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Evidence and skepticism in verifiable disclosure games

DANIEL RAPPOPORT
Georgetown University

A key feature of communication with evidence is skepticism: a receiver will at-
tribute any incomplete disclosure to the sender concealing unfavorable evidence.
I study when a change in the receiver”s prior belief about the sender’s evidence
induces more skepticism, i.e., induces the receiver, regardless of his preferences,
to take an equilibrium action that is less favorable for the sender following every
message. I provide a definition of when one receiver’s prior belief expects more
evidence than another and show that this characterizes more skepticism. As an
input, I fully characterize receiver optimal equilibrium outcomes in general veri-
fiable disclosure games.

Keyworbs. Verifiable disclosure, monotone comparative statics, skepticism.
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1. INTRODUCTION

Communication during criminal trials, financial audits, and investment pitches is often
verifiable. In these settings, communication is less about the risk of misrepresentation
(cheap talk) and more about which evidence is presented or omitted (disclosure). Any
rational observer (receiver) is naturally skeptical of the evidence presented by an inter-
ested party (sender): the receiver will partially attribute incomplete disclosures to the
sender concealing unfavorable evidence.

This skepticism is harmful to the sender: a prosecutor would always prefer to be
faced with a less skeptical juror, and an entrepreneur a less skeptical investor. It is also
natural that the receiver’s beliefs about the sender’s evidence modulate his degree of
skepticism. Indeed, the criminal justice literature identifies a “CSI effect”: Shelton, Kim,
and Barak (2009) find that jurors who are more informed about forensics are less likely
to convict given the same evidence profile. However, it is not clear which beliefs induce
more skepticism than others. The main goal of this paper is to characterize this com-
parison, i.e., to identify the sender’s preferences over the receiver’s prior beliefs. Un-
derstanding these preferences is important because the sender can often influence the
receiver beliefs he faces. For example:
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1. During jury selection, a prosecutor questions potential jurors to identify those that
will return the highest probability of conviction. The prosecutor selects jurors on
many criteria including their beliefs about the evidence available. The prosecutor
wants to choose jurors who hold the least skeptical beliefs concerning his evidence.
Which juror beliefs will achieve this goal?

2. During each investment round, an entrepreneur discloses customer reviews, pro-
totypes, and sales numbers to an investor to obtain funding. There are generally
multiple rounds of investment. Thus, the entrepreneur will be concerned about
how an early disclosure affects the skepticism about future disclosures. Which be-
liefs will the entrepreneur want to induce in these future rounds, and which early
disclosures will achieve this goal?

The common features of these examples are that there is some preliminary action (jury
selection), which affects the receiver’s beliefs going into verifiable disclosure (e.g., the
criminal trial). Thus, a key issue is understanding the sender’s preferences over these
beliefs within the static verifiable disclosure framework.

One intuition is that the receiver’s degree of skepticism increases when he expects
more evidence to be available. This accords with the CSI effect: prosecutors will try to
avoid jurors with bullish views about the amount of evidence that can be presented.
The issue is that there are potentially multiple dimensions over which the sender can be
informed, e.g., a prosecutor can have access to DNA evidence, witness testimony, other
forensic evidence, or any subset of these. This makes it difficult to even define what
it means to believe the sender has more evidence. Indeed, there do not exist general
comparative statics or characterization results in multidimensional verifiable disclosure
models.

I study a general verifiable disclosure model in which a sender communicates with
a receiver who then chooses an action in R. While the sender always prefers higher ac-
tions, the receiver’s preferences depend on the sender’s private evidence realization or
type. The type space T doubles as the message space, and the messages available to
each type are governed by a partial disclosure order >, on T if one sender type domi-
nates another according to the disclosure order, i.e., ¢’ >, t”, then the former can make
a declaration to the receiver that he is the latter type, i.e., ¢ can send message ¢”. This
can be interpreted as type ¢’ presenting all the evidence type ¢’ possesses: a prosecu-
tor type with DNA evidence dominates a prosecutor type with no evidence according to
the disclosure order as the former can masquerade as the latter through omission. In
Section 2.1, I describe how this framework captures familiar examples from the litera-
ture.

In the context of arbitrarily complex evidence structures, I provide a definition of
when one receiver’s belief over the sender’s type has “more evidence” than another: if
one sender’s type dominates another according to the disclosure order, the former is rel-
atively more likely than the latter under a distribution with more evidence. Focusing on
the receiver optimal equilibrium, Theorem 1 establishes that the sender obtains lower
actions regardless of his type realization or the receiver’s preferences when he is believed
to have more evidence. Equivalently, regardless of the true distribution of evidence and
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the preferences of the receiver he faces, the sender always prefers to be thought of as
having less evidence. Moreover, the converse is also true: if the sender prefers to in-
duce one belief in the receiver over another in this broad sense, then the preferred belief
must have less evidence. My model makes no assumptions on the relationship between
the amount of evidence the sender has and its “value,” i.e., how high an action it would
induce from the receiver if truthfully revealed. Instead the relationship between more
evidence and more skepticism emerges from the receiver optimal equilibrium structure.
My second main contribution is to fully characterize the receiver optimal equilibrium.
Proposition 1 provides necessary and sufficient conditions for a set of sender types to
“pool together”, i.e., obtain the same equilibrium outcome. This leads to an explicit ex-
pression for the receiver optimal equilibrium allocation in Theorem 2. At a high level,
the pooled set for a given sender type forms through simultaneously minimizing the re-
ceiver’s value over types that choose to mimic him and maximizing the receiver’s value
over the types that he chooses to mimic.

Signaling to affect receiver beliefs and decrease skepticism is at the heart of many
dynamic disclosure papers. Indeed, Section 3 discusses how previous studies use exam-
ples of more evidence changes in the Dye evidence model as a focal point of their anal-
ysis. Theorem 1 can be used to generalize these insights as well as to answer questions
that necessitate more complicated evidence structures.

The application in Section 6 is a proof of concept. I ask whether an investor benefits
from early communication with an entrepreneur who obtains evidence gradually, rather
than communicating only right before the investment decision. Specifically,  add an ad-
ditional period to the static verifiable disclosure game before the receiver’s action choice
during which the sender can accumulate and disclose evidence. The potential for infor-
mative early disclosures relies on the sender’s uncertainty about his final evidence and
so this question is moot in the Dye model where there is no residual uncertainty after
any evidence is disclosed. Proposition 5 shows that the receiver does not benefit from
early communication regardless of his preferences or prior beliefs if and only if the evi-
dence structure satisfies what I term the “Unique Evidence Path Property” (UEPP). The
interpretation of the UEPP is that the current evidence reveals the sequence of previous
investigations undertaken, e.g., the performance test results for a prototype can only be
revealed if the prototype is first developed.

Layout Section 1.1 discusses the related literature. Section 2 presents the model and
lists examples that fit my framework. Section 3 defines the more evidence order and
states the main result. Section 4 and Section 5 provide the analysis necessary to establish
the main result. Section 6 studies a dynamic disclosure application. All proofs are in
Appendix B.

1.1 Related literature

The first verifiable disclosure models were introduced by Milgrom (1981), Grossman
(1981), and Grossman and Hart (1980). In these models, the sender could be vague about
his private information but not lie, i.e., he could declare any subset of states that con-
tains the true state. The main finding is the “unraveling” result that in any equilibrium
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the sender fully reveals his information. There are many ways unraveling can fail: if the
sender’s direction of bias depends on his type (e.g., Seidmann and Winter (1997)), if the
sender pays a cost to disclose information (e.g., Verrecchia (1983)), or if the receiver is
uncertain about the sender’s information endowment, which is the focus of this paper
(e.g., Dye (1985) and Jung and Kwon (1988)).1-2

In line with this paper, various studies allow for more general evidence structures,
but instead focus on establishing that the receiver’s utility in some equilibrium of the
verifiable disclosure game is the same as that in which the receiver can commit to a best
response before learning the sender’s message. This equivalence was first introduced
in Glazer and Rubinstein (2004) and further explored by Sher (2011), and Ben-Porath,
Dekel, and Lipman (2017) in the context of multiple senders. Hart, Kremer, and Perry
(2017) identifies the equilibrium that achieves this equivalence through the “truth lean-
ing refinement.” I focus on this receiver optimal equilibrium and my model is the same
as that in Hart, Kremer, and Perry (2017).

In this general verifiable disclosure model, my focus is (i) equilibrium characteri-
zation, and (ii) understanding determinants of the receiver’s skepticism, or more con-
cretely, comparative statics on the receiver’s beliefs. Shin (2003) and Dziuda (2011) char-
acterize and analyze equilibria in multidimensional versions of the Dye evidence frame-
work with the simplification that each piece of evidence is either “good” or “bad.”?® Given
mild assumptions on the distribution, the sender always plays a “sanitization” strategy
of concealing bad pieces and fully revealing good pieces. This means that the decision
of whether to disclose a given piece of evidence does not depend on other evidence pos-
sessed by the sender. This independence is not general to multidimensional evidence
models. Sher (2014) and Glazer and Rubinstein (2004) derive methods to find the re-
ceiver optimal equilibrium with more general evidence structures but restrict attention
to the receiver choosing between two actions, and the case where the sender has two
payoff relevant types—acceptable and unacceptable. Bertomeu and Cianciaruso (2016)
propose an algorithm for solving verifiable disclosure games when pure strategy equi-
libria exist. My approach focuses on equilibrium outcomes instead of sender strategies.
This permits tractable analysis despite the fact that sometimes (generically) verifiable
disclosure games only admit mixed strategy equilibria.

Comparative statics results on the receiver’s skepticism have mostly been limited
to the Dye evidence model. In particular, dynamic disclosure models such as that in
Guttman, Kremer, and Skrzypacz (2014), Acharya, DeMarzo, and Kremer (2011), and
Grubb (2011) develop these conclusions as the backbone of their analyses. The idea
is that all else held equal, the sender will take decisions in early periods that engender
less skepticism in the future. As Section 3 elaborates, these results are specific cases of
Theorem 1.

lHagenbach, Koessler, and Perez-Richet (2014) and Mathis (2008) provide necessary and sufficient con-
ditions for unraveling in a general framework.

2For surveys of this literature, see Milgrom (2008) and Dranove and Jin (2010).

3Dziuda (2011) also considers uncertainty over the direction of monotonic preferences of the sender and
over whether he is honest or strategic.
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2. MODEL

The setting involves a single sender and a single receiver. The sender privately observes
his type ¢t € T, where |T| = n, and sends a message to the receiver who chooses an action
a € A=R. The receiver has a prior belief 7 € AT over the sender’s type with associated
measure H : 27 — [0, 1].# The sender may have some alternative prior belief over his
type but it is not relevant to the results.

Preferences The sender’s utility, US : 4 x T — R, is strictly increasing in the action a
for every type ¢.°> The receiver’s utility, UR : 4 x T — R, depends on both the action
and the sender’s type. I assume that vVt e T, U R(. 1) is strictly concave, continuously
differentiable, and admits a maximum. I denote the set of all such receiver utilities as
Y. These assumptions imply that neither party will randomize over induced actions in
equilibrium, and so to ease notation, I identify the sender’s utility with the action taken,
i.e., US(a, =alb

For each ¢t € T, denote v(f) = argmax, UR(a,1). Similarly, define V(S) =
argmax, E[UR(a, t)|t € S, t ~ h] to be the receiver’s best response conditional on the
sender’s type being in § and distributed according to 4. I refer to sets of types with rela-
tively high (low) optimal actions, as “high (low) value.” A leading example is when the re-
ceiver’s utility is quadratic loss, i.e., UR(a, t) = —(a — v(t))? for some functionv: T — R.
In this case, V},(S) =E[v(#)|t € S, t ~ h].

Messaging technology 1follow Hart, Kremer, and Perry (2017) and assume that the mes-
sage space is the type space with the interpretation that type ¢ sending message ¢’ is type
¢t “mimicking” #'. T assume that there is a partial disclosure order, >, over T. The rela-
tion ¢ >, ¢ means that ¢ can send message ¢/, i.e., the set of available messages to each
type t is given by {¢': t =4 ¢'}.” The partial order assumption imposes reflexivity, transi-
tivity, and antisymmetry. That is, (i) t can send message ¢, (ii) if # can mimic ¢ and ¢’ can

mimic ¢’, then ¢ can mimic ¢, and (iii) for ¢ # ¢/, t can mimic ¢ implies ¢ cannot mimic
8
t.

41 refer to distributions with lower case and their associated measures with upper case.

5In Section 7 of my earlier working paper Rappoport (2020), I show that the analysis adapts readily to
the case where the sender has a (potentially evidence dependent) probability of preferring lower actions or
having the same preferences as the receiver.

6Strict concavity ensures that the receiver has a unique best response for all distributions 4 € AT. In
combination with the assumption that the sender’s utility is strictly increasing in a for all ¢, this implies that
the sender will never randomize over messages, which induce different actions.

"The verifiable disclosure literature sometimes uses an alternative equivalent set of messaging assump-
tions. There is an arbitrary message space M and each type has access to some subset E(¢) C M, where the
message correspondence E satisfies a “normality” (Bull and Watson (2004)) or “nested range” (Green and
Laffont (1986)) condition. A message structure is normal if V¢ € T, there exists ¢; C E(¢), such that Vs, ¢ € T,
e; € E(f') = E(t) C E(¢'). Given a normal message structure, the following disclosure ordered type space
(T, =4) has the same set of equilibrium allocations. T = M with P(e;) = P(t), P(m) = 0 otherwise, and
e =gm <= meE(t).

8 Antisymmetry is without loss in the following sense. Consider that in addition to disclosable evidence
from (7", =4), the sender also has private information 6 € © so the type spaceis T x 0. Message feasibility is
given by the preorder >/, defined by (¢, 0) >/, (', 0') <= t =4 t'. Because the sender always prefers higher
actions, (¢, ) must induce the same equilibrium action V6 € 0.
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This means that the sender’s type specifies two pieces of information: its position in
the disclosure order, and its best response to the receiver. Importantly, my model makes
no assumption on the relationship between these two aspects.

Strategies and equilibrium A strategy for the sender is o : T — AT where Supp(oy) C
{t' 1 t =4 t'} Vt. Because the receiver’s utility is strictly concave, it is without loss to re-
strict the receiver to use a pure strategy, a : T — A, which specifies an action choice in
response to each message. A perfect Bayes equilibrium (PBE) is a pair of feasible strate-
gies (0, a) such thatVre T:

(i) Supp(o;) € argmaxa(t’),
titmgt!
(i) a(?) = argmaXIE[UR(a, s)|o, 1] ifre U Supp(oy), and

acA teT

(i) a()=Vy({¢':t' =4t}) forsomeqgeA{r:1 =41t}

In words: (i) the sender maximizes the receiver’s best response among feasible mes-
sages, (ii) for on-path messages, the receiver updates according to Bayes rule and best
responds, and (iii) for off path messages, the receiver best responds to some belief over
sender types that have access to the message.

I focus on the receiver optimal PBE, which I henceforth refer to as the ROE. Denote
m,(t|UR) € A as the ROE allocation when the receiver has prior belief 4 € AT and utility
function UR, and the sender is type ¢ € Supp(/4). ROE strategies are not unique and are
kept in the background of the analysis.’

2.1 Examples

Common disclosure models that fit my framework are described below. I illustrate
(T, =4) as a directed graph with vertices representing types and directed paths repre-
senting all nonreflexive dominance in the disclosure order.

Dye evidence The Dye evidence model was introduced by Dye (1985) and Jung and
Kwon (1988). The type space is given by T = {ty, t1, ..., t,—1}, where £, ..., t,_ repre-
sent different evidence realizations, and f; represents the case where the sender has no
evidence. The disclosure order is given by ; =4 #5 Vi =1, ..., n — 1 with no other non-
reflexive relations. Figure 1 illustrates the disclosure order in the Dye model. The in-
terpretation is that the sender who obtains evidence #; must either fully reveal his type

9As discussed in Section 4, unrefined PBE admit multiplicity and put very little structure on equilibrium
outcomes. A number of studies have provided justifications for focusing on the ROE. Hart, Kremer, and
Perry (2017) shows that the truth leaning refinement, in which (i) the receiver interprets each off path mes-
sage credulously, and (ii) the sender is truthful when doing so maximizes his obtained action, selects the
ROE. Hart, Kremer, and Perry (2017) also show that perturbations where the sender has small probability
of being honest have a unique equilibrium outcome that is arbitrarily close to the ROE in the limit. In ad-
dition, Sher (2011) and Hart, Kremer, and Perry (2017) establish that the ROE is equivalent to outcomes in
the case where the principal can commit.
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FiGure 1. Dye evidence with n =5.

or completely withhold, i.e., declare #3; accordingly, #; is unable to verify that he is un-
informed. In this sense, the Dye evidence model is distinguished by “all or nothing”
disclosure, which greatly simplifies its analysis.

Multidimensional evidence Suppose there are k potential kinds of evidence each
drawn from E = {ey, ..., e;;}. Depending on the application, there are different ways to
conceive of multidimensional evidence and the corresponding disclosure order. First,
consider that each type ¢ is an / < k sample of E with replacement, and 7 > ¢ if and only
if each e; € t appears with greater frequency in 7.1 That is, a type mimics another by
withholding the residual evidence. I term this multidimensional evidence structure as
Independent Collection. For example, an entrepreneur discloses a subset of his cus-
tomer reviews, which range from 0 to 5 stars.'’»'> An example is displayed in the left
panel of Figure 2.

An alternative natural multidimensional disclosure order is as follows. A type is an
ordered subset (r1, ..., r;) where 0 </ < k and each r; € E. For two types ¢ = (7], ceer )
andt=(ry,...,r;),t =4 tifand only/ > [ and 7; = r; Vi < I. This captures the idea that ev-
idence collection is sequential, and accordingly, I term this multidimensional evidence
structure Sequential Collection. For example, a prosecutor’s investigation can find a
potential suspect and then check for a verifiable refutation of their alibi, but revealing

10More formally, each type is a function ¢ : E — N, where ) ; f(e;) < k. t(e;) encodes how many draws of
evidence e; are possessed by type ¢. Accordingly, 1 >, t» <= t1(e;) > t2(e;) Vi.

n the independent collection evidence structure, evidence is indistinguishable. However, one can en-
code distinguishable evidence through the support of / as follows. Fori < k,let E = {¢i, ..., eﬁnl} represent
the set of available evidence from source i. Construct an independent collection disclosure order where
E =J; E' and a distribution over T that puts zero mass on any sample that includes multiple draws from
the same E;. This distinguishability is implicit under sequential collection, as displayed in the right panel
of Figure 2.

127 related disclosure order is that used in “vagueness” models, e.g., that in Milgrom (1981) and Ha-
genbach, Koessler, and Perez-Richet (2014). These models feature a state x € X and a set of messages (and,
therefore, types in the current modeling) given by the subsets of states 2X = T. The disclosure order is given
by 7 >4 t if and only if 7 C ¢. However, this is isomorphic to a multidimensional independent collection dis-
closure order defined as follows: E = X, and each subset  C X is mapped to the type (e;) = 1,¢;, and the
prior belief 4 is such that ¢(e;) > 1 for some i implies /() = 0. More noteworthy is that vagueness mod-
els commonly assume the sender “knows” the state, i.e., the distribution of types 4 is supported only on
the singleton elements of 2X = 7. This demonstrates how zero probability types capture extra messaging
options for the sender.
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0 T—, 0

{0,0} (0,0)

(a) Independent Collection (b) Sequential Collection

FiGure 2. Examples of multidimensional evidence for E = {0, 1} and k = 2.

information about the alibi reveals a suspect was found in the first place. Alternatively,
there is a natural truncation structure to the support of the evidence distribution. For ex-
ample, an applicant can choose the date to start reporting work experience on their CV,
but unemployed segments after are “resume gaps.” The right panel of Figure 2 presents
an example of a sequential collection disclosure order.

Multidimensional evidence potentially adds two aspects to the all or nothing dis-
closure decision in the Dye model. Under sequential collection, the sender decides
“how much” evidence to disclose: in the right panel of Figure 2, type (0, 1) decides
whether to report no results—iy, the results of his first investigation—(0), or the results
of both—(0, 1). Under independent collection, the sender not only decides how much,
but also “which” evidence to disclose: in the left panel of Figure 2, given that type {1, 0}
makes a partial disclosure they must still decide between {0} and {1}.

Honest types In addition to obtaining evidence from some 7’, the sender can either
be strategic, S, or honest, H. Strategic types can disclose evidence according to some
arbitrary disclosure order >’,, while honest types must truthfully reveal. The total type
space and disclosure order are denoted by (7, >=,) defined as follows: T =T’ x {S, H}
and t > ' = (t,8) =4 (¢, 0)Vt, ' € T', V0’ € {S, H} with >, admitting no other non-
reflexive relations. Figure 3 displays the Dye model with the addition of honest types.

(t1,8) (1, H)

F1GURE 3. An honest types model with (7", /) as Dye evidence.
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3. CHARACTERIZING INCREASED SKEPTICISM

The main goal of this paper is to understand what drives receiver “skepticism,” i.e., fix-
ing the disclosure order, how does ;, (¢|U Ry depend on the receiver’s prior belief 42 I
focus on the effects of the receiver’s beliefs that do not depend on his particular pref-
erences; it is natural that increasing the probability of higher valued types will increase
equilibrium actions, but such a change is not naturally interpreted as a decrease in skep-
ticism. Theorem 1 below characterizes which beliefs induce higher equilibrium actions
regardless of the receiver’s preferences. The key ingredient is the definition below.

DerINITION 1. Let f, g € AT be two receiver prior beliefs over the sender’s evidence. f
has more evidence than g with respect to (T, =4), or f >yE g, if

vi,l' €T, t=qt = f()g(t')=f()g). 1)

For any type ¢ that can mimic 7/, ¢ is relatively more likely than ¢ under a prior dis-
tribution with more evidence. With the view that each type is a set of evidence which
the sender can present, as in the independent collection structure from Section 2.1, the
more evidence relation shifts probability to types that literally have more evidence in a
subset containment sense. It is worth noting that the more evidence order is silent on
whether one receiver belief is more “optimistic” than another: the dominating types ac-
cording to the disclosure order can be higher or lower value relative to dominated types
depending on the receiver’s preferences.!3

If =, were a complete order, then f >,/r g would be equivalent to f monotone like-
lihood ratio (MLR) dominates g on (T, =,). Definition 1 is an extension of MLR domi-
nance to a partially ordered set that only imposes the likelihood ratio inequality on com-
parable pairs of types.!# The interpretation is that the more evidence relation places no
restriction on the relative probability of different kinds of evidence, e.g., a distribution
with more evidence can decrease or increase the relative probability of DNA evidence to
witness testimony.

THEOREM 1. Let f, g € AT with I = Supp(f) NSupp(g). If f >mE &, then
7 (t|UR) < me (t|JUR) veel,vUReY. )
If f and g have the same support and condition (2) holds, then f >y g.

131n this sense, a more evidence change captures more than just changes in the information structure
of the sender about a payoff relevant state with a fixed prior; e.g., more evidence changes can capture in-
creases in the “average value” of the sender’s evidence. The reverse inclusion also does not hold: because
the value of each type to the receiver is assumed to remain constant across changes in the distribution of
evidence, there are changes in the information structure that do not correspond to changes in the distribu-
tion of evidence in the current model. In my earlier working paper (Rappoport (2020)), Section 7.3 develops
a more universal approach that captures all changes in the information structure.

14There are existing notions adapting the likelihood ratio order to a partially ordered set. The most com-
mon version is the multivariate likelihood ratio order described in Chapter 6.E of Shaked and Shanthikumar
(1994), which is stronger than Definition 1 because it restricts to lattice orders, and imposes likelihood re-
strictions on incomparable elements. My notion has been raised in previous studies (e.g., Definition 1 in
Whitt (1982)), but does not appear to be frequently used.
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The result says that if f has more evidence than g, every type obtains a lower equi-
librium action when facing a receiver who holds beliefs f than one who holds beliefs
g, and that this comparison does not depend on the receiver’s preference. If f and g
have common support, then the converse also holds.!® The more evidence relation ex-
hausts the sense to which one can compare equilibrium actions based on the receiver’s
beliefs alone. That is, the mechanism behind Theorem 1 is increased skepticism: the re-
ceiver believes that any equilibrium message is more likely to be the result of strategic
withholding on the part of the sender.

The rest of this section is organized as follows. I first discuss how the equivalence
result can be interpreted and used in applications. Next, I provide a preview of the anal-
ysis and intuition for Theorem 1. Finally, I conclude this section by revisiting Section 2.1
to explore the implications of Theorem 1.

Using the equivalence result Many natural changes correspond to a more evidence
change in the receiver’s prior belief: advances in forensics permit testing on a larger frac-
tion of collected samples from crime scenes, or a firm develops a reputation for keeping
detailed records and accounts. Indeed, Theorem 1 rationalizes the “CSI effect” men-
tioned in the Introduction whereby potential jurors who expect evidence to be more
widely available convict less often.

Beyond these descriptive implications, Theorem 1 provides a key tool in analyzing
situations in which the sender can signal or otherwise affect the beliefs of the receiver
before disclosing evidence. The corollary below develops this idea by reinterpreting
Theorem 1 as a characterization of the sender’s preferences over receiver beliefs.

CoroLLARY 1. Let f, g € AT with full support. Let n € AT be the sender’s actual distri-
bution over evidence. For every UR € Y, and n € AT, the sender has a higher equilibrium
expected utility when facing a receiver who holds beliefs g than one who holds beliefs f if
and only if f has more evidence than g.

It is important to distinguish the above corollary from welfare comparative statics in
a common prior model. If both the sender’s and receiver’s prior beliefs shift between two
distributions, then while it is still true that the sender does better “type by type” under
the distribution with less evidence, his ex ante expected utility can be higher under the
distribution with more evidence.'® Instead the comparison in Corollary 1 is the relevant
one for signaling interactions before the disclosure game: when comparing two signals,
the sender effectively manipulates the receiver’s belief about his evidence, while holding
his true distribution over evidence constant. Which juror beliefs should a prosecutor

15The caveat of full support in the equivalence is because the more evidence definition imposes re-
strictions outside of the supports of f and g and these are not always relevant to the ROE actions. A
more complete converse is established in the proof: if f(#)g(#) < f(¢#')g(¢) for some ¢ >, ¢ such that
1" € Supp(f) N Supp(g), then IUR € Y such that 7 (¢'|UR) > mg(/|UR).

16For example, suppose that the disclosure order is empty, i.e., =, admits no nonreflexive relations, with
the interpretation that every type can verifiably distinguish themselves from all other types. The ROE has
full separation, the actions do not depend on the distribution, and f >y g Vf, g € AT, which means that it
is possible that E[v(¢)|t ~ f] > E[v(¢)|t ~ g].
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try to select for at voir dire? How does an entrepreneur disclosing early development
progress affect investor demands for future progress?

This paper is not the first to acknowledge how the sender’s preference over receiver
beliefs is important in dynamic disclosure. Grubb (2011), Acharya, DeMarzo, and Kre-
mer (2011), and Guttman, Kremer, and Skrzypacz (2014) have used predecessors of
Theorem 1 to derive important insights. These papers’ comparative statics results focus
on the one-dimensional Dye evidence model of Section 2.1 and study specific changes
in the evidence distribution that, as Section 3.1 elaborates, are examples of more evi-
dence shifts.

With regard to dynamic disclosure, Theorem 1 can be used in two ways to enhance
our understanding. First, it can elucidate how existing insights generalize from one-
dimensional “all or nothing” evidence structures to multidimensional evidence struc-
tures, e.g., while existing insights imply that a prosecutor would select jurors who per-
ceive them as having a lower probability of obtaining Dye type evidence, Corollary 1
implies that prosecutors will also select jurors who believe them to have less evidence in
the sense of Definition 1, regardless of how complicated the evidence structure is. Sec-
ond, Theorem 1 can answer new questions that are only relevant to multidimensional
evidence structures. In this regard, the application in Section 6 is a proof of concept.

An (incomplete) intuition and analysis road map The difficult direction in proving
Theorem 1 is that more evidence implies lower equilibrium actions. Note that equilib-
rium behavior consists of certain subsets of sender types, “pooled sets,” obtaining the
same action from the receiver. The basic idea behind the result is that the value of these
“pooled” subsets decreases under a more evidence shift in the distribution of types. Be-
cause there are no restrictions on the receiver’s preferences, the value of an arbitrary
subset of types can go up or down with a more evidence shift. Thus, the key steps in
establishing the main result are to (i) understand what is special about pooled subsets
in the ROE, and (ii) connect these properties with the effects of a more evidence shift in
the receiver’s beliefs.

To preview the analysis, consider the following compelling, but ultimately incom-
plete intuition. Sender types that mimic other types in equilibrium are both more dom-
inant in the disclosure order (have the ability to mimic) and have lower value to the re-
ceiver (have the incentive to mimic). Because a more evidence change shifts probability
to more dominant types in the disclosure order, in equilibrium, it also shifts probability
to lower value types, thereby decreasing the receiver’s best response. This intuition turns
out to be correct in the Dye evidence model, as illustrated in the first disclosure order
of the example below, but not in multidimensional evidence structures, as illustrated
in the second disclosure order of the example below, which adds an additional piece of
available evidence.

ExampLE 1. For illustration, consider a prosecutor (the sender) disclosing evidence to
attempt to persuade a representative juror (the receiver) to convict a defendant for a
crime committed sometime between 8 and 11 am. Suppose that the investigation could
potentially turn up a witness— A4, who was at the crime scene around 8 am (but not af-
ter), and reports whether they saw the crime being committed or not. The type space is
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T = {ty, AT, A~} indicating that witness A did not make a usable statement, they saw the
defendant, and they did not see the defendant, respectively. The receiver has quadratic
loss and v(A™) > v(ty) > v(A~). For any receiver beliefs, the ROE involves type A" dis-
closing, and A~ withholding to pool with #;. Now consider two beliefs f, g € AT, such
that f >y g. To confirm Theorem 1, we only have to look at the value of the pooled set
{ty, A~}. Indeed f moves probability up the disclosure order from #; to A~ relative to g,
and so because v(A7) < v(y) it holds that Vy({ty, A7}) < Vg({ty, A™}).

Now consider the following simple multidimensional extension of this evidence
structure. There is another witness—B, who was at the crime scene around 11 am
(but not before), and also reports whether they saw the crime being committed or not.
For the sake of keeping illustrations simple, suppose that B can only be potentially
sought out if A has first made a statement, so that this corresponds to a sequential col-
lection multidimensional evidence structure from Section 2.1. The type space is now
{ty, AT, A=, ATB*, A=B~, ATB~, A~ BT}, where B* and B~ indicate that witness B re-
ported seeing and not seeing the defendant, respectively, whereas AT and 4~ indicate
that B did not make a usable statement. The receiver’s preferences and the disclosure
order are displayed in Figure 4. The prosecutor’s case is stronger with a single positive
identification than a negative identification or unusable testimony. However, two posi-
tive identifications, i.e., A B, is bad for the prosecution’s case as two witnesses report-
ing they saw the crime being committed at different times gets the case thrown out.

Now, consider two distributions, f, g € AT where g is the uniform distribution over
T, f >mE g and, for simplicity, f is a “small deviation” from g.!” The dotted ellipses in
Figure 4 display the equilibrium pooled sets under both f and g.'8 In particular, the low-
est payoff pooled set involves both types A*B* and A" mimicking #;. Theorem 1 shows

F1GURE 4. An example where v(-) is not decreasing in >, within each pooled set.

17For example, let f() € [g(¢) — &, g(t) + €] for small & > 0. This assumption guarantees that the equilib-
rium pooled sets are the same between f and g.

18Each type declares the least dominant type according to >, within their pooled set: every ¢ € P; de-
clares ty, every ¢ € P, declares A~, and AT B~ and A~ B* truthfully declare.
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that 7/ (¢|UR) < my (t|UR) Vt € T. This means that the value of Py = {A"B*, AT, 1} is
lower under f than g. However, unlike in the Dye model, the receiver’s value is not de-
creasing in the disclosure order within Pj, and so we cannot appeal to the same intu-
ition. Relative to g, f shifts probability from A" to AT B*, which decreases the receiver’s
value, but also shifts probability from #; to 4™, which increases the receiver’s value.
While this example has been constructed to be simple and isolate the nonmonotonic-
ity, such patterns occur regularly as part of pooled sets in multidimensional evidence
structures. O

To establish Theorem 1, we need to understand the structure of the ROE pooled sets,
e.g., what is special about the set {#5, AT, ATB"} in the example above? Proposition 1
identifies this property, which also leads to an algorithm for constructing the ROE and
an explicit expression for ROE actions in Theorem 2. In Section 5, I show that this defin-
ing feature of pooled sets also characterizes when the value of a set decreases under
any more evidence shift. I illustrate these results throughout using the example from
Figure 4: after Definition 2 and after Proposition 2 for the equilibrium characterization
results, and in Section 5.1 for the comparative statics result.

3.1 More evidence and more skepticism: Examples

Dye evidence model In the Dye evidence model,

fzueg < flpglty) <f(t)glty) Yi=1,...,n—1. 3)

One receiver belief has more evidence than another, and is thereby less preferred by
the sender, if and only if the probability of each evidence type has increased relative to
the no evidence type. The more evidence relation imposes no restrictions on the relative
probability of evidence types even though these types may pool together by withholding.

Various well-known comparative statics are examples of the comparison in (3). For
example, many Dye evidence models parameterize the distribution over evidence as
follows: the sender obtains no evidence, i.e., is #3, with probability 1 — p, and obtains ev-
idence f; with probability pﬁ(t,-) for h e Alty, ..., t;—1}, and p € (0,1). Jung and Kwon
(1988) observed that increasing p while holding h constant decreases the action for
nondisclosure. It is easy to check that this change satisfies the comparison in (3) and
thereby corresponds to a more evidence change. An immediate implication is that, in a
dynamic disclosure framework where the final period is Dye disclosure, the sender will
prefer actions in earlier periods that signal he has a low probability p of obtaining ev-
idence in the future. This is a key result used in the dynamic disclosure papers Grubb
(2011) and Acharya, DeMarzo, and Kremer (2011).

The key comparative static in Guttman, Kremer, and Skrzypacz (2014) also pertains
to the Dye evidence model. For a fixed evidence distribution % € AT, they condition
on a set of evidence types S C {1, ..., #,_1} and the no evidence type to obtain /s()."?

19Formally, this is defined as hys() = (h()/(H(S U {tp}))) Lresuy) - This emerges naturally as an object of
interest in their model because they focus on pure strategy equilibria and so the set of evidence types that
make a given disclosure in period 1, which is what the receiver conditions on in period 2, will be a subset of
evidence types.



1226 Daniel Rappoport Theoretical Economics 20 (2025)

Their backbone result finds that /2 induces a higher nondisclosure action than /g for
S’ C §”. Again, it is straightforward to check that these two distributions are comparable
according to (3) and so this conclusion is an example of Theorem 1.

Multidimensional evidence Theorem 1 shows how certain comparative statics results
from the Dye model generalize to multidimensional evidence structures. Consider pa-
rameterizing the evidence distribution as follows. Fix the distribution of each piece
of evidence i € 0,1, ...,k as fz,- € AE. The number of evidence pieces is drawn from
n € A{0,1,..., k129 Call the induced distribution over evidence h,,. It is straightfor-
ward to check that if »” monotone likelihood ratio (MLR) dominates 1", i.e., ' ({)n”(j) >
7' (j)n" (i) Vi > j, then h,  has more evidence than /..

This comparison generalizes the above Dye evidence comparative static on p. The
fact that Theorem 1 is a characterization of when beliefs are worse for the sender ((2))
reveals that other natural generalizations would not work. In particular, if " FOSD 7"
but ' does not MLR dominate 7", then there exist receiver preferences and an evidence
realization such that the sender does worse when the receiver believes he has evidence
distributed according to " than according to n'.

Honest types A natural intuition is that the strategic sender does better if he is thought
to be honest with higher probability. The idea is that evidence realizations that would be
withheld by a strategic sender to mimic some type ¢, are declared by an honest sender.
This in turn makes the receiver treat the sender more favorably when he declares that
he is type ¢. While this intuition has been confirmed with specific evidence structures,
Theorem 1 delivers this result generally.

Parameterize the distribution of evidence as follows. Let the probability of an honest
and strategic sender be p,1 — p € (0, 1), respectively. Let the distribution over disclos-
able evidence conditional on the nature of the sender be i1y € AT” for 6 € {S, H}. Denote
the distribution over the total type space as h, € AT = A(T' x {S, H}). It is straight-
forward to check that for p’ > p”, h,» has more evidence than %,. By Theorem 1, the
sender does better when facing any receiver who holds beliefs 2, as compared with
hpr.

4. EQUILIBRIUM CHARACTERIZATION

The equivalence in Theorem 1 relies on the structure of the ROE. This section character-
izes this structure and provides two ways to find the corresponding equilibrium actions.
Since I focus on a single distribution in this section, it is without loss to assume a full
support receiver prior belief 4 € AT.

The following notation is useful. For ScT, letWlS)=1{teT:3s€S,s >4 t}, and
B(S) = {teT:3Ase S, t >4 5} W (S) is the set of types that can be mimicked by some type
in S, and B(S) is the set of types that can mimic some type in S. The subset S C S is a
lower (resp., upper) contour subset of § if wWES)NS=S (resp., B(S)NS=2S).

20In the independent collection case, the ! pieces are sampled uniformly without replacement, and in
the sequential collection case, the sender obtains evidence with indices {0, 1, ..., /}.
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4.1 Equilibria as partitions

Let 7 : T — R be some (not necessarily receiver optimal) equilibrium allocation with
m(T)={m, ..., m} with i < j = m; < m;. Denote the equivalence classes induced by
masPi={teT:a(t)=m}Vi=1,...,m. lrefer to P = (P, ..., Py) as an equilibrium
partition and each P; as an equilibrium pooled set. While the allocation clearly pins
down the equilibrium partition, an equilibrium partition also pins down the allocation.
Because each ¢ € P; is assigned the same action m;, this action must be the receiver’s
best response to the set as a whole, i.e., m; = V},(P;). Saying that P = (Py, ..., Py) is an
equilibrium partition thereby means that there is an equilibrium, which allocates V, (P;)
to every ¢ € P; with 1}, (P;) is increasing in i.

Any candidate equilibrium partition must respect the sender’s incentives. That is, if
t'=4t", then w(') > w(t"), i.e, ' € P;, " € P; = i > j. I call a partition satisfying this
property an interval partition. Each part P; of an interval partition is an interval in the
sense thatif¢#, 1" € P;,and t >, ¢t >4 t", thent € P;.

To summarize, if P is an equilibrium partition, then P is an interval partition with
V3, (P;) increasing in i. With one technical caveat, the converse is also true.?! As a con-
sequence, unrefined PBE pin down very little about which sets are pooled.?> However,
focusing on the ROE guarantees additional structure on pooled sets.

4.2 The receiver optimal equilibrium partition

In the ROE, pooled sets have the additional property that they cannot be further “sep-
arated.” Consider splitting some pooled set P into two parts P and P, where V},(P) >
Vy(P) = Vy(P). Clearly, this allocation provides the receiver with more information
about the sender’s type, so in the ROE this must be prevented by the sender’s incen-
tives. One possibility is that some sender types in P have the ability to mimic types in P,
i.e., W(P) NP # . This is formalized below.

DEerINITION 2. The receiver’s best response, 17, is downward biased on (S, >;) if
Vi(W(S)NS) =Vu(S) vScS.) 4)

I refer to sets of types over which the receiver’s best response is downward biased as
downward biased sets. The downward biased condition says that every lower contour
subset of §, i.e., a subset that cannot mimic any type in its complement, has lower value

2IThe remaining feature is that there must exist a pooling strategy for each P;, i.e., o : P; — AP; such that
each on path type declaration in P; induces the same best response from the receiver, and off-path beliefs
can be set sufficiently low. This condition is not pivotal in the analysis and so I defer its characterization to
Appendix A.

22For an example of nonuniqueness, consider that T = {f1, >, 13} with 3 =4 to =4 t;, UR is quadratic
loss, and v(#;1) = 0, v(£2) = 10, and v(#3) = —5. Under any distribution 4 € AT such that i(%) = h(3),
the ROE partition is given by ({t1}, {f2, t3}). However, full pooling where all types declare 1 is also a PBE
(with any other declaration assumed to come from #3). Theorem 1 does not hold for this pooling equilib-
rium, as the equilibrium action for all types is given by V},(T') = 5/2H ({2, t3}), which is strictly increasing in
H ({tz, t3})—a more evidence change.
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than the set as a whole. Because of the assumptions on U R the value of each lower
contour subset is also lower than its complement in S.

It is important to note that S being downward biased does not imply v is decreasing
on (S, =4). Figure 4 exemplifies this: v is nonmonotonic in the disclosure order on the
pooled set {t5, AT, ATBT} —-v(typ) =0.5, v(AT) = 0.6, and v(ATBT) = 0 —but this set is
downward biased under the uniform distribution g. To see this, note that there are two
proper lower contour subsets—{#y}, and {ts, A} with V, ({ty}) = 0.5 and V({tg, AT}) =
0.55—Dboth greater than V' ({tg, AT, ATB'}) = 0.366.

ProposiTioN 1. Let P be a partition of T, where V},(P;) is increasing in i. P is the unique
receiver optimal equilibrium partition if and only if

V), is downward biased on (P;, =4) Vi, and (5)

(P1, ..., Pp) is an interval partition of (T, = ). (6)

If each part of an equilibrium partition is downward biased, then it cannot be re-
fined and preserve sender incentive compatibility. To see this, consider a new candi-
date equilibrium partition that refines some downward biased part P; into Py, P,, ..., Py
where Vh(f’,-) is strictly increasing in i; in particular Vh(ﬁl) < V},(P;). Because of sender
incentive compatibility, it must be that each ¢ € P} cannot mimic any type in P; \ Pj,
or alternatively, Py is a lower contour subset of P;. But this yields a contradiction, as P;
being downward biased implies that Vy(P1) > V3, (Ph).

However, alternative equilibrium partitions can also be incomparable with the re-
ceiver optimal partition, i.e., neither refinements nor coarsenings. To get an intuition
for the argument for Proposition 1, let P* be an interval partition satisfying the down-
ward biased condition on each part, and let P be some arbitrary alternative equilibrium
partition. I show that the receiver does better under P* than under P on each part P;.
This is potentially counterintuitive because the receiver can assign types in P} a variety
of actions under P while pooling them all at V;,(P}) under P*. It turns out that because
of the downward biased property, the variety in actions under P is tailored to exactly
oppose the receiver’s preferences.

To see why, let ay = V},(Px) and let Qi = P; N P} refer to the types in P} that get
action a; under P with a; < --- < ap < Vj(P}) < ap41 < --- < ay. Observe that for
each j, U{{:l Oy is a lower contour subset of P and so by the downward biased prop-
erty Vh(U{{:1 Qk) = V,(P}). Similarly, UZ:]. Qk is an upper contour subset of P/ and
so Vi (Us— y Qk) < V,(PF). That is, P gives lower actions than P* to subsets of types for
which the receiver actually prefers higher actions and vice versa. Figure 5 illustrates this
pattern: the action a; under P is further away from the optimal action for that set than
is V;,(P?). The proof of Proposition 1 transforms the alternative allocation by iteratively
moving the actions down to V,(P}) for the lower contour subsets (resp., up for the upper
contour subsets) in a way that improves the receiver’s utility at each stage.
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F1GURE 5. An ROE part P} intersects an alternative partition.

4.3 Solving for the receiver optimal equilibrium

LEMMA 1. For any set (S,>4), let J C argminSCth(W(S) NS and J C
argmaxg g Vh(B(S‘) N .S). Both USQW(S) NS and U§e7B(‘§) N S are downward biased
sets.

Lemma 1 says that }}, is downward biased on any minimal-valued lower contour
subset or maximal valued upper contour subset. If there are multiple extrema, then 1},
is downward biased on any union. The ability to find downward biased sets is useful in
finding the ROE partition. Consider applying the above result as follows. Begin with the
entire type set T and use Lemma 1 to find a downward biased P;. Next, remove P; and
apply Lemma 1 to T\ P; to find another downward biased set P,. Repeat this process,
until the type space is exhausted. This process, which is formalized in Algorithm 1 and I
refer to as partition into pooled sets, generates the ROE partition.

ProposiTION 2. The output of “Partition into Pooled Sets” is the ROE partition.

The algorithm constructs the ROE partition “bottom-up,” i.e., starting with the low-
est payoff part.23 Acharya, DeMarzo, and Kremer (2011) showed that, in the Dye model,
the lowest payoff obtained by the sender is the minimum valued set that contains #y; a
result they termed “the minimum principle.” Proposition 2 generalizes this insight: the
lowest action pooled set is a minimal valued lower contour subset.

23When the minimization is replaced with a maximization, and the W operator is replaced with the B op-
erator, the algorithm constructs the same equilibrium partition “top-down,” i.e., starting from the highest
payoff part.
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Algorithm 1: Partition into Pooled Sets.
Input: (7, =4)
Output: ROE partition
i=18=T;
while §; # ¢ do
P, = argmingicsi Vh(W(S',-) nS;);

Pi= USGF,- S;

i=i+1;

Si=S8i-1\Pi-1;
end

Constructing pooled sets in the example from Figure 4 To illustrate the algorithm, con-
sider the example from Figure 4 with the uniform distribution g over 7. Any lower con-
tour subset contains the no evidence type t3. Since ATB~ and A~ B™ are the highest
value types and also undominated according to >,, they cannot be included in the
minimal value lower contour subset. Similarly, ATB* and A~B~ are undominated
types with the lowest values and dominate the higher value types A* and A~, respec-
tively, and so if the former types are included, so are their latter counterparts. This re-
veals that the relevant lower contour subsets for comparison and their associated val-
ues are given by v(#y) = 0.5, Vg({ty, A=, A"B™}) = 0.433, Vi ({ty, AT, ATBT}) = 0.366,
and Vg ({ty, A=, A=B~, AT, ATB'}) =0.38; s0 {ty, AT, ATBT} = Py is the lowest valued
pooled set. Excluding these types leaves a simple Dye evidence structure composed of
types {4~, A~B*, A~ B}, and an isolated A" B~ type. This immediately gives the equi-
librium behavior illustrated in Figure 4.

While the above algorithm provides a way to determine the whole equilibrium allo-
cation, the following theorem provides a single program that characterizes the equilib-
rium action for an arbitrary type.

THEOREM 2. The ROE allocation satisfies

fUR) = mi Vi, (W (S2) N B(Sp)). 7
m(L|U™) s max w(W(Sa) N B(Sp)) (7)

The interpretation of Theorem 2 is that the pooled set for a given type ¢ results from
the combination of two forces. First, type ¢ chooses some set of dominated types to pool
with—B(Sp)—to increase the receiver’s best response. Second, the types dominating
this chosen set—W (S,)—will pool with ¢ if it improves their value. This latter process
serves to lower the value as these more dominant types will only pool with ¢ if they have
relatively lower value. Thus, the min-max in (7) comes from (i) types that dominate ¢
pooling with ¢ to minimize his action (because it improves their own) and (ii) ¢ pooling
with types he dominates to maximize his action. The program in (7) reveals the com-
plexity in the general disclosure game: a type ¢ considering mimicking ¢ cannot just
consider the value of # but also all the types in B(¢'), i.e., those that also have the ability
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to mimic ¢, and of course, this consideration also flows in the opposite direction when
types consider mimicking .

Application to honest types Theorem 2 can be applied to the honest types model from
Section 2.1. Recall that the type space T =T’ x {S, H} is composed of disclosable evi-
dence {T”, >/} and an indicator 6 € {S, H} for whether the sender is strategic S and can
disclose according to >/, or honest H and must truthfully reveal t € 7". Forany R C T’,
define

V(R) =maxV},((R x {S}) U (H x {H})). 8)
HCR

This is the receiver’s best response to the strategic senders with evidence in R and the
honest senders with evidence A c R. The selected H is the subset of types in R that have
higher value than V(R) and so mechanically V(R)>V,(R),YRCT'.

PropositioN 3. The ROE allocation in an honest types model is given by

7 ((1, $)|UR) = min max V(W (S.) NB(Sp)),
(SaCT":teSy} {SpC T :teS)}

(¢, H)|UR) = min{m, ((¢, $)|UR), v(1)}.

9)

The ROE actions for strategic types are the same as in a standard disclosure game
without the honest senders, but where the receiver has more favorable beliefs about the
sender: his best response to all subsets shifts up from }, to V. In contrast, the receiver
obtains his bliss point for any nonstrategic sender type with value less than the ROE
action of his strategic counterpart. The argument for the result uses Theorem 2. The
ideais that S, in (7) can be altered to include or exclude arbitrary honest counterparts of
the strategic types in W (S,) N B(Sp). Since S, is chosen to maximize the receiver’s value,
this yields the objective in (8).

5. WHY MORE EVIDENCE IMPLIES MORE SKEPTICISM

The previous section characterized pooled sets as those over which the receiver’s best re-
sponse is downward biased. Still, because the downward biased property does not imply
monotonicity, we cannot employ standard comparative statics to show that the value of
a pooled set decreases under a more evidence shift. Establishing this fact, which serves
as the backbone for the proof of Theorem 1, is the goal of this section. For ease of ex-
position, I assume all distributions have full support and that the receiver has quadratic
loss so that V;(S) = E[v(s)|s € S, s ~ f].24

PROPOSITION 4. Let (S, >4) and f € AS. V;(S) < V,(S) Vg € AS such that f >y g with
respect to (S, >4) if and only if Vy is downward biased on (S, >=,).

24Section B.7 shows how to use these results to prove Theorem 1, which does not assume f, g € AT have
full support and the receiver can have arbitrary utility U € YX.
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The result says that the condition that characterizes pooled sets in the ROE also char-
acterizes monotone comparative statics (MCS) under a likelihood ratio increase in the
distribution up a partially ordered set, i.e., a more evidence shift. Proposition 4 implies
that equilibrium actions are lower under more evidence changes in the receiver’s be-
liefs that preserve the ROE partition. At the end of this section, I discuss how to adapt
this conclusion to the case in which the ROE partition changes under a more evidence
shift.

One direction of Proposition 4 is relatively straightforward. If 1}, is not downward
biased on (S, >,), there is a lower contour subset with lower value than S as a whole.
Moving probability from this subset to its complement is a more evidence shift and in-
creases the value of S. The other direction in Proposition 4 is more complicated. One
would like to use the following well-known comparative statics result: the expected
value of a decreasing function is lower under a monotone likelihood ratio shift. This
result appeared in Topkis (1976) and is formally reproduced below in terms of receiver
best responses.

Fact 1. For f,g € AS, if Vt,t' € S, f(t)g(t) = f(£)g(t) = v(t) < (), then V;(S) <
Ve (S).

If the disclosure order were complete, and the receiver’s best response were decreas-
ing in the disclosure order on any pooled set, the above fact would yield Proposition 4.
The problem is that the disclosure order is not complete, and even if it were, as Figure 4
illustrates, no such monotonicity property holds on the ROE pooled sets. The next sec-
tion instead uses the above fact iteratively to establish MCS for downward biased sets.

5.1 Iteratively pooling subsets

Consider a downward biased set (S, >;) and two distributions f, g € AS such that f > /¢
g. For ease of exposition, assume that for any two different types ¢/, t" € S, f(¢')/g(t') #
f(")/g(t"). Order types according to their likelihood ratio as § = {1, ..., t,} where
f(t)/g(t:) > f(t))/g(tj)) <= i> j. Because f >y g, this likelihood ratio order refines
the disclosure order >4, i.e., t; >4 t; = i > j. The important implication is that any
lower truncated set of types, {11, ..., #}, is also a lower contour subset of S. This means
that the downward biased property implies that V;({t1,...,4}) > V;(S) VI=1,...,n. 1
prove Proposition 4 by appealing to the algorithm described below. In the main text, I
provide a proof sketch in the case where UR is quadratic loss, and an illustration in the
context of Figure 4. I leave the proof in the general case to Appendix B.

Description of the Algorithm The algorithm begins with the complete partition, Q! =
({rn}, {©2}, ..., {t,}). Beginning with #, the algorithm repeatedly forms the largest con-
secutive sequence of elements such that v(¢;) is decreasing in j. That is, the first se-
quence is {f1, f2, ..., t;} such that v(#1) > --- > v(¢7;) and v(¢,) < v(f1,+1), the second
sequenceis {t;,y1, ..., t,} such that v(¢,41) > - - > v(t1,) and v(¢1,) < v(#1,+1), and so on
until all types in S are exhausted. Next, a coarser partition Q? is formed by pooling all
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the elements of each decreasing sequence into an associated single part with value de-
termined by V;(-). That s, Q% ={t,...,t,}, Q% ={tr,+1, ..., t1,}, and so on. This process
is repeated: at each stage, Q' is coarsened into Q! where each part of Q'*! pools a con-
secutive sequence of Q;. over which Vf(Q;.) is decreasing in j. The algorithm concludes
at stage T defined by Q7 = Q7+, i.e., where Vi( Ql.T) is strictly increasing in i.

Proof sketch of Proposition 4 Consider an arbitrary partition element, Qf, at stage £ > 1.
Because each stage coarsens the partition, Q; is composed of “adjacent” parts from the
previous partition, i.e., Qj. = Uf:l Qf_l for some [ < I, where Vf(Qf_l) is decreasing in /
forl=11+1,..., 1. This means that, using Fact 1,

! . G0 4 . . .
2@ G(Q) = =5 D Vi@ F(Q) = G(2)V(2),
1=l F (Qj ) 5
where the last line makes use of the fact that the receiver has quadratic loss so that V7 is
a conditional expectation. By summing over all parts in Q', we get

2 V(@ HG(Q) = 2 V()G (Q):
/ [

Since this inequality holds at each stage, it holds between i = 1, where each part is a
single element, and the terminal stage i =T, i.e.,

Ve($) =Y witpg) = Y vy ()G (o).

If the terminal partition is trivial, i.e., QIT = S, then the right-hand side is V;(S), which
completes the argument. If the terminal partition is not trivial, then V;(QT) < V;(S5),
which contradicts the downward biased property.

Comparative statics in the example from Figure 4 Recall the pooled set P; = {ty, AT,
A*B*} from Figure 4, which is downward biased under the uniform distribution g.
Let f >yE g, which in this case means that f MLR dominates g on the ordered set
(1, AT, ATBT). Let f and g be respective distributions of f and g conditioned on P;, so
that G(P;) = F(P;) = 1. Note that f and g retain the MLR order.

The algorithm starts at the complete partition—Q! = ({tg}, {41}, {ATB*}), and
forms maximum decreasing sequences according to v and the disclosure order. These
sequences are collapsed into new elements of the partition Q?, i.e., Q% = {ty} and
Q% = {A*, ATBT}. Notice that because the receiver’s value is decreasing on each part
of this new partition, V3(Q?) > Vf(le) Vi=1,2.

The process repeats and because Vg(Q%) =v({tp}) =0.5> 0.3 =V;({A", ATB*}) =
V;(Q3) forms the sequence (QF, 03) coarsening Q? into the trivial partition. Notice
again that because V3(Q7) > V;3(Q3), and f MLR dominates g,

Va(O)F(0F) + Vz(Q3)F(Q3) < V3 (01)G(QF) + V2 (Q3) G(03)-



1234 Daniel Rappoport Theoretical Economics 20 (2025)
Putting the inequalities gleaned at each stage together give

Vi(P1) =V5(P1)

= v(t9) f (1) +v(A") f(A™) +v(A"BY) f(A*BT)
VG (G + V(0DF(0))
< Vz(QD)F(QF) + Vz(Q35)F(03)

<V(Q7)G(Q}) +V3(05)G(Q5)
=Vz(P1) =Vg(P1).

5.2 Changes in the equilibrium partition

Proposition 4 is only sufficient to show that more evidence implies lower equilibrium
actions in the case when the ROE partition is constant. This subsection provides intu-
ition for extending the argument to cases in which the ROE partition changes when the
sender has more evidence.

Consider that f >y g. For simplicity, let the associated ROE partitions P8 =
(P§, P3) have two elements, while P/ = (P{ ), has only one. For « € [0, 1], define the
combination distribution, %, = af + (1 — a)g with corresponding ROE partition P =
(P§, ..., P& ). By Proposition 1, V (P{) <V, (P5), and V3 (P{) > V; (P5).

Because the receiver’s best response to these subsets is continuous in «, there must
exist some «* above which the ROE partition changes from P# to P/ and Vi (Plg ) =
Vi e (P3). For simplicity, suppose that this is the only change in the ROE partition as «
increases from 0 to 1. Notice that for « > &/, hy > g hy, and so Proposition 4 completes
the argument in this case. The idea is that each equilibrium part—Pf and Pzg —decreases
in value as « increases, until equalizing at « = «*. For a > «*, all types pool together and
so again by Proposition 4, the value of P} = S decreases in a.

6. APPLICATION TO DYNAMIC DISCLOSURE

Consider an entrepreneur making progress on a project that he can eventually disclose
to a venture capitalist to obtain an investment. Naturally, this progress happens gradu-
ally: first, perhaps the entrepreneur attempts to develop a prototype, and only after can
he potentially run performance test. This presents the investor with the opportunity to
speak with the entrepreneur at some intermediate stage when potentially not all the ev-
idence has arrived. Can the investor benefit from these additional communications or
should he just wait until making his investment to consult with the entrepreneur? The
depth in this question is particular to multidimensional evidence structures: if the en-
trepreneur could potentially obtain only a single piece of evidence as in the Dye model,
any early signaling would essentially end the game.

On one hand, broad lessons from dynamic mechanism design speak to the potential
benefits of this early communication when the entrepreneur has less private informa-
tion about his eventual progress. On the other hand, in a framework where investment
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decisions are made only based on final disclosures, one might doubt whether early dis-
closures would ever be made by the entrepreneur: why would he want to disclose early
progress only to set expectations high for the future? Below, I develop a simple two-
period extension to the static disclosure model, and characterize when the receiver can
and cannot benefit from early disclosure.

6.1 Dynamic arrival of evidence

A single sender and a single receiver interact over two periods. The disclosure in each
period follows the structure of the main text model in Section 2. The sender has evidence
t; € T in period i, where |T| = n. In each period i, the sender sends a message s; € T,
which is constrained according to the disclosure order >4, i.e., s; € {s: t; =4 s}. I assume
that there is a “no evidence type” #5 € T such that ¢ =, t5 Vt € T. Sending fy in either
period is interpreted as nondisclosure. The type space and disclosure order, (T, >,),
remain the same across periods. After observing the disclosure in each period, s; and s»,
the receiver takes an action a to maximize UR (a, t») where UR € Y. That is, the receiver
only cares about the final evidence of the sender when selecting his action. I maintain
that the sender simply wants to maximize the chosen action a.

The sender’s evidence arrives gradually, and so his type changes between periods.
The distribution of evidence # in period 1 is given by 4; € AT, which is assumed to have
full support. The probability of evidence #, in period 2, conditional on # in period 1, is
given by

h(t2)

ha(t2]t1) = { H(B(t1))
0 otherwise,

if o € B(11),

for some /& € AT with full support. This implies that possessing more evidence in period
1 makes one more likely to have more evidence in period 2 in the sense of Definition 1.
Note that for # #, t1, the probability of realizing #, after #; is zero, i.e., the sender does
not “lose evidence” over time, and, for simplicity, this is the only way that # depends
on #1. Also, evidence is not “time-stamped,” i.e., the sender cannot credibly convey in
period 2 when any disclosed evidence arrived.

I focus on PBE of this game with the additional assumption that the ROE character-
ized in Theorem 2 is selected in period 2. That is, denote the receiver’s interim beliefs
about t,—after observing s1, but before observing so,—#h,, € AT. The equilibrium alloca-
tion as a function of the type is determined according to my, (£2|U Ry Vt, € Supp(hy, ).25%6

25Formally, given sender period 1 disclosure strategies o1 : T — AT, if 51 € Uy er Supp(o1 (1)), let ()=
P(-|s1) be the receiver’s beliefs about #; computed according to Bayes rule, and otherwise let 71 € A(B(s1)).
The interim belief given disclosure s; is &y, (1) = Ztl T h2(12|t1)fz1(t1). Given this refinement, equilib-
ria are described by a sender period 1 strategy o) : T — AT, and interim beliefs 4 : T — AT, such that
Supp(o1(#1)) S argmaxg, ¢y (y) E[Wﬁsl (12|UR)|t2 ~ ha(-|t)].

26Recall that this equilibrium focus also corresponds to the receiver having commitment power within
but not across periods, or to the truth leaning refinement a la Hart, Kremer, and Perry (2017) in period 2.
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For a given equilibrium of this dynamic disclosure game, denote 7 : T — AA as the
distribution of equilibrium actions as a function of the sender’s period 2 type.?’ Let
the ex ante distribution over period 2 types be denoted by 4 4 € AT.?8 One equilibrium,
which I term static communication, involves the sender disclosing f; in period 1 regard-
less of #;. This induces an allocation that is degenerate on , , (£2|U Ryforeveryt, e T,
i.e., equivalent to the ROE in a static disclosure model. I say the receiver benefits from
early inspections if there exists an equilibrium allocation 7, which the receiver prefers
to the static communication equilibrium. More specifically, the receiver benefits from
early inspections if there is an equilibrium 7 such that 7 (#2) is nondegenerate for some
t» € T. Such nondegeneracy represents the receiver obtaining instrumental information
in period 1. Thus, the question of whether the receiver benefits from early inspections
reduces to whether there exists an equilibrium in which the sender makes informative
disclosures in period 1. The following feature of disclosure orders is pivotal to this ques-
tion.

DerINITION 3. A disclosure-ordered type space (7T, >,) has the unique evidence path
property (UEPP) ifve, ¢, 1" e T, t =4 ¢, and t =4t = t' =4t ort" =4 1.

An alternative description of the UEPP is that for any type ¢, W () is completely or-
dered. In this sense, the UEPP says there is a unique “path” in the disclosure order to
each type. While every Dye model satisfies the UEPD, this is not true for multidimen-
sional evidence structures: the UEPP is satisfied in the sequential evidence collection
model in the right panel of Figure 2, but not in the independent evidence collection
framework in the left panel of that figure.? Indeed, the main interpretation of the UEPP
is that the evidence is gathered through a sequential process of investigations uniquely
determined by the results of the previous one. The motivating example of this section
satisfies the UEPP: a prototype can only be tested if it has first been successfully devel-
oped, and so revealing a successful performance test would also reveal which prototype
was developed. In the context of criminal investigations, an alibi can only be reported
if the suspect has first been identified. If instead different pieces of evidence can be
collected independently, then the UEPP will not be satisfied.

ProrosiTiON 5. If (T, =) satisfies the UEPR then the receiver does not benefit from early
inspections. If (T, >4) does not satisfy the UEPP, then there exists h1, hy, and UR such that
the receiver benefits from early inspections.

The more complicated implication is that the receiver does not benefit from early
inspections under the UEPP i.e., that all equilibria are outcome equivalent to static com-
munication. Recall that if instrumental period 1 disclosures could be elicited, those that
lead to different ROE actions in period 2, they would be valuable even under the UEPP.

2"The receiver does not randomize over actions in period 2, rather the potential randomness in 7 arises
due to different period 1 disclosures leading to the same period 2 disclosure.

8Thatis, ha(t) = Y ,cr M1 () ha(t]s).

29Note that {0, 1} >, {0} and {0, 1} =, {1}, but {1} and {0} are not ordered according to >.
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The result holds because such early disclosures are not incentive compatible for the
sender. The key intuition is that disclosing evidence in period 1 is bad for the sender
because it effectively tells the receiver that “more evidence” is expected in period 2 as
compared to if such evidence was not held in period 1. This in turn induces worse equi-
librium actions from the receiver because of Theorem 1. Without the UEPP two available
disclosures for a given sender type t may be incomparable according to >4, and so one
disclosure may not signal “more evidence” in the eyes of the receiver.3°

Proposition 5 suggests that if the sender is deciding only “how much” evidence to
disclose, as in the sequential collection evidence structure, then the receiver cannot
benefit from the sender’s evidence arriving gradually. Alternatively, under the indepen-
dent collection case, where the sender additionally decides “which” evidence to disclose,
the receiver can benefit by speaking to the sender before he has acquired all evidence.
Importantly, such a distinction does not appear in the Dye evidence model, and so this
takeaway could not be gleaned with existing comparative statics results.

APPENDIX A: PRELIMINARIES
LeEMMA 2. Consider two distributions q1, q2 € AT such that Vy, (T) < (=)V,,(T). For any
A€ (0,1), Vg (T) < (EWagi+a-ngo (T) < (=)Vg, (T).

Proor. This follows directly from Hart, Kremer, and Perry (2017), Lemma 1. O

A set (S, =4) is poolable with respect to full support & € AS if there exists a feasible
sender strategy and receiver best responses on path a” : | J, ¢ Supp(oy) — A such that
a’?(s) = Vp(S) Vs € [J,es Supp(os). Define the following useful notation for a partially
ordered set (S, >4):

i) WS)={teS:VseSt#,s},

(i) VTS ={seS:v(s) =S},
(iii) VW' cW(S)EW')=B(W')\B(W(S)\W’'), and
(iv) YW CcW (S QW )=EW')U(BW')NV*(S)).

LeMMA 3. A partially ordered set. (S, »4) is poolable with respect to h € AS if and only if
YW CW(S) Vi(Q(W')) = Vi(S). (10)

Proor. “= " Take a pooling strategy o. Note that it is without loss to take Supp(o) C
w(S).3! Take W’ c W(S). Since o is pooling, the best response must be a”(w) =

30In my earlier working paper (Rappoport (2020)), Appendix F provides an example with informative
dynamic signaling when the UEPP is violated.

31For each t € | J s Supp(o) \ W.(S), identify arbitrary £(¢) € W(S). For each w € W(S), define &;(w) =
Y rw=i(h 0s(1) and &5 (t) = 0 otherwise.
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Vi (S) Yw € Supp(o). Let

> ou(s)h(2)

seWw’

DR AOLG)

s'eS seW’

q(t) =

and note that by Lemma 2 and the fact that o is pooling, V,(S) = V}(S). By definition,
q(t) = h(t) Vt € E(W’). Moreover, the induced distribution of types given Q(W’) adds
probability of types with value greater than 1/,(S) and decreases the probability of types
with value less than 1, (S). By Lemma 2, it must be that 1},(S) <V, (Q(W")).

“—"Let H={geAS: W (Supp(g)) C W(S)}. By definition, # € H. I show that
there exists a pooling strategy on (S, =) with respect to every g € H that satisfies the
assumptions of the proposition by induction on |W (Supp(g))|- For the base case of
W (Supp(g)) = {w}, the strategy o;(w) = 1Vt € § is a pooling strategy.

Now let there exist pooling strategies for all g € #H that satisfy (10) on W (Supp(g)),
such that |W (Supp(g))| = N and consider a distribution g’ € AS with |[W (Supp(g'))| =
N + 1 that satisfies (10) on W (Supp(g’)) = W. Consider arbitrary w € W. First, consider
the case in which Vy (E({w})) < V/(S). For A € [0, 1], define C) and distribution f) € AS
as follows:

Cr= Y (Msequp + (1= Vlserup)g (5),

seS

a(8) = (AMgeoqup + (1 — M Lsep )8 (8)/Cr VsES.

First, because E({w}) C Q({w}) fi(s) = g'(s)/Cy) Vs € E({w}), i.e., f) includes all prob-
ability mass of types that must declare w. Second, note that f1 = g'|g ), 80 V5 (S) =
Ve (Q({w})), which means that Vy, (S) > V/(S) by (10). Third, note that fo = g’|E({w}), SO
V5, (S) =V (E({w})), which means that V}, (S) < V,/(S) by assumption. Since V7, (S) is
continuous in A, 3A € [0, 1] such that V, (S) = V/(S).

Suppose now that Vg (E({w})) > Vi (S). By definition, Q(W \ {w}) N E({w}) =¥ and
Ve (QUW \ {w})) = Vg (S) by (10). Let R = Q(W \ {w})°. This means that E({w}) C R and
Vg (R) < Vg (S) by Lemma 2. Now for A € [0, 1] redefine

C\= Z(/\ﬂseR +(1- /\)ILSGE({w}))g/(S),

seS

a(s) = (AMger + (1 = M LgeE ())& (5)/Cr Vs €S.

By symmetric logic to the above paragraph, f)(s) = g’(s)/C» Vs € E({w}) and Vi (S) <
Ve () < V5, (S). Since the receiver’s best response is continuous in A, 3 € [0, 1] such
that Vy, (S) = V/(S).

Now consider the distribution, g” € AS defined by

g (s)= 1-C, .
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Since g’ is a convex combination of g” and f) and V}, (S) = V,/(S), by Lemma 2 Vi (S) =
Vg (S). By definition of f), g”(s) =0 Vs € E({w}), so W (Supp(g”)) = W(S) \ {w}. Thus,
|W (Supp(g”))|=N.

Now I verify that S with distribution g” satisfies (10). Consider arbitrary W’ c
W (Supp(g”)) = W \ {w}. By construction, Supp(fy) € Q({w}) € Q(W’' U {w}). Thus,
Vi (QW' U {w})) = V5, (8) = Vg (S). By (10) on S with respect to g’, Ve (Q(W' U {w})) >
Ve (S). Finally, since g’ is a convex combination of ¢g” and f), by Lemma 2 V (Q(W' U
{w})) =V (QW')) = Vg (S) = Ve (S) and (10) is satisfied on S with respect to g”.

By the induction hypothesis, 3o : Supp(g”) — AW (Supp(g”))) that is pooling with
respect to g”. Now Vw' € W define

ar(w') = {(1 — Caa(t))or(w')  ifw € W(Supp(g”)),
f - CAv(1) i = w.

The best responses to ¢ are the best responses to o on W (Supp(g”)) and the best
response to f) on w. Thus, & is a pooling strategy for g’ on S. O

Lemwma 4. IfV}, is downward biased on (S, =), then (S, >4) is poolable with respect to h.

Proor. Take W' c W(S). Because E(W’) is a lower contour subset of S and 1/, is down-
ward biased on S, V,(E(W’)) > V};,(S). By Lemma 2, V},(Q(W’)) > V},(S). The result fol-
lows from Lemma 3. |

APPENDIX B: PROOFS
B.1 Proof of Proposition 1

Proor. The argument for Proposition 2 provides existence of an interval partition P*
such that V}, is downward biased on P} Vi =1, ..., m. The existence of pooling strate-
gies on each P} is provided by Lemma 4.3% I will show that such a partition is the ROE
partition. Suppose that 7: T — R be some alternative allocation such that ¢t >; ¢ —
7 (t) > w(t'). Let P = (Py,..., Py) represent the associated interval partition into or-
dered equivalence classes induced by 7.

CLaM 1. The receiver’s utility is higher under P* than under .

Proor oF CrLaIM. I show that the receiver’s utility is higher on each part P}. Let Q; =
P; N P} and a; = m where [ is the j’th highest index such that P, N P} # ¢ with P} =
U?:l Q;. Take k such that ay <---<ap < Vi(P}) < ap <
is an interval partition, U;‘Zl Qj = Q, is alower contour subset of P; for every k. This
means that Vh(gk) >V}, (P}) Yk because V), is downward biased on each P}. By strict

--- < az. Note that because P

32For any off path ' € P} in such a pooling strategy, one can set a(¢) = V},(B(t) N S) < Vj,(P;) where the
inequality follows for the fact that 1}, is downward biased on P;.
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concavity of UR, moving the action closer to a set’s bliss point for that set increases the
receiver’s utility. Thus, Vk < k, Va € [ay, V,(P})],

> URar, () < Y UR@, 0h) < Y URVi(PF), 1) h(2). (11)

tegk tegk tegk

Using these inequalities in (11) give

k
> URar, ht)+ Y Y UR(a;, (o)

tegk j=k+1t€Qj
i
< Y URap, o+ Y- Y URa;, k)
€@, j=k+21€Q;

A sequence of these inequalities as k ranges from 1 to k—1 gives that

k
YN URag, k) < Y URag, nh() < Y URVL(P)), t)h(0).

Jj=1 ter teglz teglg

This shows that the receiver does better on Q; U--- U Q; under P* than under P. A sym-
metric argument for higher actions shows that the receiver also does better on each up-

ko0 0

per contour subset U]: il

B.2 Proofof Lemma 1

PROOF. Let $* € argming_g Va(W(S)NS) with W =W (S*) NS and V = V;,(W). Suppose
that 38 c W : V(W (S) N W) < V,(W). Since being a lower contour subset is preserved
under intersections W (W (S) N W) = W (§) N W, which contradicts the minimality of W
in the above problem. Thus, each minimizer of the above problem is downward biased.

Now take J C argmingcs V;,(W(S) NS)withJ = (S1, ..., Su), Wi=W(SHNS,and W =
UX_, W.. Note that because each W, is downward biased and W; \ Uj;ﬁ W is an upper
contour subset of W;, Vj,(W; \ Uj;ll Wj) <Vu(W;) =V. Since W is the disjoint union
of these sets, i.e, W = J*, (Wi \ Uj-;ll Wj). Lemma 2 implies that V,(W) < V. Thus,
W e argming cs Vh(W(S‘ ) N .S), and so by the previous argument W is downward biased.
The argument is symmetric for the argmax case. O

B.3 Proof of Proposition 2

Proor. Algorithm 1 produces a partition of 7 into disjoint sets (P1, Po, ..., Py). L argue
that this partition satisfies the requirements of Proposition 1, and thereby constitutes
the ROE partition. Lemma 1 implies that each P; is a downward biased set. By construc-
tion, V},(P;) < V},(Pi+1), otherwise V), (P; U Pi11) < V},(P;) by Lemma 2 contradicting that
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P; is selected. Now suppose that ¢ =4 ¢ with r € P;, and ¢’ € P; such that i < j. Then
W (P;)N(T\ (Uﬁ;ll P;)) # P; again contradicting that P; was selected. The argument is
symmetric for the arg max case. O

B.4 Proofof Theorem 2

Proo¥r. Take the ROE partition (Py, ..., Py,). For t € P;, V},(P;) = m,(¢|UR). Thus, I prove
that the solution to the problem on the right-hand side of (7) is V},(P;). Define S} =
Uj'(:l Py and S} = J;-; Px. I show that choosing S, = S} bounds the value of (7) to be
less than 17, (P;). We instead consider

max min V(W (S,) N B(Sp)). (12)
{Sp:teSp} {SaiteSat

The argument for why choosing S, = §;; bounds the max-min value in (12) to be greater
than V},(P;) is symmetric. The conclusion follows from the max-min inequality, which

implies a saddle point.
Take feasible S,. B(Sp) N W(S)) = U};zl(B(Sb) N P;). By Proposition 1 and since
B(Sp) N Py is an upper contour subset of each Py, for k <i V,((B(Sp) N Py) < Vj(Py) <
V,(P;). Thus, by Lemma 2, V, (U _, (B(Sp) N Py)) < Vi(Py). O

B.5 Proof of Proposition 3

Prookr. For a given subset of strategic types R C T’ x S, let H(R) C R x H, be the set
of honest types that solves (8). Let the value of the problem in (7) be V with associated
solutions S and Sy, where Ry = (W (S;) N B(S;)) N T’ x 0 for 6 € {S, H} be the associated
set of strategic and honest types. First, observe that without loss in the optimization
(t,H) e Ry = (1, 5) € Rs. To see this, first suppose v(t, H) <V, then setting S, =
RsU(Ry\ (t, H)), gives V(W (SN B(S,) >V by Lemma 2. Analogously, if v(t, H) >V,
then setting S, = Rg U (Ry \ {(¢, H)}) gives V(W (S,) N B(Sp)) < V for any feasible Sj,.
Now note that setting §b = RsgU I:I(RS) in (7) gives V(W (Sz) N B(Eb)) =V(R) >
V(W (S3) N B(S})) by definition of H(R). Let (¢, S) € P; in the ROE partition. (¢, H) ¢ P;,
then since (¢, H) is isolated in T\ (U;?:i P;) according to >, Proposition 2 implies that
(t, H) is in a singleton pooling set and 7, ((¢, H)|UR) = v((¢, H)). O

B.6 Proof of Proposition 4

PROOF. “ <= " Let r : § — R be defined as r(s) = UR(V}(S), s) and define E} (') =
E[r(s")|s € S, s’ ~ h] for h € AS. Notice that (i) E;(S) =0, and (ii) because URX is strictly

concave, Vh(g) >V5(S) = EZ(S‘) >0,VS C S, Vh e AS. Because Vy is downward biased

on (S, =4),so0is E]’c Because f > /g g, we can order the elements of S as (sy, ..., s») such
that i > j implies f(s;)g(s;) = f(s;)g(s;) and s; /4 s;. Note that Vk > 1, {s1,...,s¢} isa
lower contour subset of S and so because E} is downward biased on S, E}({sl, R A
0. Now I will input (s1, ..., s5;) into the algorithm from Section 5.1 using the receiver’s

set valued best response as E” instead of 1.
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Because the algorithm acts on a finite set and repeatedly returns strictly coarser par-
titions it must terminate at some stage T. At this point, QT = QT“, which means that
EL(Q]) <--- < E}(Qy,), which implies that E7(Q]) = E}({s1, ..., st}) < E}($) =0if Q7
is nontrivial. Thus, QT = (9) is the trivial partition.

Consider the partition Q' = (Q!, ..., Q') generated at stage i > 1. Each part Qj. is
the union of a consecutive sequence of parts from the previous partition Q_"*1 of de-
creasing value. That is, for each j there exists k(j) < k( j) such that Q;. = U;;U/'c_)(j) Q;‘l
and E]’C(Q;;_l) is decreasing for k(j) <k < k( j). Moreover, the likelihood ratio order is
preserved at each stage, i.e., F(Q;.)G(Q;.H) < F(Q;.H)G(Q;.). This means that one can
use Fact 1 on the set Q}, to obtain that Vi, j,

k() k()
1 . . 1 |
i Er Ql—1 G Ql—l > - Er Ql—l F Ql_] :Er Ql .
Gigy & FHeoer) 2 g 3 e = Ej (0

Using a string of these inequalities on each part of the partition at each stage of the
algorithm, we get

Eg($)= ) EH(Q0)G(Q) = Y Ep(Q5)G(Qr) = Ef(S).

Qcs ofcs

The first equality follows from the fact that Q! is the complete partition on S and the
second equality follows from the fact that Q7 = (S) is the trivial partition on S.

“ =" Suppose there exists a lower contour subset L = W (L) C S, such that V';(L) <
Vi(S) = Vy(L) < V;(S\ L). Define g(s) = f(s)/F(L) if s € L and g(s) = 0 otherwise.
[ =mE gbutVy(S) > V,(S). U

B.7 Proof of Theorem 1

Proor. “ = " Note that if f >yr g then Z8 = {t € T : g(¢t) = 0} is an upper contour
set of (T,>4) and Z/ ={te T: f(t) =0} is a lower contour set of (T, >;). Let P§ =
(P§,..., P}, Z8) be the ROE partition under g and take arbitrary j and ¢ € P;.g . Define

D8 = 5;:1 P,f and consider the problem,

~ max V¢ (B(S) N (D8 z7)), (13)
ScT:B(S)N(DS\ZS )£

with corresponding solution S with R = B(S) n (D¢ \ Z/). Note that R C Supp(f) N
Supp(g). Because Dy \ Z/ is a feasible S, in Theorem 2 under f, Vy(R) > m/(¢|UR).
By Lemma 1, V7 is downward biased on R. Thus, by Proposition 4, this means that
V¢(R) = Vy(R). Now notice that by Proposition 2,

me(tlUR) = max  V(B(S)nD$).
SCT:B(S)NDE£Y
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Moreover, because Z/ is a lower contour subset of T,

omax  V(BS)NDS) > max Ve(B(S) N (D8 \ Z7)).
SCT:B(S)ND8#Y ScT:B(S)N(DS\Z/)#0

Thus, 7, (t|{UR) > V,(R). Putting this string of inequalities together gives the desired
conclusion that 7Tf(t|UR) < 7Tg(t|UR).

“«—="1lett>yt and f, g € AT such that f(#)g(¢') < f(t)g(t) with ¢ € I. Define
S=W{}) NB{r'}), and S = S\ {t, ¢'}. Notice that either (a) F(SU {1})/f(¢) < G(SU
{t1)/g(t"), or (b) f(1)/F(SU{'}) < g(1)/G(SU{t'}). Consider two actions v > v and let U
be quadratic loss, with (i) v(s) =v Vs ¢ W ({t}), (ii) v(s) = v Vs € W(¢) \ B(¢), (iii) in case
(@) v(s) =v Vs € S in case (b) v(s) = vVse S, (iv) v(t) = v, and (V) v(¢') = .

For any distribution # € AT, the ROE partition is made up of 3 parts given by P; =
W{th\S, P, =Sand Ps =T \ W({t})). The associated actions (as long as each part has
positive support are V;,(P1) = a, V,(P3) = a, and V,(P2) = V;,(S). V3 (S) > V,(S) in either
case. Thus, ¢ (¢'|UR) > g (¢'|UR). O

B.8 Proof of Proposition 5

Proor. Recall that given a period 1 sender strategy o : T — AT, hy € AT is the receiver’s
interim belief following period 1 disclosure s. Note that

h(t2)
Y A on(®hi(n)
heW({t2}) H(B(tl)) 1

> on(s)hi(n)

nheT

hs(t2) = (14)

CraiM 2. Suppose s, s” € UtleT Supp(oy,), S € T is an interval, S N Supp(hy) # B, and
SN Supp(hy) #@. If o, (s") =0Vt €S then hy >yE hy with on (S, =4).

Proor ofF CraiM. Take 7, t, € Supp(h;) for some period 1 declaration s such that 7, >,
t,. Itholds that hg(22)/h(t2) > hy(t,)/h(t,). To see this, expand the expressions on either
side of the inequality using (14) to get

O'[I(S/l/)hl(tl)> Z Uzl(Sll/)hl(fl)
Z vy —t (15)

H(B(t)) H(B(t))

nheWi(t) nheWi(t,)

Since 72 >4 t,, the LHS sums more terms (in a set containment sense) and is therefore
greater than the RHS. By showing that the above is an equality for s = s”, we will have
shown that iy (12)hy (1) > hy(ty)he (t2), 1€, hy >pE hy Oon S. Suppose to the contrary
that the LHS > RHS of (15) for s = s”. This means there exists 1 € W ({f2}) \ W ({t,}) such
that o4, (s”) > 0. But since #, t, € W(%2) and since ¢, #4 t1, by the UEPP f; >, 1,. But
because S is an interval, #; € S. This means that oy, (s”) = 0 by assumption, which is a
contradiction.
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I first show that under the UEPP the only equilibrium allocation is static communi-
cation. Consider a candidate nondegenerate equilibrium allocation 7 : T — A A with as-
sociated sender period 1 strategy o : T — AT and with corresponding period 2 ROE par-
titions given period 1 disclosure s of B({t; : o/, (s) > 0}) denoted as (P%, ..., an(s)).?’3 Twill
show that V¢ € Supp(hy) N Supp(hy), we have that (i) ¢ € Pf{' N P;” = P,S(/ N Supp(hy) =
P;” N Supp(hy) and (i) 7, (| UR) =, , (1] UR).

Towards a contradiction, let P,i/ be the highest index part of P*' to violate condition (i)
or (ii) or both. Take P;f” with the highest index j such that P;" N P;c'/ # ¢. This means that
P]S.,” N P,S{/ =@V}’ > j and since higher parts of P¥ cannot violate (i), P]?” N Pfc// =0Vk' > k.
This means that P}ir is feasible in the maximization that selects P;” in the construction
of each partition of the maximization version of Algorithm 1. At the stage where P,i/ is
selected, the fact that P;" N Pfcl, =@ Vk' > k means that P;H is also available. This means
that V,, (P{) =V, (PY) and Vi, (PS) = Vi, (P).

Now suppose that Vi, (P;:) >V, (P;f"). Each period 1 type ; € P;g expects to remain
in Pfc/ in period 2 with strictly positive probability in which case he gets a strictly higher
action from s, or to end up in a higher part in which case he is indifferent between s’ and
s” by assumption. This means that declaring s’ strictly dominates declaring s” for #; and
S0 oy, (s") =0Vt € P;j. Thus, by Claim 2 hy >y g by On P,i/. Using Proposition 4, this
implies that 1}, , (P;i’) <Vh, (P,f). Using the inequality above that 1}, , (P]S.”) > Vi, (P,SC/)
leads to a contradiction. The opposite case in which Vi (Pf(/) <V, (Pj.//) is symmetric.

The only remaining case is that Vi, (P,i’) =Vh, (P]S.” ). In this case, P,i’ does not violate
condition (ii), so it must violate condition (i) by assumption. Without loss, let P,S{' 7 PSH,
the opposite case being symmetric. Now define the nonempty interval R = {J; _; P;,” N
P,i/. Notice that period 1 types in R strictly prefer declaration s’ to s”; in period 2, they
either remain in R in which case s’ is preferred or they end up in a higher part in which
case they are indifferent by assumption. This means that oy, (s") =0 V#; € R. Thus, by
Claim 2 hy >ymE hgr on R.

Since by assumption PJS.,N N P]i/, =0 Vk' > k, j < j, the upper contour subset of P]s.,”
given by (| K>k PS/,) N P;N = P,i/ N P;,”. Thus, by Proposition 1 Vi, (P,i/ N P;///) <V, (P;,”) <
Vi, (P]?//) Vj’ < j. R is the disjoint union of these upper contour subsets and so by
Lemma2V; ,(R) <Vj, (P;.'" ). By analogous logic, R is alower contour subset of P,i/. This
means that any lower contour subset of R, denoted R, is in turn a lower contour subset
of P;{J and thereby has V}, , (R) > V},,, (P,i/). The following claim extending Proposition 4
establishes a contradiction using S =R, hy = f and hy = gand v = Vi (P;{"). This com-
pletes the proof. O

CraiM 3. Supposethat (S, =) is a disclosure ordered subset. Take two distributions f, g €
AS such that f >y g. If v is such that, Vy(W(S') N S) =0 VS CS, then Vy(S) > v.

331f 7 is degenerate, then the result follows from the fact the degenerate action must be the best response
to each pooled set under the unconditional period 2 distribution by Lemma 2.
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PrOOF OF CLAIM. Suppose not, i.e., V;(S) < v. There exists a lower contour subset W C
S such that (i) V(W) < v, and (i) V,(W(S") N W) =v VS : W ¢ W(S'). To see that such
a subset exists, notice first that S satisfies (i). Furthermore if a lower contour subset W
satisfies (i) but not (ii), then the violator to (ii)—W’—is a strictly smaller lower contour
subset that also satisfies (i). Since S is finite this process must terminate with a lower
contour subset satisfying both properties.

By construction, W is a downward biased set under g. Thus, by Proposition 4
Ve(W) = Vy(W), but by assumption V; (W) > v, a contradiction. O
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