Theoretical Economics 20 (2025), 1367-1410 1555-7561/20251367

Ex post approaches to prioritarianism and sufficientarianism
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Although sufficientarianism has been gaining interest as a theory of distributive
justice in recent years, it has not been examined in the presence of risk. We pro-
pose an ex post approach to sufficientarianism that has a strong link to ex post
prioritarianism. Both ex post criteria are based on an axiom that we refer to as
prospect independence of the unconcerned, a natural extension of the indepen-
dence axiom known from the literature that focuses on situations with no risk. We
characterize a class of ex post prioritarian orderings as well as the corresponding
class of ex post sufficientarian orderings. In addition, we point out some impor-
tant differences between these two ex post criteria, and we examine how they fare
when assessed in terms of specific ex ante Paretian axioms.

Keyworbs. Sufficientarianism, prioritarianism, risk, ex post approach, prospect
independence of the unconcerned, axiomatic characterization.

JEL crassiricaTION. D31, D63, D71, D81.

1. INTRODUCTION

The concept of prioritarianism has been much discussed in the literature on philoso-
phy and formal ethics over the last 30 years, beginning with an influential 1991 lecture
by philosopher Derek Parfit (published as Parfit (2000)). Parfit describes prioritarianism
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as a nonegalitarian alternative to utilitarianism. Unlike utilitarianism (which focuses
on total well-being), prioritarianism gives extra weight to the well-being of the worse
off. Prioritarianism is usually represented as the sum of transformed utilities, where the
common transformation that is applied to individual utilities is increasing and strictly
concave. Prioritarianism satisfies the Pigou-Dalton transfer principle in utility (well-
being) space (see Pigou (1912), and Dalton (1920)), while utilitarianism does not. The
axiomatic difference between prioritarianism and egalitarianism concerns an indepen-
dence axiom. The prioritarian ranking of any two utility vectors is independent of the
utility levels of unaffected individuals, while the egalitarian ranking is not. On prioritar-
ianism, see generally Rabinowicz (2002), McCarthy (2008), Adler (2018, 2019), Adler and
Holtug (2019), and Adler and Norheim (2022).

The ethical debates between utilitarianism, prioritarianism, and egalitarianism have
in turn fueled interest in a fourth approach, sufficientarianism. The pioneering work on
sufficientarianism was undertaken by Frankfurt (1987) and Crisp (2003). Its distinctive
feature is the use of a threshold that represents sufficiency. The threshold is a utility
level such that an individual is deemed to have enough if and only if his or her utility
reaches this level. Roughly speaking, the primary concern of this ethical theory is to
minimize insufficiency among individuals. Since the work of Frankfurt (1987) and Crisp
(2003), a large philosophical literature on sufficientarianism has arisen (Brown (2005);
Benbaji (2005, 2006); Casal (2007); Huseby (2010, 2020); Shields (2012, 2016); Axelsen
and Nielsen (2015); Hirose (2016); Segall (2016); Herlitz (2018); Nielsen (2019); Hassoun
(2021); Knight (2022); Timmer (2022)). Axiomatic foundations of sufficientarian theories
have recently been provided in contributions such as Alcantud, Mariotti, and Veneziani
(2022), Bossert, Cato, and Kamaga (2022, 2023), Chambers and Ye (2024), and Nakada
and Sakamoto (2024).

The underlying motivation for sufficientarianism is well expressed by Frankfurt
(1987) and Crisp (2003). Frankfurt (1987, pp. 21-22) writes that “[w]hat is important
from the point of view of morality is not that everyone should have the same but that
each should have enough.” The notion of “having enough” is identified with a level of
well-being (utility) that is at or above a given threshold. Crisp (2003) notes that prioritar-
ianism is willing to impose large costs on badly-off individuals for the sake of small ben-
efits to better-off individuals, if the better-off individuals are sufficiently numerous. The
sufficientarian threshold blocks this implication of prioritarianism: benefits to above-
threshold individuals will never justify losses to below-threshold individuals.

The identification of the threshold is of crucial importance to sufficientarianism.
Indeed, one common criticism of sufficientarianism is that determining a plausible
threshold is difficult, leading to concerns about its arbitrariness (Timmer (2022)). We
think of it as being equivalent to a poverty line; this seems to reflect a natural interpreta-
tion of the notion of sufficiency. The predominant choice in the literature is to assume
that the threshold is externally given—that is, it does not depend on the distribution
of the variable under consideration. This implicit convention seems to rest on a sound
conceptual foundation, parallel to the use of poverty lines. If, instead of being given
as an independently determined minimally acceptable standard of well-being, an en-
dogenous method (such as a percentage of the median) is employed, counterintuitive
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conclusions may emerge: a country with a very high median income may end up being
classified as poorer than a country with a very low median income. A fixed threshold
avoids shortcomings of this nature. In addition, the threshold constitutes an important
policy parameter that provides an intuitively appealing and clear focal point for pol-
icy debates, and sensitivity analyses regarding alternative parameter choices provide a
transparent tool for their assessment.

There are, of course, alternatives to expressing a threshold in terms of utility. How-
ever, it seems difficult to think of them as being entirely divorced from concerns regard-
ing people’s levels of well-being. For instance, using income or consumption rather than
utility seems to be nothing but an approximation based on the assumption that higher
income or higher consumption levels are beneficial for the members of a society.

A social ordering of utility distributions based on sufficientarian principles is used to
inform the decisions of policymakers. Among the utility distributions that correspond
to feasible policy choices, a selection is made that is best according to this ordering.

Traditional sufficientarian approaches do not pay much attention to the presence
of risk. However, most public policy choices involve considerable risk as far as the out-
comes that eventually materialize are concerned and, therefore, there appears to be a
need to go beyond the riskless case. We propose to do so by utilizing a framework of
social evaluation of state-contingent alternatives. This framework includes a fixed prob-
ability distribution over the set of states. Ex post utility distributions that occur in each
state are assumed to be variable, and a matrix composed of the utilities of all individuals
in all states is called a prospect. We examine an ordering (i.e., a complete and transitive
binary relation) defined on the set of prospects. Fleurbaey (2010) provides a new ex post
welfare criterion relying on this framework; see also Fleurbaey and Zuber (2013). Re-
lated approaches built on this framework can be found in Blackorby, Bossert, and Don-
aldson (2002, 2005) and Blackorby, Donaldson, and Weymark (1999, 2008). Originally
introduced by Arrow (1953; 1964) in the context of individual decision-making, Blacko-
rby, Davidson, and Donaldson (1977) establish an axiomatic foundation of the expected
utility hypothesis with state-contingent alternatives.

The sufficientarian principles that we primarily examine in this paper are instances
of what we refer to as ex post sufficientarianism. These theories emphasize the depth
of insufficiency from an ex post viewpoint rather than focusing on the expected utility
level evaluated from an ex ante perspective. Clearly, the expected insufficiency of ex post
utilities is significantly different from the insufficiency of individual expected utilities. If
one considers the insufficiency of expected utilities, it does not matter if the utility is sig-
nificantly below the threshold as long as the associated probability is very small. Under
ex post sufficientarianism, as long as some ex post utilities fall below the threshold, it is
always considered a significant problem.

Ex post sufficientarianism is closely related to ex post prioritarianism. According to
ex post prioritarianism, a prospect is better when the expected value of the sum of trans-
formed ex post utilities is higher. This thought is advocated by Rabinowicz (2002) and
Adler and Sanchirico (2006); see also Adler (2012). To the best of our knowledge, there
has been no axiomatic characterization of ex post prioritarianism so far. In the context of
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Harsanyi’s (1955) impartial observer theorem, Grant, Kajii, Polak, and Safra (2010) pro-
vide an axiomatic characterization of the evaluation of product lotteries composed of an
outcome lottery and an identity lottery (not state-contingent alternatives) that takes the
form of the weighted sum of concave transformations of an individual’s expected util-
ity. Aside from the difference in the analytical framework, the criterion they characterize
corresponds to an ex ante approach to prioritarianism, not an ex post approach.

In prioritarian approaches, the difference between evaluating equality at the level of
ex ante expected utility versus ex post utilities can lead to significant policy divergences.
However, a key issue arises when comparing prioritarian and sufficientarian approaches
to social risk evaluation. Neither ex post nor ex ante prioritarianism considers policies
with a very small probability of severe insufficiency as a major concern. In contrast, ex
post sufficientarianism treats such cases as critically important. This fundamental dif-
ference highlights how incorporating risk into sufficientarian frameworks offers a novel
perspective on social risk evaluation. By emphasizing the importance of avoiding any
instance of insufficiency, regardless of its probability, ex post sufficientarianism provides
a unique approach to addressing societal risks and inequalities.

We employ a unified method to characterize ex post prioritarianism and ex post suf-
ficientarianism. Our key axiom is what we call prospect independence of the uncon-
cerned, the ex post variant of well-established independence properties that are famil-
iar from the literature on social evaluation without risk. Individuals who face the same
risk in two prospects are called unconcerned, and the axiom requires that the social
comparison of these two prospects is independent of unconcerned individuals.

Our first main result consists of a characterization of the class of ex post prioritarian
orderings by combining prospect independence of the unconcerned with strong Pareto
for no risk, continuity, the Pigou-Dalton transfer principle for no risk, and the social
expected utility hypothesis. Strong Pareto for no risk, continuity, and the Pigou-Dalton
transfer principle for no risk are standard axioms, which are commonly used when char-
acterizing prioritarian orderings in a framework with no risk. The social expected utility
hypothesis requires the existence of a social von Neumann-Morgenstern function such
that prospects are ranked in terms of the expected values of ex post social welfare.

We then proceed to a characterization of ex post sufficientarianism. In addition to
prospect independence of the unconcerned, there is another key axiom for the charac-
terization that is intended to capture the distinctive nature of sufficientarianism. Suffi-
cientarian theories are primarily concerned with changes in utilities below the threshold
but that does not mean that utilities above the threshold do not matter and, therefore,
sufficientarian theories can very well be compatible with Paretian axioms. Sufficien-
tarianism puts unequivocal priority on the utilities below the threshold and uses those
above the threshold as a tie-breaking device. We formalize this attribute as an axiom
that we label ex post absolute priority. This axiom is a natural extension of the axiom of
absolute priority proposed by Bossert, Cato, and Kamaga (2022, 2023).

Ex post absolute priority is not compatible with the social expected utility hypoth-
esis, a fundamental property of ex post prioritarianism, given strong Pareto for no risk.
This incompatibility is caused by the lexicographic priority assigned to those below the
threshold by the axiom of ex post absolute priority. In other words, the existence of a
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sufficiency threshold does not allow us to apply the social expected utility hypothesis
across this threshold. However, if the social expected utility hypothesis is restricted to
utilities below the threshold and above the threshold separately, it is compatible with ex
post absolute priority.

We characterize the class of ex post sufficientarian orderings by using prospect in-
dependence of the unconcerned, ex post absolute priority, and the restricted social ex-
pected utility hypothesis, in addition to strong Pareto for no risk, anonymity, and two
restricted continuity axioms. It is well known that most sufficientarian theories are not
compatible with full continuity, and thus only restricted versions such as continuity be-
low the threshold and continuity above the threshold can be satisfied; see Roemer (2004)
and Bossert, Cato, and Kamaga (2022, 2023) for detailed discussions.

A comparison with our characterization of ex post prioritarianism highlights a fun-
damental trade-off within the sufficientarian approach. While ex post prioritarian or-
derings satisfy the social expected utility hypothesis and continuity, our ex post suffi-
cientarian orderings fail to do so. This implies that ex post sufficientarian orderings may
exhibit sudden large policy changes in response to small changes in the social environ-
ment. However, if we abandon the unconditional form of strong Pareto for no risk, it is
possible to satisfy both the social expected utility hypothesis and continuity in the suffi-
cientarian approach. As we demonstrate later, requiring these two axioms and restrict-
ing strong Pareto for no risk to utilities below the threshold, we obtain a characterization
of what we call ex post upper-limit sufficientarianism, another formulation of ex post
sufficientarianism. A distinctive feature of ex post upper-limit sufficientarian orderings
is that they minimize the sum of transformed shortfalls from the threshold and ignore
the well-being levels of those above the threshold. This trade-off between these proper-
ties is based on the extent to which ex post sufficientarian approaches can diverge from
ex post prioritarianism, which satisfies all of the properties mentioned above.

To put our contribution into perspective, we note first that the issue of social evalua-
tion with risk has been an important topic since the pioneering contribution of Harsanyi
(1955) who provides a formal foundation of utilitarianism; see also Blackorby, Donald-
son, and Weymark (1999). Diamond (1967) raises an ex ante equality issue that applies
to Harsanyi’s arguments. Hammond (1983) and Broome (1991) provide early observa-
tions on ex post criteria, which are substantially developed by Rabinowicz (2002), Adler
and Sanchirico (2006), and Adler (2012) as ex post prioritarianism.

Notably, both ex post prioritarian and ex post sufficientarian orderings violate the ex
ante weak Pareto principle, which requires that a prospect is better than another if each
individual’s expected utility in the former is higher than in the latter. Fleurbaey (2010)
proposes a weakening of the ex ante weak Pareto principle, weak Pareto for equal risk,
according to which the ex ante Pareto principle applies to prospects where all individ-
uals face the same risk. Using this axiom, Fleurbaey (2010) provides a characterization
of what is called the class of expected equally-distributed-equivalent (EDE) social or-
derings. We highlight some differences between expected EDE social orderings and ex
post social orderings. The axiomatic analysis of Fleurbaey (2010) is extended by Fleur-
baey and Zuber (2013); see also Fleurbaey, Gajdos, and Zuber (2015) as well as Mongin
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and Pivato (2015). In particular, Fleurbaey and Zuber (2013) use an independence prop-
erty similar to ours to provide a joint characterization of the utilitarian ordering and a
specific multiplicative form.

Section 2 introduces the formal setting employed in this paper. Our basic axioms are
defined and discussed in Section 3. Section 4 contains our results on ex post prioritarian
social evaluation, and Section 5 is devoted to ex post sufficientarian criteria. Sections 6
and 7 examine the relationship with ex ante Paretian requirements. Section 8 concludes.
The independence of the axioms used in our main characterization results is established
in the Appendix.

2. SETTING

For r € N, we use 1, to denote the r-dimensional vector composed of r ones. We consider
a framework of social evaluation of state-contingent alternatives. Let S = {1, ..., m} be
the finite set of m > 2 states and (7°),cs be an exogenously given fixed probability dis-
tribution on the states s € S. We assume that 7* > 0 forall s € S and ), ¢ 7* = 1. This
assumption involves no loss of generality as long as there are at least two states with
positive probabilities because any state with a probability of zero may be dropped. The
finite set of individuals is given by N = {1, ..., n}, where n > 3 is assumed.

Let u; denote the utility level of individual / in state s. Social alternatives to be eval-
uated are given by prospects. A prospect is an n x m matrix u = (u});en,ses, and the set
of all prospects is D = R"*™. Given a prospect u € D, u’ = (uj, ..., u}, ..., uy) € R" is the
utility distribution realized in state s € S and, analogously, u; = (ul.l, v U, ult) e R
is the m-tuple composed of the utility levels experienced by individual i € N in each
state. For all u € D and for all i € N, let E(u;) be the expected value E(u;) =) ¢ 7’u} of
individual i’s ex post utilities.

A subdomain of D is also considered in our analysis. A prospect u such that u® = u*
for all 5, s’ € S does not include any risk. Such a prospect is called riskless. Let D¢ be
the set of riskless prospects. For all u € D and for all s € S, let [u] = (u*, ..., u’) € D¢
denote a riskless prospect such that u#* occurs in each state s’ € S. We note that, for each
riskless prospect u € D¢, there exists a prospect u® € R” such that [#°] = u. Furthermore,
if u e D¢, then E(u;) = uj forall se Sand foralli e N.

The sufficiency threshold 6 € R is an exogenously given threshold level of utility. A
given threshold 6 is common to all states s € § and applies to ex post utility levels in
all states. Its interpretation is that, for each state s € S, those individuals whose ex post
utilities are on or above the threshold are deemed to have enough. For all u € D and for
all s € S, we define the sets of those individuals whose utility is lower than and higher
than the threshold 6 in state s by

L(u')={ieN|uj <6};
H(u') ={ieNlu] > 6}.

A social ordering for prospects is a complete and transitive binary relation R on D.
We use the definition of completeness that encompasses reflexivity; that is, complete-
ness requires that any two (not necessarily distinct) prospects u and v can be compared
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by R. For two prospects u, v € D, we write uRv instead of (u, v) € R to indicate that u is
at least as good as v. The asymmetric and symmetric parts of R are denoted by P and /.

A function g: R — R is increasing if and only if, for all x, y € R, x > y implies g(x) >
g(»). The social ordering R is ex post generalized utilitarian if and only if there exists a
continuous and increasing function g: R — R such that, for all u, v € D, uRv if and only

if
2 ™ g =) ™) s(v
seS ieN seS ieN

An important subclass of these principles consists of the ex post prioritarian order-
ings. A social ordering R is ex post prioritarian if and only if it is an ex post generalized
utilitarian ordering associated with an increasing and strictly concave (and thus contin-
uous) function g: R — R. Ex post prioritarianism is a very natural extension of priori-
tarianism to the evaluation of risky situations because a prioritarian evaluation applies
to each state s € S.

An alternative special case of ex post generalized utilitarianism is ex post utilitarian-
ism, which is associated with a linear transformation g. Harsanyi (1955) characterizes
ex post utilitarianism as an ordering defined on the set of lotteries. Utilitarianism for
prospects is characterized by Blackorby, Bossert, and Donaldson (2005) who employ an
ex ante approach to evaluating prospects.

Brown (2005), Hirose (2016), and Bossert, Cato, and Kamaga (2022, 2023) develop
sufficientarian orderings in a framework that does not involve risk. Their sufficientar-
ian principles are based on a lexicographic procedure. The primary criterion employed
consists of the total gap between (transformed) utilities and the sufficiency threshold for
those below the threshold. If these gaps are equal for two distributions, the correspond-
ing gap for those above the threshold is consulted. These orderings are compatible with
the Pareto principle. We extend their formulation of sufficientarianism to the evaluation
of risky situations, which applies sufficientarianism (Bossert, Cato, and Kamaga (2022,
2023)) to each state.

A social ordering R is ex post sufficientarian if and only if there exists a continuous
and increasing function g: R — R such that, for all u, v € D, uRv if and only if

Yot Y (8(u) —g0) > Y (g(v}) —8(8)

ses ielL(u®) ses ieL(v®)

or

Yot Y (g(u) —g0) =)= > (g(v]) —g(6)) and

seS ieL(u’) seS ieL(v%)
Yot Y () —g®) =D 7 3 (s(v) — g(6)).
ses ieHu®) seSs ieH (v%)

We note that if there is no risk (i.e., if u, v € D¢), any ex post sufficientarian ordering
coincides with the corresponding sufficientarian ordering proposed by Bossert, Cato,
and Kamaga (2022).
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There is an extensive literature on establishing rankings on sets of matrices; see, for
instance, Marshall and Olkin (1979) and, more recently, Dahl, Guterman, and Shteyner
(2018) for matrix majorization. To the best of our knowledge, the sufficientarian order-
ings that we discuss are not mentioned in this literature. This can be attributed to the
special nature of our matrices. The influence of a threshold and the resulting lexico-
graphic structure specific to the context of sufficientarianism are, as far as we are aware,
also absent in other areas of research. For instance, in the context of equality of opportu-
nity, matrices have been studied extensively as well; see Fleurbaey and Maniquet (2011,
Section 4) for a comprehensive survey.

The ex post prioritarian orderings are related to matrix majorization. For any
prospects u, v € D, u is said to be majorized by v if u = Bv holds for some n x n dou-
bly stochastic matrix B (i.e., a matrix B = [b;j]1<;,j<n € R}"" such that 27:1 bjj =1 for
allrows i € {1,...,n} and )} ; b;j =1 for all columns j € {1, ..., n}); see Marshall and
Olkin (1979). Note that u = Bv means that u* is equal or less spread out than v* for all
s € §. Marshall and Olkin (1979) and Karlin and Rinott (1983) establish the following
characterization result: for all u, v € D, u is majorized by v if and only if

INICOEDINICH
ieN ieN

for all continuous and concave functions f: R” — R; see also Marshall, Olkin, and
Arnold (2011). Note that, for any increasing and strictly concave function g: R — R, the
function f: R” — R defined by f(u;) = ;g 7° g(u}) is continuous and concave. Thus,
if a prospect u is majorized by a prospect v, then u is declared at least as good as v by all
ex post prioritarian orderings because

Yoy gu) =2 ) )=y Y wg(v) =) 7y g(v)
ses ieN ieN seS§ ieN seS§ seS ieN

holds for all increasing and strictly concave functions g: R — R.

3. Basic axioMms

First, we introduce the strong Pareto principle defined for the evaluation of riskless
prospects.

Strong Pareto for no risk: For all u, v € D¢, if, forall s € S, uj > v} forall i € N and u} > v}
for some i € N, then uPv.

The continuity axiom is a robustness condition. It requires that small changes in a
prospect do not lead to large changes in the social ordering.

Continuity: For all u € D, the sets {v € D|vRu} and {v € D|uRv} are closed in D.

Anonymity is an uncontroversial and fundamental impartiality property. It requires
that all individuals’ ex post utilities be treated equally.
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Anonymity: For all u, v € D and for all bijections p: N — N, if v; = u,(; forall i € N, then
ulv.

Our next axiom requires that a social ordering satisfy the expected utility hypothesis.
More precisely, we assume that there exists a social von Neumann-Morgenstern func-
tion W such that prospects are ranked by the comparison of the expected values of ex
post social welfare.

Social expected utility hypothesis: There exists a function W: R" — R such that, for all
u,veD,

uRv & Z W (1) > Z W (v°).

seS seS

The social expected utility hypothesis implies statewise dominance, a property that
is familiar from the literature on decision theory.

Statewise dominance: For all u, v € D, if [u®*|P[v’] for all s € S, then uPv.

Define, for all nonempty strict subsets M of N and for all u € D, up = (u;)iem and
un\m = (u;)ien\m. Using this notation, we now introduce an independence axiom that
has considerable intuitive appeal. The condition requires that a social ordering be inde-
pendent of the ex post utilities of those who are unconcerned in every state.

Prospect independence of the unconcerned: For all u, ', v, v' € D and for all nonempty
MCN,

(ent, ONAMOR (v M) < (uar, V) R (W V) -

Independence properties of this nature are ubiquitous not only in the literature on
social evaluation but, more generally, in numerous approaches in economics and po-
litical philosophy. The underlying intuition is very transparent and allows for a pow-
erful defense of the requirement. In the statement of the axiom, those in N \ M are
unconcerned—the choice of prospects to be compared does not affect their ex post util-
ities in any state. It seems only natural that the resulting comparisons do not depend
on these utility levels. That this separability property is highly plausible becomes ap-
parent especially if a comprehensive notion of who is included in the overall population
N is employed. It is usually assumed (at least implicitly) that a utility distribution (or,
in our case, a prospect) represents a full history, from the remote past to the distant fu-
ture, of the lifetime well-being of those who ever live. This includes individuals whose
lives are long over, such as Cleopatra or Aristotle—and, more importantly, less promi-
nent persons about whose lives very little (if anything) is known. If a comparison of
two prospects were to depend on the ex post utilities of the long dead, serious difficul-
ties could not but emerge immediately. For instance, newly discovered evidence from
archaeological excavations—such as proof that Cleopatra lived a miserable life due to
illness and disability—certainly should not influence today’s public-policy choices. Al-
though we think that this independence property can be defended with some plausible
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arguments, it certainly is not entirely uncontroversial; see also our remarks to that effect
in Section 6. This is, however, also the case for other independence properties if risky
choices are being assessed.

Because we work within a fixed overall population in this paper, prospect indepen-
dence of the unconcerned is the only primary separability condition considered here.
There are several versions of separability in our fixed-population setting because risk
is present, but this version is considered to be plausible for examining ex post welfare
criteria. Adler (2022, pp. 66-75) introduces prospect independence of the unconcerned
under the label of policy separability, and provides a detailed normative defense. In a
variable-population setting, additional versions that are just as plausible can be consid-
ered; see Blackorby, Bossert, and Donaldson (2005, Chapter 5) for an extensive discus-
sion.

We note that Fleurbaey and Zuber (2013) use a similar separability property which
they label independence of the utilities of the sure. This property restricts vy\y and
vﬁ\,\ ) to those whose utility levels are constant across states. Thus, their condition
(which is stated formally in the Appendix) requires that a social ranking is independent
of the ex post utilities of those who are unconcerned in every state and bear no risk. This
property is obviously weaker than our condition. Notably, independence of the utilities
of the sure is not enough to establish our main characterization results; see the Appendix
for a counterexample.

Finally, we present a version of the Pigou-Dalton transfer principle (Pigou (1912);
Dalton (1920)), which formalizes an equity consideration. The variant that we employ
merely requires that a progressive transfer is desirable for prospects with no risk.

Pigou—Dalton transfer principle for no risk: For all u, v € D¢, if, for all s € S, there exist
i,jeNand 6 e R, suchthatvf:uf—82u§+6=v§andu§(=v§( forall k e N\ {i, j},
then vPu.

4. EX POST PRIORITARIANISM
The main result of this section characterizes the class of ex post prioritarian orderings.

We begin with the following lemma, which is restricted to prospects with no risk.

Lemwma 1. Ifasocial ordering R satisfies strong Pareto for no risk, continuity, anonymity,
and prospect independence of the unconcerned, then there exists a continuous and in-
creasing function g: R — R such that, for allu, v € D¢,

uRv & Zg(uf) > Zg(v;‘)

ieN ieN

ProoF. Letu, v e D¢. Since u and v are riskless, letting s € S, we can define the ordering
R* on R” such that, for all u, v € D¢,

RV & uRv.
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Note that strong Pareto for no risk, anonymity, continuity, and prospect independence
of the unconcerned imply that R satisfies the corresponding properties. Since n > 3,
there exists a continuous and increasing function g: R — R such that

wWRY ) g(u) = ) 8(v))
ieN ieN
see Debreu (1959, pp. 56-59) and Blackorby, Bossert, and Donaldson (2005, Theo-
rem 4.7). Combining these equivalences, the lemma is proved. O

That there is a formal link between independence properties and additively separa-
ble structures is certainly not new. In this context, the contributions of Debreu (1959)
and Gorman (1968) are of particular importance; see also Blackorby, Primont, and Rus-
sell (1978, Section 4.4) for a detailed discussion and proof of Gorman’s fundamental re-
sult on overlapping separable sets of variables. Of course, we do not claim any origi-
nality regarding the mathematical underpinnings of the result of Lemma 1; rather, it is
the application of these earlier observations to our specific framework that constitutes
the novelty of the lemma. This is parallel to the use of Gorman’s theorem in numerous
earlier contributions such as that of Blackorby and Donaldson (1984) in the context of
population ethics.

To present the next lemma, we need some additional notation and definitions. Given
a continuous and increasing function g: R — R, let Y denote the set of attainable values
of the sum of transformed utilities ) ;. g(u}) instate s € S. The set Y is a nondegenerate
open interval because g is continuous and increasing and R is connected.

We now show that a generalized class of ex post criteria is obtained if the social ex-
pected utility hypothesis is added to the axioms that appear in Lemma 1; see Theorem 3
of Blackorby, Bossert, and Donaldson (1998) for a related result that is established for a
social ordering defined on lotteries.

LeMmwMmA 2. Ifa social ordering R satisfies strong Pareto for no risk, continuity, anonymity,
the social expected utility hypothesis, and prospect independence of the unconcerned,
then there exist continuous and increasing functions g: R — R and : Y — R such that,
forallu,veD,

URv & Zwsw(Zg(uf)) > Zwst#(Zg(vf))-

seS ieN ses ieN

Prookr. By the social expected utility hypothesis, there exists a function W: R” — R
such that, for all u, v D,

uRv & Y m'W(u') =Y W (). @

seS seS

Since D¢ C D, it follows that, for all u, v € D¢,

uRv & W(u') = W (v*). 2)
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Since R satisfies continuity, W can be chosen to be continuous. Lemma 1 implies that
there exists a continuous and increasing function g: R — R such that, for all u, v € D¢,

uRv <Y "g(uf) = g(vf). 3)

ieN ieN
From (2) and (3), we obtain that, for all u* = (uj, ..., u;), v’ = (v}, ..., v;) € R",
Ww)=w@) & Y gu)=) g0
ieN ieN

Therefore, there exists an increasing function ¢: Y — R such that, for all ¥* = (u3, ...,
u;) € R%,

W) =o( s
ieN
Since W is continuous, ¢ can be chosen to be continuous. By (1), the lemma is proved.
4

In the following theorem, we provide a characterization of ex post generalized utili-
tarianism using the axioms of Lemma 2. As its proof shows, the function ¢ that appears
in the statement of Lemma 2 must be affine.

THEOREM 1. Asocial ordering R satisfies strong Pareto for no risk, continuity, anonymity,
the social expected utility hypothesis, and prospect independence of the unconcerned if
and only if R is an ex post generalized utilitarian ordering.

Prootr. It is straightforward to prove the “if” part of the theorem statement. To prove
the “only if” part, observe first that Lemma 2 implies the existence of continuous and
increasing functions g: R — R and : Y — R such that, for all u, v e D,

uRv & g WSIp(iGZN g(uf)) > g 7TS¢J/<i€ZNg(vf)>. 4

To show that i is affine, let (y', y?) € Y2. Since  is continuous and increasing on Y,
there exists (7!, %) € Y2 with y! > 4! and y? < %? such that

2 2
Zwsw(Vs):ZTfsl//(?s)- (5)
s=1 s=1
Step 1. Assume first that » is even. We show that, for any a € (0, 1),
2 2
Zwsd’('ys)zzwsd’(a‘)’s-i-(l—a)?s). (6)

s=1 s=1
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Let (¥!, ¥%) denote the midpoint of (y!, y?) and (%!, %) in Y2. Formally, for each s =
1,2,

s Y +Y
L
We begin by showing that
2 2
dSomw(y) =) mY(y). )
s=1 s=1

Since (', ¥%) € Y?, there exist u, v € D such that, foreach s =1, 2,

and uj = v} forall s € §\ {1, 2} and for all i € N. Furthermore, there exist i, b € D such
that, foreachs =1, 2,

and vj=9;] forallie{l,...,n/2},

s )
l 1
$=0 =g (¥*/n) forallje{n/2+1,...,n}

> g =n-To = 3 all) = Ysli) =

ieN ieN ieN

and

ieN
Since R satisfies prospect independence of the unconcerned, we obtain

uRv< uRv and vRu < vRu.

Thus, if uPv holds, then &Pv follows and we obtain by Lemma 2 that

2 2

Zws¢(ys)>27rs¢(?s) and ZWS¢(«;S)>ZWS¢(7S),

s=1 s=1
and we obtain a contradiction to (5). Similarly, if vPu holds, it follows that

2 2

;‘wsw(ﬂ <> mY(F) <> T (F),

s=1 s=1

a contradiction. Hence, ulv must hold, and 279 follows as well. Thus, by (4), we obtain
(7). Since i is continuous, applying the above argument repeatedly, we obtain that (6)
holds for any a € (0, 1).
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Step 2. Now suppose that n is odd. We show that (6) holds for any a € (0, 1). For all
teN\{l}andforall¢e{1,...,t— 1}, define ¥°(¢, t) € R by, for each s = 1, 2,

- 12 t—4¢
YL, 1) = ;VS + TYS-

ForteNandforall¢e{2,...,t— 1}, we obtain

lim n-g(a) >y' >y —-1,6)> %', 1)
a—0o0

and
lim n-g(a) <y?> <y*(L—1,1) < ¥*((, 1).
a——00
Thus, there exists ¢! € N\ {1} such that, for all > ¢!, there exists (u1, ..., ul) € R” such
that
)1
g(u}) =g(u]1-) > foralli,je{l,...,n—1},
n
-1 1
vy (L) vy
g(ul) = < and ) g(u)=v".
ieN
Moreover, there exists 1> € N\ {1} such that, for all # > /2, there exists (u3, ..., u2) e R"
such that

2
g(ul?) :g(u]z) < % forallie{l,...,n—1},

-2 2
g(uz) _Y (1, ) 2 Y and Zg(”zz) — 2.

n n n 4
ieN

We now define t* = 2-max{r!, 2}. Then there exist u, v € D such that, foreachs =1, 2,

uj=u; foralli,jefl,...,n—1}
¥(2, t*
) =72 ana 3 gur) =,

ieN
=S 2, *
g(vq)zw forallie{1,..., (n—1)/2} U {n},
vi=u) forallje{(n—1)/2+1,...,n—1},

and uf. = vf. for all s € S\ {1, 2} and for all i € N. Furthermore, there exist i, ¥ € D such
that, foreachs =1, 2,

i=u} and 9} =v] forallie{l,...,(n—1)/2}U{n},

=S 2’ t*
g(ﬁj) :g(ﬁj) = ¥ forallje{(n—1)/2+1,...,n—1},



Theoretical Economics 20 (2025) Ex post welfare criteria 1381

and &f =9} =u} forall s € S\ {1, 2} and for all i € N. Note that, foreachs =1, 2,

Sg) ="t B L

4

ieN 2 n 2 '
bl PR a1 1 (PR
-2 n + 2 .n—1.<y_ n )
_ YR+
2
=7 (1 0),

R -1 1 v (2, t* +1 ¥(2,¢*
Say="gt (- TRl TR
Y n—1 n 2 n

=7 (1L 0),

and
Y oa(®) =72 1)
ieN

Since R satisfies prospect independence of the unconcerned, applying the argument
employed in Step 1, we obtain the following three cases:

(a) ZHMﬂ>ZHMWMW>Z#MWMW,
(b) iwsw(ﬂ < iwsw(ﬂl, t*)) < iwsw(&s(& ),
© ZHMﬂ=ZHMWMW=ZHMWMW-

We show by contradiction that case (c) holds. First, suppose that case (a) holds. Then
we can find u, v € D such that, foreachs=1, 2,

u‘;:u; foralli,je{l,...,n—l}»
¥5(3, t* N - %
g(uz) — ( ) and Zg(u‘;) — ,-ys(]_, t ),

ieN

forallie{1,..., (n—1)/2} U {n},

vi=u; forallje{(n—-1/2+1,...,n-1},
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and uf. = v‘l? forall s € S\ {1, 2} and for all i € N. Furthermore, there exist ii, b € D such
that, foreachs=1, 2,

i=u} and =0 foralliell,...,(n—1)/2}U{n},
=S 3,t*
8(ﬁ§)=8(ff-)=y<n ) forall je {(n—1)/2+1,...,n—1},

and &} =0} =u] forall s € S\ {1, 2} and for all i € N. Note that, foreach s =1, 2,
D e =92 ) =) g(@) and Y g(3})=7( 1)
ieN ieN ieN

Thus, it follows from (4) and prospect independence of the unconcerned that the in-
equality

2 2
2T (L) = (v (2 1)
s=1 s=1
implies the inequality
2 2
dom (¥ (2, 17) > Y m Y (¥(3, ).
s=1 s=1
Applying this argument repeatedly, we obtain that
2 2
2TU() > Y T (P).
s=1 s=1

However, this is a contradiction to (5). Similarly, if case (b) holds, we obtain a contradic-
tion. Therefore, case (c) must hold.

Applying the argument that we used to show a contradiction in case (a), we obtain
that, foreach ¢ € {2, ..., * — 1},

2

Z: (Y (e —-1,%)) =D 7P (¥ (e, ).

s=1

Since i is continuous, it follows from the same argument as in Step 1 that (6) holds for
anya < (0, 1).

Step 3. Applying the argument used to derive the implication of case (c) in Step 2,
we can extend the result that (6) holds for any a € (0, 1) to any parameter a € (—oo, 0) U
(1, 00). Therefore, we can conclude that, for any (¥', %) € Y? that lies on the straight
line passing through (y!, ¥?) and (3!, %),
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This implies that there exists (a!, ?) € R% | such that, for all (y!, y?) € Y2,

2

2
Z Wsljl(’ys) — Zas,ys'
s=1

s=1

Thus, given a fixed y? = 4?2, it follows that, for all y' € Y,

1 272 20 (=2
a a”y" — oy
b= Gyt 4 T
a o
Therefore, ¢ is affine. Consequently, we can assume that ¢ in (4) is given by ¢(a) = a for

allaeY. O

If we require the Pigou-Dalton transfer principle for no risk in addition to the ax-
ioms of Theorem 1, the utility transformation g that ex post generalized utilitarianism
employs must be strictly midpoint-concave (i.e., g((x + ¥)/2) > [g(x) + g(¥)]/2 for all
x, y € Rwith x # y). Since any continuous, strictly midpoint-concave function is strictly
concave, only the class of ex post prioritarian orderings is permissible. To present a
characterization of ex post prioritarianism, however, we no longer need to assume all
of the axioms of Theorem 1. Specifically, anonymity becomes redundant. To see this,
we first state a variant of Lemma 1 of Fleurbaey and Zuber (2013), which shows that
if the Pigou-Dalton transfer principle for no risk is added to the other three axioms of
Theorem 1, anonymity is implied. The axioms of Fleurbaey and Zuber’s (2013) lemma
are slightly different from ours; to be precise, the social rationality and independence
axioms that they employ are weaker than ours but their transfer axiom is stronger than
ours. However, as they state in their discussion (Fleurbaey and Zuber (2013, p. 685)), the
Pigou-Dalton transfer principle for no risk suffices to prove their lemma. Thus, we state
the following lemma without a proof.

LeMmwMmA 3. If a social ordering R satisfies strong Pareto for no risk, continuity, the social
expected utility hypothesis, prospect independence of the unconcerned, and the Pigou—
Dalron transfer principle for no risk, then R satisfies anonymity.

The following theorem axiomatizes ex post prioritarianism.

THEOREM 2. A social ordering R satisfies strong Pareto for no risk, continuity, the social
expected utility hypothesis, prospect independence of the unconcerned, and the Pigou—
Dalton transfer principle for no risk if and only if R is an ex post prioritarian ordering.

Proor. “If.” Suppose that R is an ex post prioritarian ordering. This implies that R is
ex post generalized utilitarian and, by Theorem 1, R satisfies all axioms other than the
Pigou-Dalton transfer principle for no risk. It is easy to show that the Pigou-Dalton
transfer principle for no risk is also satisfied; see, for example, Table 4.2 of Blackorby,
Bossert, and Donaldson (2005, p. 82).

“Only if.” Assume that a social ordering R satisfies strong Pareto for no risk, continu-
ity, the social expected utility hypothesis, prospect independence of the unconcerned,



1384 Adler, Bossert, Cato, and Kamaga Theoretical Economics 20 (2025)

and the Pigou-Dalton transfer principle for no risk. By Lemma 3, R satisfies anonymity.
Theorem 1 implies that R is ex post generalized utilitarian. As mentioned above, g must
be strictly concave because of the Pigou-Dalton transfer principle for no risk. Thus, R
must be ex post prioritarian. O

In the above theorem, the social expected utility hypothesis cannot be weakened to
the following alternative social rationality axiom.

Sensitivity to risk: For all u, v € D, if there exist s, s’ € § with 7y > 7y such that
[«]P[v*], u’ =1°, v =u’, and u'=v" forallzreS\{s s},
then uPv.

A social ordering R is ex post prioritarian with probability weighing if and only if
there exist an increasing and strictly concave function g: R — R and an increasing and
continuous function ¢: (0, 1) — R, such that, for all u, v € D,

uRv & Zd)(ws) Zg(uf) > Z‘f)(ﬂ's) Zg(vzs)

seS ieN ses ieN

This ordering satisfies strong Pareto for no risk, continuity, anonymity, statewise domi-
nance, prospect independence of the unconcerned, the Pigou-Dalton transfer principle
for no risk, and sensitivity to risk. Unless the function ¢ is a homogeneous linear func-
tion, these orderings do not satisfy the social expected utility hypothesis.

5. EX POST SUFFICIENTARIANISM

According to sufficientarianism, absolute priority is assigned to utility levels below the
sufficiency threshold 6. This suggests that sufficientarian theories primarily care about
changes below the threshold. Thus, as an auxiliary step, it is helpful to introduce cen-
sored prospects at the level of the threshold 6. For each u € D, let

uz, = (min{u, 0})1.6]\,,365

and

Upg = (max{uf., 0})ieN,seS :

Typically, when considering two prospects u and v, sufficientarian orderings first com-
pare uy and vy. If required, a comparison between uy and vy is employed as a tie-
breaking criterion. The idea that absolute priority should be given to those below
the threshold constitutes the core of sufficientarianism; see, for example, Crisp (2003),
Brown (2005), and Casal (2007). The following axiom is a natural extension of the fun-
damental property of sufficientarianism to the evaluation of prospects.

Ex post absolute priority: For all u, v e D,

uy; Pvy, = uPv
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and

urlvy = [uRv < ug Rvg].

Ex post absolute priority puts limitations on the permissible form of social rational-
ity. Specifically, from its definition, the lexicographic treatment embodied by ex post
absolute priority applies to the subdomain D¢ of riskless prospects. On the other hand,
on the subdomain D¢, the social expected utility hypothesis requires that a social or-
dering R be represented by a real-valued function W: R"” — R. As is well known, a lex-
icographic ordering cannot be represented by a real-valued function on a continuum
(Debreu (1954)). Indeed, as the following theorem shows, once we require a social or-
dering to satisfy strong Pareto for no risk, ex post absolute priority forces us to give up the
realization of the social expected utility hypothesis. Thus, when combined with strong
Pareto for no risk, ex post absolute priority implies that we must abandon the conven-
tional use of social welfare measures as real-valued functions, which are typically used
for public policy evaluations.

THEOREM 3. There exists no social ordering R that satisfies strong Pareto for no risk, the
social expected utility hypothesis, and ex post absolute priority.

Proor. Suppose that the social ordering R satisfies strong Pareto for no risk, the social
expected utility hypothesis, and ex post absolute priority. For all a € [0 — 1, 0], let u(a)
and v(a) be the riskless prospects in D¢ defined by letting, for all s € S,

u(a); =a, u@i=-=u(a)=0+1

and
v(a)) =a, v(a)y =---=v(a)l=0+2.

Then, forall a, b € [6 — 1, 6] with a > b, the three axioms together imply that W (v(a)®) >
W(u(a)®) > W(v(b)*) > W (u(b)*). Therefore, the non-degenerate intervals

I(a) = [W(u(a)®), W(v(a)*)] and I(b)=[W (u(b)*), W (v(b)*)]

are mutually disjoint. Since the interval [6 — 1, 6] is uncountable, each of uncountably
many intervals /(a) contains a rational number. This is a contradiction because the set
of rational numbers is countable. O

The incompatibility between ex post absolute priority and the social expected utility
hypothesis, given strong Pareto for no risk, is due to the impossibility of a numerical rep-
resentation of a lexicographic ordering on a continuum. In this sense, ex post absolute
priority does not unduly impose constraints on the permissible form of social rationality
of risk evaluation. Indeed, ex post absolute priority is compatible with statewise dom-
inance. This can be verified by the modification of an ex post sufficientarian ordering
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using probability weighing in analogy to ex post prioritarianism with probability weigh-
ing we presented in the last section; see the ordering R'? in the Appendix for its formal
definition.

In view of Theorem 3, we need to weaken the social expected utility hypothesis if we
are to respect the fundamental property of sufficientarianism. When absolute priority is
given to ex post utilities below the sufficiency threshold, it seems reasonable to postulate
social rationality only for the cases where every individual’s ex post utilities are either
equal to or below, or equal to or above, the sufficiency threshold. To do so, we define
two subdomains of D. Let

Dy ={ueDluj <6forallie N andforalls e S}

and
Dy ={ueDlu} > ¢forallie N and for all s € S}.

Note that, for any u € D, the conjunction u; € Dy and uy € Dy is valid.
The following axiom restricts the social expected utility hypothesis to censored
prospects.

Restricted social expected utility hypothesis: There exists a function W: R" — R such
that, for all u, v e Dy,

uRv & Z W (u') > Z W (v*)
ses ses
and, for all u, v € Dy,

uRv & Z W (u') > Z T W(v*).

seS seS

The restricted social expected utility hypothesis is compatible with ex post absolute
priority. Moreover, the conjunction of ex post absolute priority and the restricted social
expected utility hypothesis can equivalently be represented by the following single con-
cise requirement of social rationality in which the sufficientarian equity consideration
is embedded.

Expected sufficientarian hypothesis: There exists a function W : R” — R such that, for all
u,veD,

ZWSW(MSL) > ZWSW(USL') = uPv

seS seS

and

Y ew) =Y W) = [uRv oY wW(wy)=Y WSW(U;,)]

seS seS seS seS

LEMMA 4. A social ordering R satisfies the expected sufficientarian hypothesis if and only
if R satisfies ex post absolute priority and the restricted social expected utility hypothesis.
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Proor. “Onlyif.” Assume that R satisfies the expected sufficientarian hypothesis. First,
we show that the restricted social expected utility hypothesis is satisfied. Let W be a
function that satisfies the requisite property stated in the expected sufficientarian hy-
pothesis. Let u, v € Dy . Note that u = u;, and v = vy . Thus, the expected sufficientarian
hypothesis implies that

Zws ZW %) = uPv.
seS seS

Because uy and vy are empty in this case, the equality Y ¢ 7*W (u’) = ) ¢ ™ W (V*)
implies ulv. Therefore,

ZﬂTS Z’?TW ) < uRv.
seS seS

The proof of the second part of the restricted social expected utility hypothesis is analo-
gous.

Next, we show that ex post absolute priority is satisfied. Let u, v € D. As shown above,
the expected sufficientarian hypothesis implies the restricted social expected utility hy-
pothesis. Thus, if uy Pvy, then

Z T W(uy) > Z W (v})
seS seS

since uy, vy, € Dy. Now the expected sufficientarian hypothesis implies that uPv. Simi-
larly, if uy Ivy , it follows that

2mW ()= 7 W(vy)
seS seS
The expected sufficientarian hypothesis implies
Z T W (1) Z s ) < uRv.
seS§ seS§
By the restricted social expected utility hypothesis,
ugRvy & Z T W Z T W
seS seS

Thus, combining these equivalences, we obtain
ugRvyg < uRv

so that R satisfies ex post absolute priority.

“If” Suppose that R satisfies ex post absolute priority and the restricted social ex-
pected utility hypothesis. Let W be a function that satisfies the requisite property stated
in the restricted social expected utility hypothesis. Let u, v € D. First, assume that

S oW (uy) =) w W (v}).

seS seS
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Note that u;,, v;, € Dr. Thus, it follows from the restricted social expected utility hypoth-
esis that

ur Pvy.
From ex post absolute priority, uPv follows. Next, we assume that

Z T W(uy) = Z W (v}).

seS seS

The restricted social expected utility hypothesis implies that u; Iv; . By ex post absolute
priority, we obtain

ugRvyg < uRv.

From the restricted social expected utility hypothesis, it follows that

Z'JTSW(M}{) > ZWSW(U";{) < ugRuy.

seS ses

Thus, combining these equivalences, we obtain

Z T W (ujy) = Z T W (vyy) < uRv.

seS seS

Therefore, R satisfies the expected sufficientarian hypothesis. O

As pointed out by Roemer (2004) and echoed by Theorem 3 in terms of functional
representability, sufficientarianism cannot be entirely continuous, but it is conditionally
continuous; see Bossert, Cato, and Kamaga (2022, 2023) for a discussion of this issue in a
deterministic setting. Motivated by arguments that parallel those employed in the case
of the restricted expected utility hypothesis, the following conditional continuity axioms
require that R be continuous on the subdomains Dy, and Dy, respectively.

Continuity below the threshold: For all u € Dy, the sets {v € Dy |vRu} and {v € Dy |[uRv}
are closed in Dy .

Continuity above the threshold: For all u € Dy, the sets {v € Dy|vRu} and {v € Dy |uRv}
are closed in Dy.

Ex post sufficientarianism is characterized by replacing the social expected utility
hypothesis and continuity in Theorem 1 with the expected sufficientarian hypothesis
and the two conditional continuity axioms.

THEOREM 4. A social ordering R satisfies strong Pareto for no risk, continuity above the
threshold, continuity below the threshold, anonymity, the expected sufficientarian hy-
pothesis, and prospect independence of the unconcerned if and only if R is an ex post
sufficientarian ordering.

To prove this theorem, we employ two lemmas that use Theorem 1. The first of these
states that ex post generalized utilitarianism must be applied to prospects below the
threshold.
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LEMMA 5. If a social ordering R satisfies strong Pareto for no risk, continuity below
the threshold, anonymity, the expected sufficientarian hypothesis, and prospect inde-
pendence of the unconcerned, then there exists a continuous and increasing function
gr: (—oo, 8] — R such that, forallu,v € Dy,

uRv@Zﬂ'SZgL(uf)EZWSZgL(vf). (8)

seS ieN seS ieN

ProoF. Suppose that R satisfies strong Pareto for no risk, continuity below the thresh-
old, anonymity, the expected sufficientarian hypothesis, and prospect independence of
the unconcerned. By Lemma 4, R satisfies the restricted social expected utility hypoth-
esis. Let Ry, be the restriction of R on Dy, thatis, for all u, ve Dy,

uR;v < uRv.

Note that R, satisfies strong Pareto for no risk, continuity, anonymity, prospectindepen-
dence of the unconcerned, and the social expected utility hypothesis on D;. Applying
Theorem 1 to Ry, there exists a continuous and increasing function g7, : (—oo, ] - R
such that, for all u, ve Dy,

uRLv¢>Z7TSZgL(Mf) ZZWSZgL(Uf)-

seS ieN ses ieN

This establishes the statement of the lemma. O

The next lemma states an analogous result for prospects above the threshold. Its
proofis analogous to that of Lemma 5.

LEMMA 6. If a social ordering R satisfies strong Pareto for no risk, continuity above
the threshold, anonymity, the expected sufficientarian hypothesis, and prospect inde-
pendence of the unconcerned, then there exists a continuous and increasing function
gH: [0, 00) — R such that, forallu, v € Dy,

uRv@Zﬂ-SZgH(uf)szSZgH(vf). 9)

seS ieN ses ieN

Proor oF THEOREM 4. Itis straightforward to verify that all axioms are satisfied by any
ex post sufficientarian ordering.

Conversely, suppose that R satisfies the axioms of the theorem statement. Lemma 4
implies that R satisfies ex post absolute priority. From Lemmas 5 and 6, it follows that
there exist continuous and increasing functions g;.: (—oo, 6] - R and gy : [0, o0) > R
that satisfy (8) and (9), respectively. Define the function g: R — R by

gr(a) —grL(0)+gu(0) ifae(—oo,6),
gla) = .
gH(a) ifae[0, +0).
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This function is obviously increasing on R. It is also continuous because
lim g1.(a) —81(6) +8m(0) = g1 (6).
a—0-

We show that R is the ex post sufficientarian ordering associated with g. Let u, v e D. We
first assume that

Yort Y () —g0) =y 7 Y (3(v]) —g(8)).
seS ieL(u’) seS ieL(v%)
Letting u; = w and vy, = z, this implies that
Z Z gL Z Z gL
ses ieN seS ieN

From Lemma 5, we obtain u; Pvy . By ex post absolute priority (which is implied by the
expected sufficientarian hypothesis; see Lemma 4), uPv follows.
Next, we assume that

ot Y (g(u) —g@) =7 > (g(v])—g(0)) and

ses ieL(u®) seS ieL(v®)
Yot > (g(u) —g@) =D 7 > (g(v]) —g(6)).
seS ieH (u®) seS ieH(v%)

Applying an analogous argument to uy,, vy, uy, and vy, it follows from Lemmas 5 and 6
that uy Ivy and ug Rvy. By ex post absolute priority, uRv follows. O

From Lemma 4, we obtain the following corollary to Theorem 4.

CoroLLARY 1. Asocial ordering R satisfies strong Pareto for no risk, continuity above the
threshold, continuity below the threshold, anonymity, the restricted social expected utility
hypothesis, ex post absolute priority, and prospect independence of the unconcerned if
and only if R is an ex post sufficientarian ordering.

The Pigou-Dalton transfer principle for no risk can be amended in the context of ex
post sufficientarian orderings. As is the case for the version used to characterize ex post
prioritarianism, it is sufficient to restrict attention to prospects with no risk. In analogy
to the approach followed in Bossert, Cato, and Kamaga (2022, Section V), two versions
of the Pigou-Dalton transfer principles for no risk can be employed—one that applies
below the threshold, one that applies above the threshold. If these two principles are
added to the axioms of Theorem 4 (or of Corollary 1), the restrictions of the transforma-
tion g to utility values less than or equal to 6 and to utility values greater than or equal
to 6 are strictly concave. Note, however, that this does not imply the strict concavity of
g on its entire domain. See Bossert, Cato, and Kamaga (2022, Section V) for a detailed
discussion.

Thus far, we have focused on a specific form of ex post sufficientarianism. However,
various classes of sufficientarian orderings have been explored within the framework of
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no risk. Early sufficientarians (most notably, Frankfurt (1987)) advocate the headcount
approach, which maximizes the number of individuals above the threshold. A natural
extension for scenarios with risk is the ex post headcount ordering, defined by letting,
for all u, v € D, uRv if and only if

DT INAL()] 2 3w INA L))

seS seS

This ordering evaluates social outcomes based on the expected number of individuals at
or above the threshold. We note that the ex post headcount ordering satisfies ex post ab-
solute priority, continuity above the threshold, anonymity, the expected sufficientarian
hypothesis, and prospect independence of the unconcerned, while it does not satisfy
continuity below the threshold. Importantly, it violates strong Pareto for no risk. How-
ever, the ex post headcount ordering adheres to the social expected utility hypothesis,
while ex post sufficientarianism does not. This divergence is clearly explained by The-
orem 3, which demonstrates the incompatibility of strong Pareto for no risk, the social
expected utility hypothesis, and ex post absolute priority.

The headcount ordering and our ex post sufficientarian orderings are not contin-
uous. However, if strong Pareto for no risk is relaxed and the other axioms of The-
orem 4 are retained, a continuous candidate emerges. A social ordering R is ex post
upper-limit sufficientarian if and only if there exists a continuous and increasing func-
tion g: (—oo, ] — R such that, for all u, v € D, uRv if and only if

> > (s(u) —g@) =) 7 D ((v}) —g(6).

seS ieL(u®) seS ieL(v%)

We note that the term upper-limit sufficientarianism is adopted from Shields (2012,
2016). Clearly, these orderings are continuous. Moreover, they satisfy all axioms of The-
orem 4, except for strong Pareto for no risk. The following characterization of the ex post
upper-limit sufficientarian orderings shows that these orderings are the only possibility
if we employ strong Pareto for no risk on the subdomain of Dy .

Strong Pareto for no risk below the threshold: For all u, v e D°NDy, if, forall s € S, uj > vj
forallie N and u > v} for some i € N, then uPv.

THEOREM 5. A social ordering R satisfies strong Pareto for no risk below the threshold,
continuity, anonymity, the expected sufficientarian hypothesis, and prospect indepen-
dence of the unconcerned if and only if R is an ex post upper-limit sufficientarian or-
dering.

Proor. Since the “if” partis straightforward, we focus on the “only-if” part. By Lemma 5
and the expected sufficientarian hypothesis, there exists a continuous and increasing
function g: (—oo, ] — R such that, for all u, v € D,

Yoy g(@) > Y g() = ubPv, (10)

seS ieN seS ieN
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where u = u;, and v = vy.. Thus, it suffices to show that
Z s Zg(ﬁf) = Z s Zg(f)f) = ulv.
seS  ieN seS  ieN
To this end, we suppose that
Yoy g@) = Y &)
seS ieN ses ieN

and show that vRu. The proof that uRv holds is analogous.
First, consider the case where H (us/) # N for some s’ € S (i.e., there exists j € N and
s’ € S such that u;/ < 0). Let § > 0 and define (k) as follows. For each s € S,

1)
i (k) =uj — % forallie N.

By (10), vPi(k) for all k € N. Thus, continuity implies that vRu. Therefore, it follows
that, for all u, v e D,

H(u')#N forsomes'eS and > w*'Y g(i)=Y =) g()

seS ieN ses ieN

= vRu, (11)

where i = u; and v =vy..
Now consider the case where H(u*) = N for all s € S (i.e., everyone experiences a
utility above 6 for every state). Note that

up = (01, ..., 01,).

To show that vRu, we establish u; Ru as an auxiliary step. To the contrary, assume that
uPuy . Take any i* € N. We define i € D by

i =upx and @; =061, forallieN\{i*}.

For iz and u;, the antecedent of (11) holds. Hence, u; Rii. Since uPu; and u; Rii, tran-
sitivity implies that uPi. Since u;+ = i1+ and uPu, prospect independence of the uncon-
cerned implies that

(u—ijx, elm)P(ﬁ—l*r 01,,).

For (u_;+, 01,,) and (ii_;+, 01,,), the antecedent of (11) holds. Thus, we obtain
(ﬁ,i*, elm)R(ufi*» glm);

a contradiction. Thus, u; Ru follows. Finally, we show that vRu. Assume, to the con-
trary, that uPv. Combining this with u; Ru, transitivity implies that u; Pv. However, this
contradicts (11). Thus, we obtain vRu. O
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TaBLE 1. Comparison.

Ordering SPNR PDNR Continuity SEUH
Ex post sufficientarianism v v Dy, and Dy Dy, and Dy
Ex post headcount ordering DL v

Ex post upper-limit sufficientarianism Dy Dy v v

Ex post prioritarianism v v v v

Ex ante prioritarianism v v v

Note: The function g is assumed to be strictly concave. SPNR stands for strong Pareto for no risk; PDNR is the Pigou-Dalton
transfer principle for no risk; SEUH represents the social expected utility hypothesis.

Since the ex post upper-limit sufficientarian orderings satisfy the social expected
utility hypothesis, Lemma 4 implies the following result.

COROLLARY 2. A social ordering R satisfies strong Pareto for no risk below the threshold,
continuity, anonymity, the social expected utility hypothesis, ex post absolute priority, and
prospect independence of the unconcerned if and only if R is an ex post upper-limit suffi-
cientarian ordering.

This result highlights the advantages of ex post upper-limit sufficientarian orderings
over ex post headcount orderings. Like the ex post headcount ordering, ex post upper-
limit sufficientarian orderings satisfy the social expected utility hypothesis. However,
they have the advantage of partially adhering to the strong Pareto principle for no risk
and the Pigou-Dalton transfer principle for no risk (when g is strictly concave), prin-
ciples that the ex post headcount ordering violates. Consequently, ex post upper-limit
sufficientarian orderings align more closely with the fundamental criteria of efficiency
and equity.

Table 1 compares five orderings: ex post sufficientarianism, the ex post headcount
ordering, ex post upper-limit sufficientarianism, ex post prioritarianism, and ex ante
prioritarianism. All orderings in this table satisfy prospect independence of the uncon-
cerned. If the function g is strictly concave, the ex post sufficientarian orderings achieve
efficiency and equity, though at the cost of continuity and the social expected utility hy-
pothesis. Observe that ex post prioritarianism satisfies all the axioms listed in this table.
In comparison, none of the orderings defined in terms of a sufficiency threshold comply
with all of these axioms. We also note that ex ante prioritarianism examined by Grant,
Kajii, Polak, and Safra (2010) violates the social expected utility hypothesis. This table
clearly articulates the fundamental similarities and differences between possible forms
of prioritarianism and sufficientarianism.

6. WEAK PARETO FOR EQUAL RISK

Our axiomatizations of ex post prioritarianism and ex post sufficientarianism employ
prospect independence of the unconcerned. Although the members of these classes
satisfy strong Pareto for no risk, none of them satisfy the axiom of weak Pareto for
equal risk that Fleurbaey (2010) employs. To define this axiom, we consider another
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subdomain of D. A prospect u € D is egalitarian if u; = u; for all i, j € N. Let D¢
be the set of egalitarian prospects. Note that, if u € D¢, then E(u;) = E(u;) for all
i, j € N. Weak Pareto for equal risk postulates the weak Pareto principle for egalitarian
prospects.

Wealk Pareto for equal risk: For all u, v e D¢, if E(u;) > E(v;) for all i € N, then uPv.

Note that, combined with continuity, weak Pareto for equal risk implies the following
restricted Pareto indifference condition.

Pareto indifference for equal risk: For all u, v € D¢, if E(u;) = E(v;) foralli € N, then ulv.

Weak Pareto for equal risk (and Pareto indifference for equal risk) by itself is com-
patible with prospect independence of the unconcerned; for example, ex post utilitar-
ianism satisfies these axioms. However, weak Pareto for equal risk cannot be satisfied
by an ex post prioritarian ordering. As we will show, this impossibility result general-
izes to the trilemma between prospect independence of the unconcerned, Pareto in-
difference for equal risk, and the following variant of the Pigou-Dalton transfer princi-
ple.

Ex post equalization principle: For allu e D° and forallv e D\ D¢, if } ;. yui =3,y v}
forall s € S, then uPv.

As is straightforward to verify, the ex post prioritarian orderings satisfy the ex post
equalization principle.

The trilemma between the above mentioned three axioms can be seen as a for-
mal generalization of Fleurbaey’s (2010, Section V) argument why we should abandon
prospect independence of the unconcerned when weak Pareto for equal risk is em-
ployed. Thus, it is useful to illustrate the trilemma using the prospects that are anal-
ogous to those used in his argument. Consider the five prospects, «/, i, u”, v/, and v”,
of two persons and two equally probable states that are presented in Figure 1. Pareto
indifference for equal risk implies ©'Iiz and ulu”, as indicated by a bidirectional arrow
in Figure 1. The ex post equalization principle implies #Pv’ and #Pv”; the implication is
represented by a unidirectional arrow in Figure 1.

Therefore, if we endorse the weak ex ante Paretian consideration and the ex
post equity embodied by these axioms, we conclude, by transitivity, that 'Pv’ and

u u u
o 0] _ (1 1] . o 2]
2 0 11 0 2

A
N
[2 0] [0 2]
0 2 2 0

/ v//

Ficure 1. Trilemma between separability, ex ante efficiency, and ex post equity.
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u’Pv”. Fleurbaey (2010) argues for these evaluations on the grounds that there is
perfect positive correlation between individuals across states in ' and u” as op-
posed to perfect negative correlation in v' and v”; see also Fleurbaey and Zuber (2013,
2015).

On the other hand, prospect independence of the unconcerned implies that the
evaluation cannot depend on such reasoning because it requires that #’Rv’ if and only
if vRu”. Specifically, if u'Pv’, we must conclude that v”Pu”, represented by a dotted
unidirectional arrow in Figure 1. Thus, in this case, a preference for perfect positive
correlation between individuals is switched to quite the opposite evaluation in favor of
perfect negative correlation. This observation indicates that the axiom of prospect inde-
pendence of the unconcerned is not without its problems—a comment that applies to
other independence properties in the context of choice under risk. Meanwhile, if u/'1v’
(as prescribed by ex post prioritarianism), it follows that #”” and v” are equally good. This
is illustrated by means of a bidirectional arrow in Figure 1. In either case, the evaluation
violates transitivity, and we end up with the trilemma between the three axioms.

We now formally state the trilemma of the three axioms, which implies that an ex
post prioritarian ordering cannot satisfy weak Pareto for equal risk because it satisfies
the other two axioms and continuity.

THEOREM 6. There exists no social ordering R that satisfies Pareto indifference for equal
risk, prospect independence of the unconcerned, and the ex post equalization principle.

Prookr. For simplicity, we assume that there are three individuals and two states; it is
straightforward to extend the proof to the general case. The first state occurs with prob-
ability p and the second with probability 1 — p. By Pareto indifference for equal risk,
there exists 6 € Ry such that

(12)

— =
o O O
~
o O O
S O O

Thatis, p = (1 — p)d holds. Define v, v/, and v’ by

0 1
v=|1 V=10
1 1

S O >
S O O
o © O

1
, and v'=|1
0

Because p = (1 — p)é, it follows that p(2/3) + (1 — p)(6/3) = p. Thus, Pareto indifference
for equal risk and the ex post equalization principle imply, respectively,

1 0] [2/3 &/3 2/3 8/3] [0 s
1 0|I[2/3 &/3| and |2/3 8/3|P|1 0
1 0| [2/3 /3 2/3 8/3 10



1396 Adler, Bossert, Cato, and Kamaga Theoretical Economics 20 (2025)

By transitivity,
1 0 0 o
1 0|P|1 O (13)
1 0 1 0
By the same argument as above, we obtain for v' and v” that
(1 0] [1 0] [1 0] [1 0]
1 0|P|0 & and 1 0|P|1 O (14)
1 0 1 0 1 0 0 ¢
From prospect independence of the unconcerned, (14) implies
[0 5] [0 8] [0 5] [0 8]
0|P|0 6| and |0 &6|P|0 &
0 1 0 1 0 0 ¢
Thus, by (13), we obtain
1 o] [o &] [o 8] [o &
1 0|P|1 O|P|O 6|P|O &
1 0 1 0 1 0 0 o
By transitivity and (12), this is a contradiction. O

As can be seen from the proof of Theorem 6, the result is true even on the restricted
domains D;, and Dy. Let us consider the following redistribution principles, which are
weaker than the ex post equalization principle.

Ex post equalization principle below the threshold: For all u € D° N Dy, and for all v €
DL\D Y jopul =) ey v foralls € S, then uPv.

Ex post equalization principle above the threshold: For all u € D° N Dy and for all v €
Dy \D¢if Y ;e ul = ey vl forall s € S, then uPv.

Analogously, we can define the corresponding weaker versions of Pareto indifference
for equal risk as follows.

Pareto indifference for equal risk below the threshold: For all u,v € D* N Dy, if E(u;) =
E(v;) foralli € N, then ulv.

Pareto indifference for equal risk above the threshold: For all u, v € D¢ N Dy, if E(u;) =
E(v;) foralli € N, then ulv.

These axioms are implied by the conjunction of weak Pareto for equal risk and the
conditional continuity axioms on the subdomains Dy, and Dy.

Using the restricted versions of Pareto indifference for equal risk and the ex post
equalization principle, we obtain the following corollary. It implies that weak Pareto for
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equal risk is incompatible with any ex post sufficientarian ordering associated with a
transformation g that is strictly concave on Dy, or on Dy.

CoRroLLARY 3. There exists no social ordering R that satisfies Pareto indifference for equal
risk below (above) the threshold, prospect independence of the unconcerned, and the ex
post equalization principle below (above) the threshold.

The incompatibility between weak Pareto for equal risk and the entire class of ex
post sufficientarian orderings can be explained from another perspective that is differ-
ent from the trilemma stated in Corollary 3. As alluded to earlier, ex post sufficientarian-
ism considers the existence of people below the threshold a significant problem regard-
less of the exogenously given probability associated with that state, which is expressed
as the ex post absolute priority axiom. Giving absolute priority to ex post utilities be-
low the sufficiency threshold, an ex post sufficientarian evaluation of prospects will be
inconsistent with ex ante efficiency of the evaluation for which ex post utilities above
the threshold also matter. As the following theorem shows, ex post absolute priority and
weak Pareto for equal risk are incompatible.

THEOREM 7. There exists no social ordering R that satisfies weak Pareto for equal risk and
ex post absolute priority.

ProorF. Leta, b € R besuch thata < 6 <b and

Consider the distributions u, v, w € D¢ defined by
uj=(a, bly-1), vi=01y,, and w;=(a,0ly_1)

foralli € N. Note that w = uy and v, w € D. Thus, it follows from weak Pareto for equal
risk that vPw because

E)=0>w'a+ Y a'0=Ew)
s€{2,...,m}

for all i € N. Ex post absolute priority implies that vPu. On the other hand, weak Pareto
for equal risk implies that uPv since

E(u)=mn'a+ Y w'b>0=E(@)
se{2,...,m}
foralli € N. This is a contradiction. O
In view of Theorem 7, any principle of ex post sufficientarianism needs to abandon

weak Pareto for equal risk, as long as it satisfies ex post absolute priority. From Corol-
lary 1, this applies to all ex post sufficientarian orderings.
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The two impossibility results established in Theorems 6 and 7 are related to Theo-
rem 1 of Fleurbaey (2010), who proposes an alternative approach to ex post prioritari-
anism. Consider an increasing and strictly concave function 4: R — R, and define the
function =} : R” — R by letting

- —_ 1
Er(x)=h 1(; Zh(x»)

ieN

for all x € R". The number EZ(uS ) is called the equally-distributed-equivalent (EDE)
utility for »*, provided that the ex post evaluation of each state s € S is performed by the
prioritarian evaluation ) ;. 2(u}). A social ordering is expected EDE prioritarian if and
only if there exists an increasing and strictly concave function /#: R — R such that, for
allu,veD,

uRv & Y mEp(u’) = ) 7 5 (v'). (15)

seS seS

See Fleurbaey (2010) for a more general definition of an expected EDE criterion. Accord-
ing to his result, the general class of expected EDE criteria is axiomatized by statewise
dominance, weak Pareto for no risk, weak Pareto for equal risk, and continuity; see also
Fleurbaey and Zuber (2013) for a characterization of a subclass. We note that the ex-
pected EDE criterion coincides with ex post utilitarianism whenever EDE utility is equal
to average utility for each state. From Theorem 6, if an expected EDE criterion satis-
fies the ex post equalization principle, it is incompatible with prospect independence
of the unconcerned. Furthermore, from Theorem 7, the expected EDE criteria are in-
compatible with ex post absolute priority. This means that there exists a fundamental
tension between the ex post sufficientarian approach and the expected EDE approach
to assessing prospects.

7. INTERCHANGEABILITY FOR EQUALLY PROBABLE STATES

Although ex post prioritarianism and ex post sufficientarianism cannot comply with
weak Pareto for equal risk, they are nevertheless capable of respecting the individuals’
ex ante evaluations in a different way. To illustrate this observation, consider a prospect
u such that both Ann and Bob obtain utility levels of 2 in state 1 and zero in state 2; see
Table 2. Now consider a different prospect v such that Bob gets zero in state 1 and 2 in
state 2, all other things being equal. That is, Bob’s ex post utility levels are interchanged
between the two states. Note that the prospects of Ann and Bob are exactly the same
as the prospects ' and v we presented in Figure 1. Assuming that the two states are
equally probable, the following axiom states that this change does not affect the relative
goodness of these prospects. That is, the original prospect is as good as the prospect
that is generated by this interchange.

Interchangeability for equally probable states: Suppose that there exist s, s’ € S with 7 =
7y. For all u, v € D, if there exist i € N such that

s s’ s s s s s’ s’ . .
u; =vj, v =uj, v =uj, vi =u; forallje N\ {i},
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TABLE 2. Interchangeable prospects.

State 1 (0.5) State 2 (0.5)
Prospect u
Ann 2 0
Bob 2 0
Prospect v
Ann 2 0
Bob 0 2
and u'=v" forallteS\{s, s},
then ulv.

This axiom can be seen as a restricted version of ex ante Pareto indifference; note
that the interchange in question does not affect anyone’s claims or interests. For the
individual whose utility levels are interchanged, in which state he or she receives the
higher utility level 2 is just a matter of labeling states, and thus is irrelevant to his or
her ex ante evaluation of the two prospects. For the other individuals, nothing changes.
Consequently, this interchange does not affect anyone’s ex ante utilities, and E(u;) =
E(vi) holds forall k € N.

Note that prospect independence of the unconcerned and the social expected utility
hypothesis together imply this axiom. To demonstrate this, assume that N = {1, 2, 3}
and S = {1, 2} for simplicity, and suppose thati =1, s = 1, and s’ = 2 in the statement of
the axiom. The prospects u and v are given by

1,2 2 1
B Mo
U= u% u% and v= u% u%
Uz Ug Uz Uus

Now consider the prospects v’ and v’ that are constructed by interchanging u} and u?
foralli e N\ {1} in u and v, that is,

uy uj up u
I __ 2 1 /o 2 1
u = u% u% and v = u% u%
Uz Us Uz us

The social expected utility hypothesis implies that uJ/v' and vIu’ because W (u®) =
W (") and W (v*) = W (u'°) for each s, s’ € S with s # s'. Prospect independence of the
unconcerned implies that uRv if and only if #’Rv’. Therefore, we conclude that ulv
because R is transitive.

From Theorem 2, ex post prioritarian orderings satisfy interchangeability for equally
probable states. However, expected EDE prioritarianism is incompatible with this ax-

iom. To see this, consider the prospects u and v of Table 2. Assuming that everyone
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other than Ann and Bob receives a € R in both states, we obtain

2M&4%n—2MUU)+h4<2MO%FM—2VNM)

n n

=)+ Zh) =7

4<mm+hwrun—mmm>

because of the strict convexity of 4~!. This means that expected EDE prioritarianism
concludes that u is better than v. Therefore, expected EDE prioritarianism cannot be
neutral to the interchange that does not affect anyone’s ex ante utility, and in this sense,
it cannot respect the individuals’ ex ante utilities. Consequently, the advantage of ex-
pected EDE prioritarianism in respecting individuals’ ex ante utilities is not as strong as
it may appear to be.

Ex post sufficientarianism also satisfies interchangeability for equally probable
states. More generally, prospect independence of the unconcerned and the expected
sufficientarian hypothesis together imply this axiom. Indeed, if the sufficientarian
threshold 6 is such that 6 > max{u}, uf’} or 6 < min{u?, uf’}, the argument employed to
show that prospect independence of the unconcerned and the social expected util-
ity hypothesis imply the axiom applies. Furthermore, the same argument works if
ul > 0> uf/. These observations follow because the censored prospects u; = it and
vy, = v satisfy

~ ~/ ~ ~/ ~ ~
i =60=1;, vl =1, U} = it

i ;= 1Uj v; =a; forallje N\{i},

and #'=9" forallteS\{s, s},

and uy and vy satisfy an analogous property. Although ex post prioritarianism
and ex post sufficientarianism do not satisfy weak Pareto for equal risk, they re-
spect individuals’ ex ante utilities in a way that expected EDE prioritarianism does
not.

8. CONCLUDING REMARKS

In this paper, we employ a unified method to characterize ex post welfare criteria over
state-contingent alternatives. Our key axiom is prospect independence of the uncon-
cerned, which is a risk-dependent variant of a well-established separability property.
Adding a set of standard requirements leads to a characterization of ex post prioritari-
anism. Utilizing this axiomatization, we characterize ex post sufficientarianism. In the
latter result, the axiom of ex post absolute priority appears in addition to prospect inde-
pendence of the unconcerned.

There are several tasks that remain to be addressed in future work. We focus on
the case where the population is fixed but evidently there is considerable uncertainty
regarding the size and the composition of future populations. In many countries, it is
an urgent problem to address uncertainty related to well-being and population through
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public policies. Extending our framework to a variable-population setting may yield
an important analytical tool to deal with population issues. The independence axioms
introduced by Blackorby and Donaldson (1984) and by Blackorby, Bossert, and Donald-
son (2005) play a significant role in population ethics under certainty. The extension of
these axioms to prospects may constitute a promising path towards the examination of
variable-population extensions of ex post prioritarianism and ex post sufficientarian-
ism.

We assume in this paper that there is a single exogenously given threshold. This
appears to be a quite natural assumption, given that the sufficiency threshold is asso-
ciated with a particular level of well-being that may correspond to the basic needs of
individuals—just as is the case for a poverty line. However, as alluded to in some ear-
lier literature such as Casal (2007), it may very well be the case that there are multi-
ple thresholds. For instance, a lower threshold may represent basic needs, whereas a
higher threshold indicates an affluent life. Nakada and Sakamoto (2024) axiomatize a
general class of social orderings that may be associated with multiple thresholds, in-
cluding the possibility of a countably infinite number of thresholds. Huseby (2020)
suggests that an increase in individual well-being levels does not morally matter above
the highest threshold. This means that some Paretian axioms may be violated—and
this observation applies even to weak Pareto for no risk. Exploring multiple thresholds
within the framework of this paper constitutes another plausible direction for future
research.

APPENDIX
Independence of the axioms in Theorem 1

Consider an increasing and continuous function g: R — R. Define the ordering R! as
follows. For all u, v € D, uR'v if and only if

Yoy gu) =D 7Y g(v))

seS ieN seS ieN

This ordering satisfies all axioms other than strong Pareto for no risk.
Define g: R — R by

* ifx <0,

_e_
glx)= {

1—e* ifx>0.

This is an increasing function that is discontinuous at zero. Furthermore, g is strictly
concave on (—oo, 0) and on [0, o). Define the ordering R? as follows. For all u, v € D,
uR?v if and only if

Yoy gw) =) 7Y g(v)).
seS ieN seS ieN

This ordering satisfies all axioms other than continuity.
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Consider n continuous and increasing functions g;: R — R for all i € N with the
property that there exist j, k € N such that g, is not an affine transformation of g;. De-
fine the ordering R® as follows. For all u, v € D, uR3v if and only if

PLWACIED LI
ses ieN seS ieN

This ordering satisfies all axioms other than anonymity.

An ordering that is prioritarian with probability weighing such that the function ¢
in its definition is not linear satisfies all axioms other than the social expected utility
hypothesis.

Define the function W*: R" — R by

n
W*(x) =min{x1, ..., x5} + Zx,-

for all x € R”. Now define the ordering R* as follows. For all u, v € D, uR*v if and only if
Z T W* (u Z T W* (v
seS§ seS

This ordering satisfies all axioms other than prospect independence of the uncon-
cerned.

Independence of the axioms in Theorem 4

Let g: R — R be an increasing and continuous function. Define R® by letting, for all
u, v e D, uR%v if and only if

Yom Y (s)—g@) <Y Y (s(v}) —5(6)
ses ieL(u®) seS ieL(v®)

or

2w ) (s()—gto) =3 " > (s(v})—s(6) and

ses ieL(u®) seS ieL(v®)
oty () —g@) =X m Y (g(v)) —g(0)).
seS ieH (u®) seS ieH(v%)

This ordering satisfies all axioms other than strong Pareto for no risk.
Let g: R — R be an increasing function that is not continuous at a point below 6.
Define R® by letting, for all u, v € D, uR®%v if and only if

2 Y (8(w) —g®) =3 7 3 (2() — ()
ses ieL(u®) seS ieL(v®)
or

ot Y (g(u) —g@) =7 > (g(v])—g(6)) and

ses ieL(u®) seS ieL(v®)
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ot > (s(u)—go) =Y 7 > (g(vf) - g(6)).

ses ieH (u®) seS ieH(v%)

This ordering satisfies all axioms other than continuity below the threshold.

Let g: R — R be an increasing function that is not continuous at a point above 6.
Define R in analogy to R®. Clearly, R7 satisfies all axioms other than continuity above
the threshold.

Consider n continuous and increasing functions g;: R — R for all i € N with the
property that there exist j, k € N such that g, is not an affine transformation of g;. De-
fine the ordering R® by letting, for all u, v € D, uR83v if and only if

Yot Y (@) —gi@) =Y 7 Y (2ilv)) - 2il0)

seS ieL(u®) seS ieL(v®)

or

Dot Y (gi(w) —gi0)=>"7" > (gi(v]) —gi(6) and

seS iel(u®) seS ieL(v%)
Yot Y (i) —s@) =y Y (si(v)) — 5(0)).
seS ieH (us) seS i€eH (v%)

This ordering satisfies all axioms other than anonymity.
Define R by letting, for all u, v € D, uR%v if and only if

> ) > Yr )

seS seS
[Z ,n_s'—'n s Z 77,s'—'n s) and Z 77,sEn s Z 77an S :|
seS seS seS seS

This ordering satisfies all axioms other than prospect independence of the uncon-
cerned.

Let g: R — R be an increasing and continuous function, and let ¢>: (0, 1) - R4 be
an increasing and continuous function that is not linear. Define R'? by letting, for all
u, v € D, uRv if and only if

So(m) Y (g(u) —g0) > > (7)) Y (s(v5) —g(6))
ses ieL(u®) ses ieL(v%)

or

qu(ﬂ_s) Z g g(B) Zf;b Z (f)—g(e)) and

ses ieL(u®) seSs ielL(v®)
Y o) Y () —g@) =Y d(=) Y (5(v}) - g(6).
seS ieH (u®) seS ieH(v%)

This ordering satisfies all axioms other than the expected sufficientarian hypothesis.
Furthermore, it satisfies ex post absolute priority but violates the restricted expected
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utility hypothesis. Thus, the restricted expected utility hypothesis is independent of the
other axioms in Corollary 1. As a remark aside, this ordering satisfies statewise domi-
nance.

Independence of the utilities of the sure

The independence axiom used by Fleurbaey and Zuber (2013) is formally stated as fol-
lows.

Independence of the utilities of the sure: For all u, u’ € D, for all v, v € D¢, and for all
nonempty M C N,

(unrr, v\ R (U, vvm) < (um, UEV\M)R(M;\/I’ v}\/\M)'

According to this axiom, social evaluations are not affected by unconcerned individ-
uals whose utility levels are constant across states. It is obvious thatindependence of the
utilities of the sure is logically weaker than prospect independence of the unconcerned.

One might ask if this weaker axiom is sufficient to establish our characterization of
ex post generalized utilitarianism (or sufficientarianism). The answer is no.

Let g: R — R be an increasing and continuous function, and define the function
Ag: R" — R by letting

Ag(x) :KZieN g(xi)

for all x € R”, where K is a constant larger than one. Define R by letting, for all u, v € D,

uRv & Z msAg(u®) > Z msAg(v%).

ses ses

The ordering R satisfies strong Pareto for no risk, continuity, anonymity, the social
expected utility hypothesis, and independence of the utilities of the sure. However,
prospect independence of the unconcerned is not satisfied. A similar example can be
used to show that independence of the utilities of the sure is not sufficient to character-
ize ex post sufficientarianism.

Which independence axiom to impose on the social ordering R—prospect inde-
pendence of the unconcerned or the weaker axiom of independence of the utilities of
the sure—is a normative question. Addressing that question in detail lies beyond the
scope of this article, but we believe that a good case can be made for the stronger ax-
iom. The choice of axiom depends upon the interpretation of prospects and states. In
decision theory, a mapping from states to outcomes represents a possible choice (ac-
tion) for a decision-maker in some choice situation. Probabilities assigned to states en-
code the decision-maker’s uncertainty. “Each state ...is a compilation of all character-
istics/factors about which [the decision-maker] is uncertain and which are relevant to
the consequences that will ensue from his choice” (Kreps (1988, p. 34)). A prospect, in
the decision-theoretic interpretation, represents a possible social choice, mapping each



Theoretical Economics 20 (2025) Ex post welfare criteria 1405

state into a vector of utilities for everyone in the population. The choices available to a
social decision-maker are represented by the corresponding set of prospects.

The idea behind prospect independence of the unconcerned is that the comparison
of two possible social choices, represented by prospects u and v, should be independent
of the utility of anyone whose well-being is unaffected by the choice—that is, anyone
whose utility is the same in « and in v. But the social planner may not know for certain
what the utility level of an unaffected person is. Consider individuals who are already
dead at the time of choice. Although the social planner can be sure that the lifetime
well-being of the dead will be unaffected by her decision, she may not (and very likely
will not) know what their well-being levels were. In other words, the dead may be among
the unconcerned while not being among the sure. It is very compelling to exclude the
influence of the dead when making policy choices; see our discussion following the def-
inition of prospect independence of the unconcerned. Thus, a strong case can be made
in favor of the more powerful independence axiom.

Independence of the unconcerned for no risk
A substantially weaker independence axiom can be formalized as follows.

Independence of the unconcerned for no risk: For all u, v, v, v € D¢ and for all nonempty
MCN,

(up, v R (U, vnar) < (i, UN\M)R(”M» ”?\/\M)-

This applies the separability requirement only in the case with no risk. It is obvious
thatindependence of the unconcerned for no risk is logically weaker than independence
of the utilities of the sure.

If prospect independence of the unconcerned is replaced with independence of the
unconcerned for no risk in the axioms of Theorem 1, the following characterization re-
sult is obtained.

THEOREM A. A social ordering R satisfies strong Pareto for no risk, continuity, anonymity,
the social expected utility hypothesis, and independence of the unconcerned for no risk if
and only if there exist continuous and increasing functionsg: R — R and ¢: Y — R such
that, forallu, v € D,

koo X wu(Tat)) = S (el

ses ieN seS ieN

Proor. “If.” Itis easy to verify that all axioms listed in the theorem statement are satis-
fied when there are such g and .

“Only if.” Lemmas 1 and 2 hold even if prospect independence the unconcerned is
replaced with independence of the unconcerned for no risk. This implies the claim. O
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The characterized orderings constitute a general class of ex post principles. We note
that this covers both ex post prioritarian orderings and expected EDE prioritarian or-
derings. Theorem A highlights a novel implication of Theorem 1 or Theorem 2, which
essentially demonstrates that the linearity of ¢ is imposed by prospect independence of
the unconcerned.

Some numerical examples

We provide some numerical examples to demonstrate how our sufficientarian principles
differ. Let # = 10. We assume that there are two states, which are equally probable, and
g is strictly concave. Consider the three prospects defined by

u_o 30 u/_5 30 u//_5 35
(o 30|’ 15 30’ |5 35]°

First, these three prospects are pairwise equally good according to the ex post headcount
ordering. Second, according to the ex post upper-limit sufficientarian orderings, v’ is
better than u, while u” is equally good as v’. Third, u” is better than " and u’ is better
than u according to the ex post sufficientarian orderings.

Now consider the four prospects given by

|0 o J_|5 5 |10 10 |15 15
130 30|’ |25 25|’ 120 20|’ |15 15"
First, v is equally good as v”, v” is better than v/, and v’ is equally good as v, according
to the ex post headcount ordering. Second, according to the ex post upper-limit suffi-
cientarian orderings, v"” is equally good as v”, v” is better than v/, and v’ is better than v.

Third, v" is better than v”, v’ is better than v/, and v’ is better than v, according to the ex
post sufficientarian orderings.
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