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C. ATTACHMENT KERNEL AND LINK INCENTIVE FUNCTION

Let R; C &y, |Ri| = m, be the set of agents that receive a link from the entrant at time t.
The network at time ¢ is then given by Gy = (P U{t}, &1 U{tj : 7 € R:}). We define the
attachment kernel as the probability that an agent j € P, receives a link from the entrant
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where K7 (7|S¢, Gi—1) is the probability, conditional on the sample S; and the prevailing
network G;_i, that an agent j receives a link after the m draws (without replacement) by
the entrant, and [ is a parameter related to the distribution of the additive error term e
from Equation (2.2) (see below). Since the entrant forms links to the agents that maximize
his link incentive function plus a random element, we need to consider the cases where agent
J has the highest value among all agents in the sample, or the second highest, and so on.
The corresponding probability can be written as follows!
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with indices i; € St\{j}, 19 € St\{j,’il}, i3 € St\{j, il,’ig}, o € St\{j, 11,109, ... ,il_g}
and 1 <[ < m. In the following I assume that the exogenous random terms ¢,; are identically
and independently type I extreme value distributed (or Gumbel distributed) with parameter

T assume that the entrant does not update the link incentive functions while forming links but evaluates
it only once after he has observed the sample. The first sum in Equation (C.1) considers the case that agent
j receives a link in the [-th round while the second sum takes into account all possible sequences of agents
i1,%9,...,4;—1 that receive a link in the [ — 1 previous rounds.
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n.2 This assumption is commonly made in random utility models in econometrics (see e.g.
McFadden, 1981). Under this distributional assumption, the probability that an entering
agent t chooses the passive agent j € S; for creating the link ¢j (in the first of the m draws
of link creation) follows a multinomial logit distribution given by (cf. Anderson et al., 1992)3
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where we have applied condition (LD) for the link incentive function f?(G;_;,-), dropped
terms of the order 0(6°) and denoted by 8 = nd®.

D. LARGE OBSERVATION RADIUS
D.1. Sampling of Agents

In the following we provide a lower bound on the observation radius n, such that with high
probability all agents in the network are observed by an entrant. Note that the probability
that an agent ¢ € P,_; does not enter the sample S; is given by

1+d, (i 1+d, (i 1+d, (i
Pt(i ¢ St|Gt—1) = <1 — 7—: ftll( )) (1 — 7_: ft21( )> (1 — o ;__G(tn:(_)w)
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To see that this equality holds, note that when denoting by ¢ = 1 +dg,_ (i) we can write
the above product as follows

(=) () () -0

s=1

2The cumulative distribution function is given by P(e < ¢) = exp(—exp(—nc — 7)), where v ~ 0.577 is
Euler’s constant. Mean and variance are given by E[e] = 0 and Var(e) = .
3 Assuming instead that we have a multiplicative error term e, which follows an inverse ex-

ponential distribution with parameter n one can show that this probability can be written as

) .
P, (ff(Gt_l,j) - €45 = MaXkes, ff(Gt_l, k) -atk) = %, which corresponds to the ratio form
t

of the contest success function (Jia, 2008).



Further, note that

(D.2) (1_tfns)"sgﬁ<1_tfs)g(l_g)"s.
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(-9 _(t=9—n)\™
(1-@)"5 ( ) ’

and using the fact that
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=1,

it follows that both the lower and upper bound in Equation (D.2) converge to the same limit
as t becomes large. Hence, we can write

ﬁ(l_tjs):(l_g)"uo(;).

s=1

Applying Bonferroni’s inequality and neglecting terms of the order o (%) in Equation (D.1),
we then find that the probability that at least one of the agents in the set P;_; is not
observed by the entrant is bounded by Pi(Usep, 10 & SiHGi1) < ST ¢ Si|Groy) &

i (1= 25" pk) = Y05 (1 — ng2E) P(k) = 1—n, %™ where we have assumed that
k = o,(t), and used the fact that the average in-degree Zk:o k:B(k:) equals the out-degree
m. Hence, if we require the probability of an agent not being sampled to be lower than € > 0,

then we must have that ng > t11+7;

D.2. Attachment Kernel
The probability that an agent j with in-degree dg,  (j) receives a link in the (& + 1)-st

draw, given that the agents [, . .., [ have received a link in the previous k draws, 1 < k < m,
is (cf. Equation (2.3))

Pa, 1 0) N L+ Bdg, ,(7) B 1+ Bdg, . (7) <1 L0 (1))
Z’ielptfl\{ll ..... I} eﬁdatﬂ(i) Z"ept*l\{ll ----- lk}(l + 5d&t71(i)) (1 + ﬁm)t t 7

where we have used the approximation ’* ~ 1+ Sz, and assumed that d,_ (i) = 0,(t) for
all i € P,_1. Moreover, we have used the fact that at every step t every passive agent has out-
degree equal to m. Since the average out-degree must be equal to the average in-degree, we see
that also the average in-degree must be m, and so .., (1+ Bdg,_,(i)) = (1 + Bm)t. This
probability is the same whether we use the in-degree d, _ (j) or the total degree dg,_,(j),
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since they are related as dg,_,(j) = d&,_ (j) +dg, (7)) = m+dg, (j)

E. PAYOFF FUNCTIONS

This appendix contains a discussion of various models in the economic literature that
satisfy Assumptions 1 and 2 introduced in Section 2.1.*

E.1. Information Diffusion in Networks

Following Fafchamps et al. (2010) I consider agents that exchange information in a network
G, where information that travels longer paths is discounted by a factor § € [0,1]. Tt is
assumed that information can travel both ways of a link and so I consider the (undirected)
paths in the closure G of G. The probability that an agent j transmits information along a
given path in G is independent of the probability that the same agent j transmits the same
information along another path. With this assumption, the probability that agent ¢ receives
the information over all distances k > 1, when there are ¢};(G) (undirected) paths of length
k connecting i to j, becomes

[e.e]

Py(G) =1~ [J( -5,
k=1
The payoff 7; : G(n) x Ry — R of agent i is defined as m(G,6) =V 3, P2(G) — cdf (i)
with V' > 0 and a fixed cost ¢ € [0, V) for each link the agent has initiated. When the decay
parameter § is sufficiently small, we can write (1 — 6¥)¢ ~ 1 — 6. With this approximation
the payoff of agent ¢ becomes

=22 (1 - ﬁa - 5k)ci%@> — cdf(d)

JEN

=V (1= (=)l =¢0%) +O0(6%) — eda(i)
JEN

=V (1—1+¢j;6+ 0% — ¢;c};0%) + O(6%) — cda (i)
JEN

=V [dda(i)+6* Y da(j) | — cdb(i) + O(6?).

JENG (1)

It then follows that the link incentive function is given by f3(G,j) =V — ¢+ Vé2dg(j) +
O(4?). Link monotonicity (LM) holds if ¢ < V§ and linear differences (LD) holds for g(x) =
Vr and v = 2, since f)(G,j) — f2(G, k) = V§*(dg(j) — dg(k)) + O(63). As our measure of

4All the models discussed here (which fall into our general framework) exhibit the property that the payoff
of an agent is increasing with the number of collaborations, i.e. his degree. This characteristic has been found
in empirical studies of coauthorship networks (e.g. Abbasi et al., 2011, Ductor, 2014).
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welfare we consider aggregate payoff given by

=V da(i)+ V6 D da(j) +O(5) — > di(i)

1EN ieN jeNG(7) 1EN
= (2V6 = )e(G) + V§* Y _da(i)® + O(5°)
ieEN
4V §?

= (2V§ — c)e(Q) + e(G)? + V&Pnai(G) + O(6%),

where we have used the fact that >, > ey da(d) = Dien dg(7)?. The average degree
isd=21%" dg(i) = 26(G . The degree variance is given by 03(G) = 1 3.\ (da(i) — dg) =
LS da(i)?—d* =1 Z v da(i)?— 46(G . It follows that for small §, such that terms of the

order O(6%) become negligible, maxnmzmg aggregate payoff I1(G, d) (given n and e) becomes
equivalent to maximizing the degree variance 02(G), and condition (DC) holds.

E.2. Two-Way Flow Communication

The two-way flow model with decay has been introduced by Bala and Goyal (2000). In
this model links are interpreted as lines of communication between two individuals. If ¢ wants
to communicate with j then ¢ must first pay a fee of ¢ > 0 to open the channel. By creating
this link ¢ does not only get access to j but also to all individuals that are approachable by j
via an (undirected) path in the closure G. Formally, the payoff function 7; : G(n) x Ry — R
of agent 1 € N is given by®

(B1) m(G.6) =1+ "D —cd(i),
7]

for some § € [0,1], which is interpreted as the degree of friction in communication. The
number £(i, j, G) is the length of the shortest path connecting agent ¢ with j in the graph G.
If i and j are not connected we adopt the convention that £(i, j, G) = oo. The difference to
the payoff function in Fafchamps et al. (2010) of the previous section and the one in Equation
(E.1) is that in the latter only the shortest paths matter.

In the following we assume that the network G does not contain any cycles, i.e. it is a tree
(or a forest, if the network is unconnected). Denote by T (N') the class of (undirected) tree
graphs with vertex set A/. Then a tree G € T(N) is defined by the conditions (i) that it is
connected, and (i) |£(G)| = |N] =1 for all G € T(N). When G € T(N), the payoff of an
agent i € N can be written as

mi(G,0) = 1+ dda(i) + 0% Y (da(j) — 1) + O(6%) — cdf(i).
JENG ()

5See also Jackson and Wolinsky (1996) for a similar payoff structure.
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It follows that the linking incentive function of agent i takes the form

The link incentive function satisfies condition (LM) for §(1 —d) > ¢ and condition (LD) with
g(z) = = and 5 = 2, because f3(G, j) — f3(G, k) = 8(da(j) — da(k)) + O(#?). Agaregate
payoff II(G,0) = > ,.» mi(G, 0) is then given by

(G, 0) =n+6(1—-0)Y da(i)+6°) > da(j) +0(5°) —c ) d(i)

ieN ieN jENG () ieN
2
+(20(1 =6) —c)(n—1) + %(n — 1) 4 nd%03(G) + O(5%),

where e(G) is the number of edges in G, n = |N|, and we have used the fact that for
G € T(N) the number of edges is e(G) = n — 1. It follows that for small § such that terms
of the order O(&%) become negligible, maximizing aggregate payoffs becomes equivalent to
maximizing the degree variance . Hence, Condition (DC) holds for aggregate payoff when

G e TV

E.3. Public Goods Provision

The following network game is presented in Goyal and Joshi (2006) as an extension of
Bloch (1997). An (undirected) link between two agents represents an agreement to share
knowledge about the production of a public good. Each agent can decide how much to
invest into the public good. Denote the level of contribution of agent i € N' = {1,...,n} a2s

x; € R,. The production technology of every agent is assumed to be ¢;(x;, G) = % (W) .

The payoff function m; : R} x G(n) — R of agent 7 is

=S5 (@)

jeN

The Nash contribution of agent i is 7 = (dg(i)+1)%. This optimal choice of an agent induces
naturally preferences over networks by inserting the value of x;(G) into the payoff function
m;. This gives us

m(G) = m(x",G) = 5 (da(i) + 1)+ ) (da(j) + 1)

FJEN\{i}

[\Dl}—‘

6We will see in the network growth model introduced in Section 2.2 that G € T[A] is always guaranteed
to hold if we allow an entering agent to form only a single link.

6



With this payoff function, the linking incentive function for an agent 7 is given by

£G.) = 2+ 206,

2
This obviously satisfies conditions (LM) and (LD) with g(x) = 2z and v = 0. Aggregate
payoff II(G) = > ,.\ mi(G) is then given by

M(G) = 5 S + 17+ Y 3 (dal) +17
iEN ieN jeN\{i}
= w +2(2n —1) (1 + %Qe(é)) e(G) +

We see that aggregate payoffs are increasing in the degree variance and condition (DC) holds.

E.4. A Linear-Quadratic Complementarity Game

We consider a simplified form of the game introduced by Ballester et al. (2006) where each
agent 7 € A in the network G selects an effort level z; > 0, x € R? (e.g. the R&D investment
of a firm or the working hours of an inventor), and receives a payoff m; : R} x G(n) xRy — R
of the following form

1 n
(E.2) m(x,G,0)=uz; — 52:? + 5Zaijati:£j,

=1

where 6 > 0 and a;; € {0,1}, 4,5 € N ={1,...,n} are the elements of the symmetric n x n
adjacency matriz A of G. This payoff function is additively separable in the idiosyncratic
effort component (z; — 227) and the peer effect contribution (6 > i1 airizs). Payoffs display

strategic complementarities in effort levels, i.e., %’gﬂi@ = da;; > 0. Ballester et al. (2006)
have shown that if 6 < 1/App(G) then the unique interior Nash equilibrium solution of
the simultaneous n—player move game with payoffs given by Equation (E.2) and strategy
space R is given by the Bonacich centrality =} = b;(G, ) for all i € N (Bonacich, 1987).7

Moreover, the payoff of agent ¢ in equilibrium is given by

1 1
(E3) m(G.6) = m(x",G,0) = 5(a])? = 5bA(G.0).
"Let Apr(G) be the largest real (Perron-Frobenius) eigenvalue of the adjacency matrix A of the undirected
network G. If T denotes the n x n identity matrix and u = (1,...,1)T the n-dimensional vector of ones then

we can define the Bonacich centrality as follows: If and only if 6 < 1/Apr(G) then the matrix B(G,d) =
I-0A)"" = > re 6FA¥ exists, is non-negative (see e.g. Debreu and Herstein, 1953), and the vector of
Bonacich centralities is defined as b(G,d) = B(G,d) - u. We can write the vector of Bonacich centralities
as b(G,8) = Y32, 6FAF -u = (I-6A)~! - u. For the components b;(G,8), i = 1,...,n, we get b;(G,d) =
Yo OF(AF ) = Y2 5 (Ak)ij, where (Ak)ij is the ij-th entry of A*. Because Y7, (Ak)ij is

the number of all (undirected) walks of length k in G starting from 4, b;(G, §) is the number of all walks in
G starting from i, where the walks of length k are weighted by their geometrically decaying factor 6*.
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In the case of small complementarity effects, corresponding to small values of 9, the
Bonacich centrality of an agent ¢ can be written as

bi(G,6) = 14 0dg(i) +6° Y da(j) +O(6?).
JENG(3)

Note that equilibrium payoff can be written as
1 5 9 3
mi(G,0) = 5 + 0dg (i) + P +6% > de(h) + 05,
JENG ()
and the link incentive function is then given by

5(2+48) 6

G, j) = 5 T dG( ) (de(i) + 1) 4 0%da(j) + O(8°).

If we neglect terms of the order O(6°) then the linking incentive function also satisfies
condition (LM). Further, f2(G,j) — f2(G,k) = 6*(da(j) — dg(k)) + O(6®) so that condition
(LD) holds with g(x) = 2 and v = 2. Aggregate payoff II(G,0) = > ..\ mi(G,9) can be

written as

(G, ) = g +0Ydoli) + 5 Y dali)’ +52Z ST dalj) + O(8%)
i=1 =1

i=1 jeNa (i)

S (1 + %56(@)) (@) + 37;5 o2(G) + O(5?).

Aggregate payoff is increasing in the degree variance, and hence, condition (DC) holds.

F. THE LF-MCMC ALGORITHM

The purpose of the likelihood-free Markov chain Monte Carlo (LF-MCMC) algorithm is to
estimate the parameter vector @ = (3, p, ns, m)1xr, L = 4, of the model on the basis of the
summary statistics S = (S, ..., Sk)p x> K = 4, where S; = (P(k)){_4, S = (C(k))} =5,
Sz = (km(k))}Z5 and S; = ( (s))I_,. The algorithm generates a Markov chain which
is a sequence of parameters (6;)7_, with a stationary distribution that approximates the
distribution of each parameter value 6 € 8 conditional on the observed statistic S°.

DEFINITION 1  Consider the statistics S and denote by S° the observed statistics. Further,
let A(S?,S;) be a measure of distance between the i-th realized statistic S; of the network
formation process (Gy)L_, with parameter vector 6 and the i-th observed statistic S¢ for
i=1,..., K. Then we consider the Markov chain (05)"_, induced by the following algorithm:
(i) Given 6, propose @' according to the proposal density qs(0 — 6’).

(ii) Generate a network Gr(0') according to @' and calculate the summary statistics S'.
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(iii) Calculate

K
i qs(0" — 6
h(B, 0’) = min <1, w H ]]-{A(S,IL.,S?)<EZ‘YS}) )

i=1

where €; s > 0 is a monotonic decreasing sequence of threshold values, €; 5 | emin - and
A:RY xRT — Ry is a distance metric in RY.
(iv) Accept 8" with probability h(0,80’), otherwise stay at @ and go to (i).

Marjoram et al. (2003) have shown that the distribution generated by the above algorithm
converges to the true conditional distribution of the parameter vector 6, given the obser-
vations S° and the threshold values. Their result is stated more formally in the following
proposition.

PROPOSITION 1 The stationary distribution f: RE — [0,1]% of the Markov chain (8,)"_,

15 given by
S (9

K
H ]]'{A(Si,S;?)<e§“i“} ) .
=1

PROOF OF PROPOSITION 1: Let us denote the transition probability of the Markov chain
(05)"_, from state @ to state 8’ by ps(0 — 0'). Assume w.l.o.g. that for @ # 6 and 1 < s <n
it holds that

qs(0" — 0)

< 1.
qs(0 — 6') —

(F.1)

Consider the distribution of the parameter vector 6, conditional on the event {A(S?,S) <
e} = [15, Lia(s, s0)<eminy, that is f(B|A(S?,S) <€) = P(A(S?,S) < €]0)/P(A(S°,S) < ¢).
We have that
P(A(S?,S) < €[0)
P(A(S°,8) <)
_ P(A(S°,8") < €]0')
 P(A(S°,S) <¢)
= [(O'|A(S, 8)
= [(6'|A(S,8)

qs(0" — 0)
qs(0 — 0"

f(BIA(S?,S) < €)ps(60 — 6') = P(A(S?,S') < €[0)qs(6 — 6')

P(A(S?,8) < €|0)qs(6" — 0)

< €)q:(0" — O)P(A(S°,8) < ¢[0)h(6", 0)
< e)ps(0" — 0),

where we have used the fact that h(6’,0) = 1 if the inequality in (F.1) is satisfied. It follows
that f(@|A(S,S) < €) satisfies a detailed balance condition and therefore is the stationary
distribution of the Markov chain. Q.E.D.

The proposal distribution ¢,(6 — €’) is a truncated normal distribution 8’ ~ N (6, X,)
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L jgmin gmax) (@) for each parameter 6 € € with a diagonal variance-covariance matrix X, =
diag{ais, ey 0%78}. More precisely, for each continuous parameter 6; € R, (i.e. p, #) I choose
a proposal distribution given by

¢(0'10, o7,)

q( - Z) (QmaX|9“ zs) (9m1n|92’ zn)

]]. [Ginin’@;max] (97{) ,

where ¢ (0|, 0%) and ®(0|u, 0?) are the pdf and cdf, respectively, of a normally distributed
random variable with mean p and variance o?. For the discrete parameters 6; € Z, (i.e. n,
while m is set through the condition d = mp when the network is directed while d = 2pm
when it is undirected), I choose a proposal distribution given by

®(0; + 1|0, 02,) — ®(01]0, 02,)
®(076;, 07) — P66, 07)

Qs(‘gz — 91/) = ]].[eininﬂzmax](eg).

During the “burn-in” phase (Chib, 2001), I consider a monotonic decreasing sequence of

thresholds given by €5 > €441 > ... > emi“ with € 441 = max{ 1 — 7)€, f““} and
v = 0.05. Slmllarly, I assume a decreasing sequence of variances 02 > afs = 2
(o™)? with o7, = max {(1 —7)o2,, (o7"™)?} for the proposal dlstrlbutlon qs(0; — 0)).

The maximum number of iterations, n, has been chosen such that reasonably high values of
(n) were obtained. As a measure of distance I choose the Euclidean distance A(S;, S?) =

\/Z] L (S — ”) The parameter ranges are ny € {1,...,100}, p € [0,1] and S € [0, 100].

min

The parameters €f"" are choose sufficiently small after long experimentation with different
starting values and burn-in periods.

G. UNDIRECTED LINKS

In the following network formation process we allow entering agents to observe not only
the out-neighbors of incumbent agents but also their in-neighbors. The resulting network
can then be viewed as an undirected graph. The precise definition of the network growth
process is given below:

DEFINITION 2 For a fized T € NU{oo} we define a network formation process (Gy)ieir) as

follows. Given the initial graph Gy = ... = Gi1 = Ko, for allt > m+ 1 the graph Gy is

obtained from Gi_1 by applying the following steps:

Growth: Given P, and Ay, for all t > 2 the agent sets in period t are given by P, =
Pioa U{t} and Ay = A1 \ {t}, respectively.

Network sampling: Agentt observes a sample S; C P;_1. The sample S; is constructed by
selecting without replacement ng > 1 agents i € Py_1 uniformly at random and adding
i as well as the neighbors Ng, (i) of i to S;.

Link creation: Given the sample S;, agent t creates m > 1 links to agents in S; without
replacement. For each link, agent t chooses the j € S; that mazimizes f3(Gy_1,j) +&4j.
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G.1. Large Observation Radius

We first consider the case of S; = P;_y. Let k;(t) denote the degree of agent j at time
t. Considering only the leading terms in O (%) we can write the probability that an agent
J € Py to receive a link by the entrant ¢ as follows

m 1+Bth71(j>.

B ~
(G KPGIGm) ~

Using the recursive Equation (B.3) with the attachment kernel in Equation (G.1) yields the
following proposition.

PROPOSITION 2 Consider the sequence of degree distributions { P, }en generated by an in-
definite iteration of the network formation process (Gf)teN introduced in Definition 2 with
ng large enough such that S; = P,_1 for everyt > m+ 1. Then, for all k > 0 we have in the
limit 3 — 0 that Py(k) — PP(k), where

(L+2mB) (k+ 1)1 (3+ 3+ )

i + 3
(G.2) Pﬁ(k)_(1+m+2mﬁ (%) (k:+3+%+m%>'

PROOF OF PROPOSITION 2: Equation (G.2) follows directly from the recursion in Equa-
tion (B.3) and the attachment kernel in Equation (G.1). Q.E.D.
From Equation (G.2) we find that the large k& behavior of the degree distribution follows

a power-law as PP(k) ~ k_(3+ﬂ+5). In the continuum approximation we can write for the
dynamics of k4(t) using Equation (G.1) as

dks(t)  m 14 Bk(t)
dt  14+28m t ’

with the initial condition k4(s) = m. The solution is given by

€8 k= ((1 + Bm) (t)— - 1) ,

and we obtain for the degree distribution in the continuum approximation

(14 Bm)* 5 (1 + Bk)~(+as),

(G.4) PP(k) = #

with [ PP(k)dk = 1. This yields the same asymptotic behavior of the degree distribution
as in Equation (G.2).
Next, we turn to the average nearest neighbor connectivity.
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ProprosITION 3 Consider the network formation process (Gf)teR+ of Definition 2 with
S; = Py for allt > m+1 in the continuum approximation and assume that Equation (G.3)
holds. Then in the limit § — 0 the nearest-neighbor degree distribution is given by

(©5) ) = gz (1 155 (R0 - 1 s (1550 ) )

where a = %, the initial condition
a(l—B)(1 —2m a(l+pm)? 450 1= 1
Rs+1(5 + 1) _ ( B)( 5) + ( ﬁ ) 825 IZ o
g B =

1

2+-L
_ 4 (48m mp
ands-t(lwk) .

Asymptotically, only the last term in Equation (G.5) is relevant and we obtain

N1+Bml (1+Bk)
5 "\1+8m)’

(G.6)  kun(K)

as k — oo.

PROOF OF PROPOSITION 3: Denote by R,(t) = > iz, (5 kj(t) the sum of the degrees of
the neighbors of vertex s at time t. We can write

dR(t) m? 1+ Bks(t) Z m 1+ Bk;(t)

dt  14+28m t s 1+26m t
a a , (7,
= (m—+ (14 Bm)ks(t) + BRs(1)) = B ((1 + pm) (E) + 5 Rs(t)> ,

where we have denoted by a = 75— and using the fact thatl + Sky(t) = (1 + Sm) (ﬁ)ﬁa

from Equation (G.3) under the continuum approximation. The initial condition is given by

Ru(s) = 30 21+ 601+ by (o)) = TEDEZEI L S5 2

Jj=1

Using the fact that

(G7) 1+ Bk(s) = (1+ 6m) (j)ﬁ

12



we obtain

a(l = B)(1 —2mp) . a(l + fm)?

Ry(s) = 3 3 sV [ (s5,28a).
We then get
(G.8)
1 1 t 2\ (Y
Ry(t) = — (aﬁ(l + Bm)? ( H(s,2af)+ (1 +mp)In (—)) —-1+p b) (—) :
g s 5
Using once again Equation (G.7) and inserting into £y, = %= delivers Equation (G.5). Q.E.D.

Moreover, we can compute the clustering degree distribution as provided in the next
proposition.

PrROPOSITION 4  Consider the network formation process (Gf)teR+ of Definition 2 with
Sy = Py for allt > m+1 in the continuum approzimation and assume that Equation (G.3)
holds. Then in the limit B — 0 the clustering degree distribution is given by

C(k) = ﬁ (Ms + 5(1—762(@ (d+aﬁs2aﬁ‘1 (1 - G)w_l) H2Pe
e (7 ())))

1

_ 1+mp \ =" P _ _ m(m=1)(1+8m)? _  Bmtaf(1-B)(1-2mp) _
where s = t(1+kﬁ) ;0 = g b= im0 € = By L d =
C+(11€(21a_ﬁ20)’ the Harmonic number is defined as H = Zj.:lj—“ and the initial condition
s given by

2a

_ m(m 2 (& 2m = 1 &1
Miia(s +1) = (1+25m (Z Z 1+25mz:;r1i2_a;3>'

The large k behavior of the clustering coefficient is dominated by the second term in
Equation (G.9), yielding

(G.10)

2tg
2bd 1 2bd (1+ Bk) (1 o
t =0

O~ = D)s(1 —2aB) (1— 208)(1 +mp) "™ k(k—1

13



PROOF OF PROPOSITION 4: Let M,(t) denote the number of triangles containing s at time
t. We have that

dMy(t)  m 1+ Pk(t) Z m—1 1+ pk;(t)

dt LH20m L= T426m

_ mm = (1 + k(1))

With Ry(t) from Equation (G.8) and Equation (G.7) we obtain

dML(t) b ()" t\* 28a—1 7728
dt = t_z (;) c+ ln ; +a5(8) Hs s

p — mm=DO4m)? | BmraS(1-5)(1-2mp)

where a = 1+2Bm> B(1+2Bm) ’ (1+BAm)2
defined as H¢ = >°_, j~% The solution is given by

M, (t) = M(s) + 1 _225) _b2a5) <d + afs?f! (1 - (é)w_l) H2 (E)M_l <d +1In (é)ﬁ» :

c+af(1—2c)
1—2a8

and the Harmonic number is

where d =
given by

B ( g2a—2 m
MS+1(S—|—1)— (1—1—25771 (Z Z a 1+25m Z 2“ Z j—l)

Jj=t+1

. Similar to the derivation of Equation (B.24), the initial condition is

Using Equation (G.7) we then arrive at the expression in Equation (G.9). Q.E.D.

G.2. Small Observation Radius

Next, we consider the case of a small observation radius ng. The probability that agent
Jj receives a link from the entrant at time ¢, conditional on the sample S; (and the current
network G;_1) when 8 = 0 is given by

( |St7Gt 1) ]]'St( )

|5t

In the following, we assume that S; ~ n,(d+1), where the average degree is given by d = 2m,
so that S; & ng(2m+1). Note that this assumption is much stronger than the approximation
we have made in Equation (3.4). The probability that an agent j receives a link from ¢ is

14



then given by

K (Gry) = |%r:'ns(l + aiatl(j)) Lo (l) L m m(tde,() (l)

~ m 1 +th71(j))
2m + 1 t '

(G.11)

An analysis following the recursive Equation (B.3) with the attachment kernel in Equation
(G.11) yields the following proposition.

PROPOSITION 5  Consider the sequence of degree distributions { P, }ien generated by an in-
definite iteration of the network formation process (G2 )en of Definition 2 with 8 = 0. If
ns > 1 orm > 1, further assume that Equation (G.11) holds. Then, for all, k > 0 we have
P,(k) — P(k), where

(1+2m)D (3+ 1)
ml' (3+k+ L)

(G.12) P(k) =

PROOF OF PROPOSITION 5: Equation (G.12) follows directly from the recursion in Equa-
tion (B.3) and Equation (G.11). Q.E.D.

From Equation (G.12) we find that the degree distribution follows a power-law as P(k) ~

k(4% for large k. For the dynamics of k,(t) in the continuum approximation we get with
Equation (G.11) the following differential equation

dks(t)  m  ky(t)+1
dt  2m—+1 t

with the solution

(G13) ky(t) = (m +1) (f) .

S

The degree distribution in the continuum approximation is then given by®

_2m—|—1

(G.14) P(k) (m + 1)%m (1 + &)~ (+a),

satisfying the normalization condition [;° P(k)dk = 1.
Next we consider the average nearest neighbor degree.

8Note that the approximation for the degree distribution in Equation (G.14) has also been obtained in
Wang et al. (2009).
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PROPOSITION 6 Consider the network formation process (Gf)teR+ of Definition 2 in the
continuum approximation with ng small enough and assume that Equation (G.13) holds. If
B = 0 then the nearest-neighbor degree distribution is given by

_1 t ‘ 2 2a—1 r72a t ¢ t ¢
(G.15) Kpu(k) = p ((SH) (a(m+1)*s**"H2 — 1) + (m + 1) S P ,
_1
where a = 5%, s =1 (1’%11) “ and the Harmonic number is defined as H?* = > ]%

PROOF OF PROPOSITION 6: Let R(t) = Zje./\/'gt(s) k;(t) be the sum of the degrees of the

neighbors of vertex s at time t. Denoting by a = we have up to leading orders in O (%)

that?

_m_
1+2m?

dR,(t)  n, m ne e (57) (700
a  t Z @kﬂ'(t) + t Z_:j (lstl)
JENG, (s) Jj=1 m

a

=2+ mo) = (s (D) 14 R0),

1
where we have assumed that |S;| ~ ns(2m + 1) and used the relation s = ¢ (7’7%11) «. The
solution is given by

Ra(t) = 1+ (é) (Rs(s) 14 (m+1)h (é)) |

and the initial condition is given by

Ropi(s+1) = % 31+ k5(5)) = alm + 1)%5% 7 H(s, 2a).

j=1
Using this equation to solve for C; delivers Equation (G.15). Q.E.D.

Finally, we can compute the clustering coefficient as given in the following proposition.

PrOPOSITION 7  Consider the network formation process (Gf)teR+ of Definition 2 in the
continuum approximation with ng small enough and assume that Equation (G.13) holds. Let

a= 55 and b= % with a > b > 0. If B = 0 then the average clustering coefficient

of an agent with degree k is bounded by C(k) < C(k) < C(k), where

(G.16) C(k) = (a—b)Z(k— 3 <a— (a+ mb) (%) +bk:>,

9We ignore cases in which two or more neighbors of s are found as the neighbors of directly observed
vertices (other than s), which happens with probability O (t%)
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and

(G.17) Clk) = (a_b):(k_ 5 (a—l— ((7;) (a—b)— (a+mb)) (%) +bk;>,

and the property that C(k) = O (1).

PROOF OF PROPOSITION 7: We need to consider the cases we have encountered already
in the proof of Proposition 8 for a vertex s to form an additional triangle by an entrant ¢
(see Figure B.3). The expected number of triangles associated with case (i) is given by

m— ks Si|—ks(t)—1
n, 1j( (268 _ns m(m — 1)ks(t)
t (5 t (14 2m)ng(ng(1+2m) —1)’

where we have assumed that |S;| = ny(2m + 1). Similarly, for case (ii) we get

e Unee) _ KolOms _m(m—1) k() m(m — 1)
T SIS -1t Cm+ De@Cm+ 1) — 1)

and for case (iii) we obtain

n, (m5) _ 2M(n, m(m—1) _ 2M,(#) m(m — 1)
2M,(t)— ST — = —
t (1% t ISi|(|S:| — 1) t 2m+1)(ns2m+1)-1)
Denoting by a = 5" and b = % we can add cases (i), (ii) and (iii) to get
dM;(t) 2a(m — 1)

i = k) + M) - ? (((m+ 1) (é) . +Ms(t))) |

Using as a lower bound for the initial condition M;(s) > 0 and an upper bound M,(s) < (3)
as well as s = (11%’;)_1/ “t, we obtain the corresponding bounds for the clustering coefficient
in Equations (G.16) and (G.17). Both bounds decay as 221 for large k and their difference

vanishes for large k, implying that also C(k) = O (%) Q.E.D.
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Figure G.1: (Top row) Comparison of simulation results with the theoretical predictions

for T = 10°, S, = P,_; and m

4 with f = 0.1 under the linear approximation to

the attachment kernel. (Bottom row) Comparison of simulation results for T = 10° and
ns = m =4 (f = 0) with the theoretical predictions. Comparing the results of global and
local information, we find that they differ mainly in the clustering degree distribution.
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H. HETEROGENEOUS LINKING OPPORTUNITIES

In this section we assume that not all agents become active during the network formation
process. More precisely, we assume that only a fraction p € (0, 1) of the population of agents
forms links, while the remaining agents stay passive throughout the whole evolution of the
network. We assume that initially, agents in [T] = {1,2...,T} are randomly assigned to
sets Py with probability 1 — p and to A; with probability p, such that |4,| = [pT| and
|P1| = [(1 — p)T']. The agents in [m] are all connected to each other and form a complete
graph K,,. At time ¢t < m + 1 these agents are all in the set P;. The network evolution
process is then defined as follows:

DEFINITION 3 For a fivzed T € NU {oo} we define a network formation process (Gy)ieim)
as follows. Given the initial graph Gy = ... = G = Ky, for allt € [TN\{1,...,m+ 1}
the graph Gy is obtained from Gy_1 by applying the following steps:

Growth: Given Py and Ay, for allt > m, if agent t € A;_1 then the agent sets in period t
are given by Py = P,_1U{t} and Ay = A1 \{t}, respectively. Otherwise, set Py = Py_1
and At = At—l-

Network sampling: Ift € A, | thent observes a sample S; C P;_1. The sample S; is con-
structed by selecting ny > 1 agents i € Py_1 uniformly at random without replacement
and adding i as well as the out-neighbors NG, _ (i) of i to S;.

Link creation: Ift € A, 1, given the sample S;, agent t creates X,, > 1, E(X,,) = m links
to agents in S; without replacement. For each link, agent t chooses the j € S; that
mazimizes fP(Gi_1,7) + &4j.

The number of links X,, to be created by an entrant is a discrete random variable with
expectation E(X,,) = m. The results and approximations we obtain in this section do not
depend on the specific distribution we choose for X,,. We illustrate this by comparing our
theoretical approximations with simulations for a uniform distribution X,, ~ U{1,...,2m —
1} and a Poisson distribution X, ~ Pois(m).

H.1. Large Observation Radius

We first consider the case of a large observation radius such that §; = P,_; for all t > m—+1.
Similar to our discussion in Section 3.2, the probability that an agent 7 € P;_; with degree
dg,_, () receives a link by the entrant at time ¢ up to leading orders in O (%) is given by

pm I+ 5th71(j)
1+ Bpm t '

(H1)  K[(j|Gia) =

Following the recursive Equation (B.3) with the attachment kernel in Equation (H.1) yields
the following proposition.

PROPOSITION 8  Consider the sequence of degree distributions { P, }en generated by an in-
definite iteration of the network formation process (Gf)teN introduced in Definition 3 with
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ng large enough such that S; = Py_1 for everyt > m + 1. Then, for all k > m we have in
the limit 8 — 0 that PP (k) — P?(k) almost surely, where

(21T (24 1+$)p
(H2) PO(k) =< ﬁﬂfpfr B EZ) r 22 +<1E£3’5+ ’“3

PROOF OF PROPOSITION 8: Equation (H.2) follows directly from the recursion in Equa-
tion (B.3) and the attachment kernel in Equation (H.1). Q.E.D.

From the attachment kernel in Equation (H.1) we can write for the dynamics of the in-
degree k4(t) of vertex s at time ¢ in the continuum approximation

dky(t)  pm 14 Bky(t)
dt 1+ fBpm t ’

with the initial condition ks(s) = 0. The solution is given by

CENNIURS ((2)% - 1) |

and we obtain for the degree distribution in the continuum approximation

1+ pmp

—(2 me
(14 Ry (),

(H.4) P°(k)

with [ PP(k)dk = 1. For p = 1 we recover the distribution in Equation (B.13). The degree
distribution from Equations (H.2) and (H.4) can be seen in Figure H.1.

Next we consider the average nearest neighbor degrees. We can state the following propo-
sition.

ProPOSITION 9 Consider the network formation process (Gf)teR+ of Definition 3 with

Sy = Py for allt > m+1 in the continuum approzimation and assume that Equation (H.3)
holds. Then in the limit B — 0 the nearest-neighbor degree distribution is given by

(1.5)  kiy(k) = 5z (1 (14 BR)(In(L + 5%) ~ 1),
and the average nearest neighbor out-degree is given by
(16) K50 = 5o (Bm(1-405 - 1)+ 2005, 200) () =),

_ _Bm _ 1
where a = {78, s = (1 + Bk)"a.
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Observe that Equation (H.5) is independent of p and identical to Equation (B.17) from
Proposition 5. From Proposition 9 we find that for large k,f the average nearest in-neighbor

connectivity grows logarithmically with &£ while the average nearest out-neighbor connectivity
Bm
becomes independent of £ and grows with the network sizes as $THmS

PROOF OF PROPOSITION 9:  Let R, (t) = 3 cpr- (5 k;(t). Up to leading orders in O ()
we then have that t
dR; (t 1 k;(t 1

Ly MJU:E(—@@HR;@)),

dt 14+ 8pm ¢ t
SN0 Bp p

where we have denoted by a = 7 fgﬁ > The initial condition is given by R, = 0. The solution

=3 () ) 1)

Using the fact that £ = (1 + Bk)a from Equation (H.3), we obtain

1S

Ro(t) = % (14 (14 BK) (=1 + In(1 + Bk)))

With Ky, (k) = £+, the expression in Equation (H.5) follows.

Next we turn to the average nearest out-neighbor degree. Consider a vertex s which has
received a linking opportunity upon entry. Let R (t) = >, N () K (t). Then up to leading
t

orders in O (%) we obtain

B0y (L) =2 (2 mw),

JENG, (5)

Bpm

Tr o The solution is given by

where a =

Ryw:—%+ﬁ@.

The constant C is determined by the initial condition

+ - 9 l . . :i — m — s2a_1 S, 2a
B = 30 (5+50) 050+ 1) = 55 (3= 1 mpB(3 = 1) + 5 (s, 20).

i=1
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We then obtain

1 . t \*
RH) = ((ﬁm(l 08— 1)+ L H (s, 20) ( ! 1) - mﬁ) ,
with s = t(1 + k)& from Equation (H.3) and k. = R{rgk). Q.E.D.

Moreover, we can derive the clustering degree distribution.

ProprosiTiON 10 Consider the network formation process (Gf)teR+ of Definition 3 with
S; = Py for allt > m+1 in the continuum approzimation and assume that Equation (H.3)
holds. Then in the limit 3 — 0 the clustering degree distribution is given by

= 2 a(m —1) o mpp? —
Clk) = (k + pm)(k + pm — 1) mpB3b2s (Sb o(m — 1)Ms + ((1 + Bk)° 1)
(H.7) X (b (8 j_ 1) (C—I— a52a—lg(s’2a)) — 1) + b(l 4 5/€)bln (1 + 51{;)) ’

where a = lfg”fr’bp, b=2— é, c=pm(1+ p(B —1)), the initial condition is given by

Comp(m—1)s77% (TR 1 1
M1 = (1+ Bpm)? <Z::_a :Z: =Tt 1—|—5pm Z Zzaz; )

and s = t(1+ Bk)~«

For large k (and small s, respectively) the first term in the initial condition M, dominates,
and the behavior of the clustering coefficient is given by

(H8) C(k) ~

2(1-a 2(5-1) 4, m m
2t720-9)(1 + kp) Z i

Y
(k+pm)(k+pm—1) 1+Bpm)2 = 5
We see that this expression grows with k£ as a power-law with exponent 2 (— — 2) = -2+

miﬁ 10 Moreover, we find that the clustering coefficient is decreasing with the network size

as t720-0) = ¢~ 1+mm3.

PROOF OF PROPOSITION 10: We need to consider the same cases as in the proof of Propo-
sition 7. The probability associated with case (i) in Figure B.2 is given by

pm(1 + Bks(1)) 3 (m — 1)1 4 Bk;(t)) _ pm(m —1)(1 + Bk,(t))
(

(1+pspm)t L+ 8pm)t (14 Bpm)*t?
JENE,(5)

(m+ BRY).

10We need only consider values of k such that C'(k) does not exceed its upper bound given by one.
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Similarly, for the probability of case (ii) in Figure B.2 we obtain

pm(1 4 Bk(t)) (m —1)(1+ Bk;(t)) _ pm(m — 1)(1 + Bks(t)) )
(1+ Bmp)t Z (1+ ppm)t N (1+ Bpm)2t2 (ks(t) + BR,)

E/\/Et (s)
With R} and R, given by Equations (H.5) and (H.5), respectively, we obtain

dMs(t) — pm(m —1)(1 + Bks(t)) v
da (1 + Bpm)t2 (m+k,(8) + SR + 1))

2 -1 a a 2a a
s (e () () () on(2))

where we have denoted by ¢ = fm(1 + p( — 1)). The initial condition is given by

m(m —1) <~ 1+ Bki(s) 1+ Bk;(s) , .
My = 1— 1—
AP D T s (T4 s 981 =)
A 1 + Bk;(i) ANA 1+ Bki(j)
+0(i—j)O(j —m)pm Al +0O( —1)0( —m)pm ,
00U =P i -1y OV O M G )
mp(m —1)s272 [T~ 1 < 1 2mp L1 1
H.9 = — -+ — - — |
(H9) (1 + Bpm)? ;Zu j:zi;rl]a 1+ Bpm i:zm;-l 2 jzzi-‘::-lj -1
where we have denoted by a = < fg’;m. The initial condition M,,; together with Equation
(H.9) deliver
2 a(m—1) [, mpB? b
k) = b M, 1 k) —1
(k) (k+pm)(k +pm — 1) mps3b2s (8 a(m—1) * (( + Bk) )

X (b (S j l)a (c+as™ \H(s,2a)) — 1) +b(1+ k) In (1 + 5k)) .

Together with the initial condition, this is the expression in Proposition 10. Q.E.D.

Next, we turn to the analysis of the connectivity of the networks generated by our model.
We consider only the simple case where m = 1 and the limit of strong noise with § — 0,
where the network formation process follows a uniformly grown random graph.

PROPOSITION 11  Let Ny(t) denote the number of components of size s at time t. Consider
the network formation process (Gtﬁ)teN of Definition 3 with S = Py_1 for allt > m + 1.
Assume that m = 1 and B = 0. If p < 1, then there exists no giant component and the
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Figure H.1: Comparison of simulation results with theoretical prediction of the link formation
process in Definition 3 under global information with p = 0.5, m =4, 8 = 0.1 and T = 10°.
Simulation results for the deterministic case (o) a uniform distribution X,, ~ U{1,2m — 1}
(¢) and a Poisson distribution X, ~ Pois(m) (O) both with expectation E(X,,) = m are
shown.

asymptotic (finite) component size distribution P(s) = lim;_,« NT(t) is given by

A=pr ()T (s)
p?T (1 +3 4 s) '

(H.10) P(s) =
When p = 1 then there exists a giant component encompassing all nodes.

PROOF OF PROPOSITION 11: Let N(t) denote the number of components of size s at time
t. For m = 1, the entrant ¢ forms only a single link and we need only consider the case of
the component with size s — 1 to receive a link in the contribution to the growth of N(t).
It then follows that

B[N ¢+ DIG] =M(0) + (1 p) —p™ 0,

(S - 1)Ns—1(t) SNs(t)
/ P

By [No(t + D[Gi] =Ns(t) +p

Denote by ny(t) = w. Taking expectations in the above equations delivers

n(t+1)(t+ 1) =ni(t)t + (1 — p) — pna(t),
ns(t+ 1)(t+ 1) =ngs(t)t + p(s — D)ns_1(t) — psns(t), s> 2.

For the stationary distribution P(s) = lim;_,, ns(t) we then get

_1-p
p(s—1)
P(s) s P(s—1), s>2
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Figure H.2: Comparison of simulation results with theoretical predictions for the component
size distribution P(s) of the link formation process in Definition 3 under global information
with p = 0.5, m =1, 8 =0 and T = 10° (left panel); with p = 0.5, n, =1, m =4, =0
and T = 10° (right panel).

From this recursive equation we obtain

ko1 a=pr (3T
P(s) = P(1)p ]gprpk_ p2F<1+%+S) ,

which is Equation (H.10).

We next consider the generating function of the component size distribution g(x) =
> o2, sP(s)x®. Observe that g(1) = Y o2, sP(s) the fraction of nodes in finite components.
In the absence of a giant component (that grows with ¢), we must have that g(1) = 1. In-
serting Equation (H.10) into g(x) we find that g(1) = 1 as long as p < 1. Hence, the critical
probability for the emergence of a giant component is p = 1. Q.E.D.

From Equation (H.10) we find that the component size decays as a power-law with expo-
nent 1 + %, le.

- G) e o ()

We finally note that when § — 0, the probability that a component H € G;_; of size s
receives a link at time ¢, and thus grows by one, is given by

1+ pk()  p () e 2P
PO T g (g 2 AR~ T

where we have used the approximation ), . k;(t) ~ sp. This is the same probability for
the growth of a component of size s as in the case of § = 0 and hence we obtain the same
component size distribution as in Equation (H.10).
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H.2. Small Observation Radius

Next, we consider the case of a small observation radius corresponding to small values
of n,. Similar to our discussion in Section 3.2, the probability that an agent 7 € P,_; with

degree dg,_,(j) receives a link by the entrant at time ¢ up to leading orders in O (%) is given
by

pm thfl(j) +1

B ~
(A1) K7(]Goa) v 220t

Using the recursive solution of Equation (B.3) we can state the following proposition.

PROPOSITION 12  Consider the sequence of degree distributions {P}en generated by an
indefinite iteration of the network formation process (GF)ien of Definition 3 with 5 = 0.
Further assume that Equation (H.11) holds. Then, for all, k > 0 we have P/(k) — P(k),
where

(1+m)k!T (2 + mm—*;}>

(H12) P(k) = .
(L4+m(1+p)L (2+ 2+ 1)

PROOF OF PROPOSITION 12: Equation (H.12) follows directly from the recursion in Equa-
tion (B.3) and Equation (H.11). Q.E.D.

With Equation (H.11) it follows for the dynamics of k¢(¢) in the continuum approximation

dks(t)  pm ks(t) +1
d  m+1 t

with the solution

(H13) k() = (f)ﬁ 1

S

The degree distribution in the continuum approximation is then given by

_1+m
— o

1+m)

(H.14) P(k) (1+ &)~ (5

with [ P(k)dk = 1. For large k, Equations (H.12) and (H.14) are equivalent. Moreover, for
p = 1 we recover the distribution in Equation (B.15). Next we turn to the analysis of the
average nearest neighbor degree.

ProrosiTiON 13 Consider the network formation process (Gf)teR+ of Definition 3 in the
continuum approximation with ng small enough and assume that Equation (H.13) holds. If
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B =0 then the average nearest in-neighbor degree distribution is given by

L4 b+ Dk +1) = 1))

(H15) kon(k) = o

and the average nearest out-neighbor degree distribution is given by

mp + 1 _1
H.16) k' (k)= 2+ 1 tk+1)"a,2
(H16) K (k) = 2k —Eed ()75 ok + 1), 20)
wherea:ﬁ—fn.

PROOF OF PROPOSITION 13: In order to derive Equation (H.15), let us denote by R, (t)
the sum of the in-neighbors’ degrees of a vertex s at time t. We then have that

ng_t(t) = > k@) =3 ((3) -1+ RW),

JENG, (5)

where we have denoted by a =
by

7o The initial condition is R (s) = 0. The solution is given

R (t)=14+(k+1)(In(k+1)—-1),

where we have used the fact that s = ¢(k+1)"a from Equation (H.13). Noting that k_ (k) =
RT; we readily obtain Equation (H.15).

Next, we consider the out-neighbors of s. Assume that vertex s has out-degree m and
denote by RS the sum of the in-degrees of the out-neighbors of s at time ¢. We then can

write

dRT (t) ns o=, (o (ns(mﬂ)) a m(mp + 1)
s \U) s k — (R (t) + ———~
dt Z +pt Z ns(m+1 ot S( )+ m+1 )
jend o) | =1
The solutions is given by R (t) = m(llJrﬂ + C,t* and the initial condition is

s

Rf(s) = Z %(1 + k;(s))? = as® ' H(s,2a),

Jj=1

so that we get

Ry = e+ 1) ((f)a - 1) +as® 1 H(s, 2q).

m—+ 1 s

Inserting s = t(k + 1)~a from Equation (H.13) and using the fact that ky, (k) = R—ﬂ% delivers
Equation (H.16) . Q.E.D.
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In a similar fashion as in Proposition 8 we can also compute the clustering degree distri-
bution.

PROPOSITION 14 Consider the network formation process (Gf)teR+ of Definition 3 in the
continuum approximation with ng small enough and assume that Equation (H.13) holds. If
B =0 then the avemge clustering coefficient of an agent with degree k is given by Proposition
8 setting a = ﬁ
PROOF OF PROPOSITION 14: We need to consider the same cases as in the proof of Propo-
sition 8. We take |S;| = n,(m + 1) ignoring terms of the order O (). For the probability of
case (i) we obtain

m— m ns—1)(m+1
L OO
P (" :”n“ ) (m+1)(ns(m+1)— 1)t
For case (ii) we get
O G NG m(m —1)

ks(t)— = :
phs(t) t (ns(::rl)) L ns(m+ 1)(ng(m+1) — 1)
and similarly, for case (iii) we get

ne ("0 ML) m(m — 1)
M ()= () TP o Dng(m 1) - 1)

The dynamics of M,(t) is then given by

dM,(t) a(m—1)
dt  t(ns(m+1)—1)

= Y+ 0+ 000) = 2o (4) = 1+ 0000,

(m + ks(t) + My())

with @ = . This differential equation is identical to (B.27) and hence we obtain the same
result as in Proposition 8. Q.E.D.

In the following we study the connectivity of the emerging networks in the network for-
mation process introduced in Definition 3. We restrict our analysis to the case of ny = 1.
Observe that the probability that a component of size s grows by one unit due to the at-
tachment of an entrant ¢ is equivalent to the event that t observes one of the nodes in the
component when constructing the sample S;. The probability of this event is 2. Hence, we
obtain the same component size distribution as in Proposition 11. We then can state the
following proposition.
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Figure H.3: Comparison of simulation results with theoretical predictions of the link forma-
tion process in Definition 3 with p = 0.5, ny, = 1, m = 4, f = 0 where the network size
is T = 10° (top row) or T = 2 x 10° (bottom row). We show simulations for the deter-
ministic case (o), a uniform distribution X, ~ U{1,2m — 1} (¢) and a Poisson distribution
X ~ Pois(m) (O) both with expectation E[X,,] = m.

PROPOSITION 15  Let Ni(t) denote the expected number of components of size s at time
t. Consider the network formation process (Gf)teN of Definition 3 with nyg = 1. Then the

asymptotic component size distribution P(s) = lim;_,« Nst(t) s given by

(1-pr(4)r(s)

(H.17) P(s) = 2T <1 N 1_1) N 5)

PrROOF OF PROPOSITION 15: The proof follows the one of Proposition 11. Q.E.D.

REFERENCES

Alireza Abbasi, Jorn Altmann, and Liaquat Hossain. Identifying the effects of co-authorship networks on
the performance of scholars: A correlation and regression analysis of performance measures and social
network analysis measures. Journal of Informetrics, 5(4):594-607, 2011.

Simon P Anderson, Andre De Palma, and Jacques Frangois Thisse. Discrete choice theory of product differ-
entiation. MIT Press, 1992.

Vellllf%tleslh%}?oal%o%%d Sanjeev Goyal. A noncooperative model of network formation. FEconometrica, 68(5):

Coralio Balleéter, Antoni Calvé-Armengol, and Yves Zenou. Who’s who in networks. wanted: The key player.
Econometrica, 74(5):1403-1417, 2006.

Francis Bloch. The economic theor%of the environment, chapter Non-cooperative models of coalition forma-
tion with spillovers. Cambridge University Press, 1997.

Phillip7Bonacich. Power and centrality: A family of measures. American Journal of Sociology, 92(5):1170,
1987.

Siddhartha Chib. Markov chain Monte Carlo methods: computation and inference. Handbook of econometrics,
5:3569-3649, 2001.

29



Gerard Debreu and Israel Nathan Herstein. Nonnegative square matrices. Fconometrica, 21(4):597-607,
1953.

Lorenzo Ductor. Does co-authorship lead to higher academic productivity? Ozxford Bulletin of Economics
and Statistics, 2014.

Marcel Fafchamps, Marco J. Van der Leij, and Sanjeev Goyal. Matching and network effects. Journal of the

European Economic Association, 8(1):203-231, 2010. ISSN 1542-4766.
Saréjoegg Goyal and Sumit Joshi. Unequal connections. International Journal of Game Theory, 34(3):319-349,

Matthew O. Jackson and Asher Wolinsky. A strategic model of social and economic networks. Journal of
Economic Theory, 71(1):44-74, 1996.
Hao Jia. A stochastic derivation of the ratio form of contest success functions. Public Choice, 135(3):125-130,

2008.
Paul Marjoram, John Molitor, Vincent Plagnol, and Simon Tavaré. Markov chain Monte Carlo without

likelihoods. Proceedings of the National Academy of Sciences, 100(26):15324, 2003.

Daniel McFadden. Econometric models of probabilistic choice, chapter Structural Analysis of Discrete Data
with Fconometric Applications. MIT Press, Cambridge, MA, 1981.
Li-Na Wang, Jin-Li Guo, Han-Xin Yang, and Tao Zhou. Local preferential attachment model for hierarchical

networks. Physica A: Statistical Mechanics and its Applications, 388(8):1713-1720, 2009.

30



	Attachment Kernel and Link Incentive Function 
	Large Observation Radius 
	Sampling of Agents
	Attachment Kernel

	Payoff Functions 
	Information Diffusion in Networks
	Two-Way Flow Communication
	Public Goods Provision
	A Linear-Quadratic Complementarity Game

	The LF-MCMC Algorithm 
	Undirected Links 
	Large Observation Radius
	Small Observation Radius

	Heterogeneous Linking Opportunities 
	Large Observation Radius
	Small Observation Radius


