(v) < fgrl(v) and C’ )] = vagl(v)} eC, it
follows that fC,,(v) = fC,,(v) for all s > t, so PC(v) = ( ). On the other hand,

ftH(v) > ft-‘,—l( v) by construction, so Lemma 7(i) implies that s—>t+1( v) > ff_,tH(U)
forall s > t+1, so Pgrl( ) > PS,(v). Tt follows from Lemma 11(i) applied to C' that
PE(w) = 5PL, (v). 7

Equation (50) and the monotonicity of P imply that Ci, ) is increasing and

its slope is lower-bounded by 1 —§. Hence, Cly 4o = C_’[y,v*+£}a so (50) implies that
Clv) = (1 =8)v + 8P (v) = (1 = 8)v+ (1 =) f{ (v) + 6° Py (1 (v)) (51)

for all v € [v,v* + ¢]. To show Clywe4e) € C* it Temains to show that it is continuous.
Since f&(v) < v* for all v < v* + ¢ and P{ is continuous on [v,v*], it suffices to
show the continuity of f& on [v,v* + ¢]. To this end, the law of motion (12) implies
that C(v) < C(fF(v)) + (1 —6)fF(v), holding at equality if f&(v) > v. Hence, (51)
implies that

(1= d8)v < C(ff (v)) = 8Py (f{ (v)),

holding with equality if f&(v) > v. Lemma 2 and Lemma 11(ii) imply that C — 6P’
is strictly increasing and continuous on [v,v*]. Hence, it has a continuous inverse

(C = 8?PF) "L on [C(v) — 62PE (v), C(v*) — 82 PF (v*)]. Tt follows that

o) = (C = 62PE)~L((1 = &)v) ?f (1-=90v>C (52)
v if (1-45)v<C(v)—

for all v € [v,v* + €] and, hence, fC is continuous on [v, v* + €], as required. ]
Lemma 15. Ifv > 0 there exists a unique function C' :V — R with C' € C*.
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Proof. Existence. The function C' : {v} — R given by C(v) = v satisfies C' € C*.
Suppose there exists C': [v,v*) — R with C' € C*. Then C' can be extended to [v, v*]
by setting C'(v*) = C—(v*). The resulting function C : [v,v*] — R belongs to C*.
Hence, it suffices to show that any C': [v,v*] = R with C' € C* and C'(v) = v can be

extended to [v,v* + €|, where € > 0 is given by

C(v*) = (1 —0)(v* + &) + &P (v). (53)
It follows, analogously to (52) from the proof of Lemma 14 that the function ¢ :
[v,v* + €] — [v, v*] given by

b(v) = (e 52P20)_1(<1 —d)v) if (1=38v>Cu) — 52PC(Q)
= if (1 —68)v < C(v) — 62PE (v)

is strictly increasing on ¢~!(v,v*] and continuous with ¢(v*) = fZ(v*). Let C* :

[v,v* + €] = R satisfy C*(v) = C(v) for v < v* and

ey - | OO +31=060) i (1 =d)0 > Co) = 277
(1—206)v+dv if (1—0)v<C(v)— 2P (v)

for v € [v*,v* +¢]. If ¢(v*) > v, then ¢(v*) = f&(v*) implies that C*(v*) =
C(fF (") + (1 = o) ff (v*) = C(v*). If $(v*) = v, then C*(v*) = (1 — )v* + dv =
(1= 8)v* +6PF (v*) = C(v*), since C' € C*. Hence, C* is continuous at v*. Moreover,
if (1—0)v=C(v)—6?Pf (v), then ¢(v) = v and C(v) + (1 —d6)v = C(v) +IPF (v) —
§2PF (v) = (1 —6)v + dv. Hence, the continuity and monotonicity of ¢ imply that C*
is continuous and increasing.

If ¢(v) = v, then C*(v) = (1 —0)v+dv < C(v) — 2P (v) + v = C(v) +6(1 —d)v.
Hence, (53) and the monotonicity of C* imply that

d(v) = sup{v’ < v*|C*(v) > C(v") 4+ (1 — 0)v'}
= sup{v’ < v*|C*(v) > C*(v) + 6(1 — §)v'} = fL (v).

If ¢(v) = v, then C*(v) = (1 — §)v + IPE (v) follows from PF(v) = v. Otherwise,
C*(v) = C(¢(v)) = &P (6(v)) + d(1 = 6)¢(v) + 6* Py (¢(v)) = (1 = d)v + IP " (v).
Hence, C* satisfies the fixed-point property (18) and its slope is lower-bounded by
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(1 —9). It follows that C* € C*, as required.

Uniqueness. Suppose C': V — R and C*: V — R with C,C* € C* and C # C*.
Let v* = sup{v|C(v) = C*(v)}. Since C' and C* are continuous and C'(v) = C*(v) = v
by the fixed-point property (18), it follows that Cp .+ = Cloor-
that f£ and f& are continuous, fZ(v*) < v*, and f&" (v*) < v*. Hence, there exists
v > v* such that f&(v) < v*, f& (v) < v*, and C(v) # C*(v), ie. fC(v) # f& (v).
Assume fC(v) < f£7 (v) without loss of generality. Then Lemma 3(i) implies that

Lemma 2 implies

C(v) = 6Py (v) < C(f7 (v)) — 6°P5 (f1 (v)) (54)
C*(v) = 6P (v) = C(f{" (v)) = &° P (f (v)). (55)

The LHS of (54) and (55) equal (1 — §)v by the fixed-point property (18) because
C,C* € C*. On the other hand, the RHS of (54) is smaller than the RHS of (55)
because C' — 62 P¥ is strictly increasing by Lemma 11(ii). The resulting contradiction

completes the proof. O

Proof of Proposition 6

The rate of decrease of v; = fC,,(v) can be bounded as follows:

(1 = 8)vps1 > Clvy) = C(vpgr) = (1= 8) (v = veyr) + 6(PF (vr) = P (v411))
(1= 0)(vr — viy1),

v

where the first inequality follows from the law of motion (12) and the continuity of C,
the equality follows from the fixed-point property (18) due to Lemma 12, and the last
inequality follows from the monotonicity of P (Lemma 2(i)). Hence, vy 1 > vy/(1 +
¢') for all t. The convergence of the series ).~ In(140") implies that [[,~, 1/(140") =
1/N for some N > 0. Hence, lim; o, v; > ©/N > v whenever v/v > N, as required.

Proof of Proposition 7

For any times ¢t and s > ¢ and C* : [aw, f0] — R, define f©°, <, and PC" analo-
gously to (12), (13), and (14) for the game with V = [aw, S7].
Towards part (i), let o = 8 and C* : [aw, fv] — R with C*(fv) = BC(v) for all
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v € V. It follows that

J£7 (Bv) = sup{Bv'|C* (Bv) > C*(Bv/) + 6" (1 = 9)Bv'}
= Bsup{v'|C(v) = C(v') +8'(1 = 6)v'} = Bff (v)
for all ¢ and v € V. Hence, f<,(8v) = BfC,,(v) for all s > t and, consequently,
P (Bv) = BPC(v). Since C satisfies the fixed-point property (18) by Lemma 12, it
follows that

C*(Bv) = BC(v) = B[(1 — S)v + 6PF (v)] = (1 — §)Bv + 6 PF" (Bv)

for all v € V. Hence, C* satisfies (18) for the game with V = [aw, 80]. It follows from
Lemma 12 and Lemma 15 that C' = C*. Hence, o, = fC,_,(87) = BfC,_,(®) = Bu,
and p; = PC (i) = BPC (vr) = Bpy, as required.

Towards part (ii), let « = 1 < . Lemma 15 implies that CA’[M] = C. Hence,
v = €00 = fC, (@) < fC, ,0(87) = @ due to the monotonicity of f€,
(Lemma 2(i)). It follows from the monotonicity of pté that PC(v;) = f’té(vt) <

PC(%,), as required.

Proof of Theorem 2

Let (o,C) be a PRE. By Lemma 12 o £ 6 and C € C*. Hence,
R(h°lo,C) = C(v) — Fy (0) < C(v) — 6Py (0) = (1 - d)v,

where the sequence of (in)equalities follows from Lemma 1, Lemma 11(i), and the
fixed-point property (18) due to C' € C*, respectively. When § is sufficiently high
R(h°|o,C) < v, so the good is sold to all types in equilibrium; otherwise, the seller’s
regret is at least C'(v) and C'(v) = v by (18). Let T' = inf{s|og(v, h*[h°|os], o5(h*[h°|0s])) =
A} be the first time when v accepts on the equilibrium path and AT = hT[h°|os]. Since

P£ > v and no type accepts a price higher than his value, og(h”) = v. Hence,

(1-8)5 > R(h°o,C) > R(hT)o,C) > C(v) — 6Tog(hT) = (1 — 6T

v >
0> (1+6+..+6 .
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Hence, for sufficiently high § the good is sold to all types in no more than N = [v/v]
periods. It follows from o5 = 0§, Lemma 1, (14), and f€, ,,(v) = v for all t > N
that all prices offered on the equilibrium path are bounded above by (1 —6V)v + Vv

for sufficiently high ¢ and, hence, converge uniformly to v as § — 1.

Proof of Proposition 8

Let C(v) = av for a € (0,1). It follows that C' € C. The arguments for the “if”
directions of Proposition 5 and Lemma 12 translate directly to the case of v = 0.
Hence, (09, C) is a PRE if C satisfies the fixed-point property (18). To this end,
the law of motion (12) reduces to fC(v) = TR SO PE(v) = v]]Z, TR
Hence, (18) holds iff ¢(a) = 0 where ¢ : [0,1] — R is given by

gp(a):a—(l—(S)—(SHﬁ.

Since ¢ is continuous, ¢(0) < 0, and ¢(1) > 0, it follows from the Intermediate Value
Theorem that there exists a € (0, 1) such that C satisfies (18), as required.
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