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We consider collective decisions under uncertainty, when agents have general-
ized Hurwicz preferences, a broad class allowing many different ambiguity atti-
tudes, including subjective expected utility preferences. We consider sequences
of acts that are “almost-objectively uncertain” in the sense that asymptotically,
all agents almost-agree about the probabilities of the underlying events. We in-
troduce a Pareto axiom which applies only to asymptotic preferences along such
almost-objective sequences. This axiom implies that the social welfare function
is utilitarian, but it does not impose any constraint on collective beliefs. Next, we
show that a Pareto axiom restricted to two-valued acts implies that collective be-
liefs are contained in the closed convex hull of individual beliefs, but imposes no
constraints on the social welfare function. Neither axiom entails any link between
individual and collective ambiguity attitudes.
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Anyone who considers arithmetical methods of producing random digits is, of course, in a state of

sin. —John von Neumann

1. INTRODUCTION

From a democratic point of view, collective decisions should be made by aggregating the
preferences or opinions of the affected individuals. But almost all nontrivial decisions
involve uncertainty. Normative decision theory considers the question of how rational
agents should cope with such uncertainty. Bayesian social aggregation combines these
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two ingredients: it aims for collective decisions that are both rational and democratic.
The foundational result is Harsanyi’s (1955) Social Aggregation Theorem. Harsanyi con-
sidered a society in which all agents are von Neumann-Morgenstern (vNM) expected
utility maximizers. He showed that if the vNM preferences of the social planner satisfy
an ex ante Pareto axiom relative to the vNM preferences of the individuals, then the so-
cial welfare function —that is, the vNM utility function of the social planner —must be
a weighted average of the individual vNM utility functions. Harsanyi interpreted this as
a strong argument for utilitarianism.

Harsanyi’s result is highly influential in social choice theory, but its dependence on
the vNM framework curtails its applicability. The vNM framework assumes that all risks
can be quantified with known, objective probabilities. But in many complex decision
problems (e.g. macroeconomics, climate change, pandemics), it is not clear how to
assign precise probabilities to the relevant contingencies. Indeed, when considering
sui generis events in the future (e.g. hypothetical wars or financial crises in 2060), it is
not clear that “objective” probabilities even exist. This led Savage (1954) to propose an
approach to decision-making based on the maximization of subjective expected utility
(SEU) —that is, expected utility computed using the agent’s own “subjective” probabilis-
tic beliefs.

A central tenet of the Savagean framework is that different rational agents may rea-
sonably hold different subjective beliefs. But Mongin (1995) showed that Harsanyi’s the-
orem breaks down in settings with heterogeneous beliefs. Mongin (1997) diagnosed the
root of the problem as spurious unanimity: different individuals might have different
utility functions and different beliefs, but these differences might “cancel out” to yield a
unanimous ex ante preference amongst them for one act over another, thereby entailing
(via the ex ante Pareto axiom) a corresponding ex ante social preference.

This suggests that to avoid Mongin’s impossibility theorem, one should weaken the
ex ante Pareto axiom to avoid cases of spurious unanimity. This strategy was realized
in a landmark paper by Gilboa et al. (2004), who proposed a “restricted” ex ante Pareto
axiom that only applied to acts for which all individuals have the same probabilistic be-
liefs about the underlying events. Gilboa et al. showed that this restricted Pareto axiom
has two consequences: (1) the social welfare function (SWF) must be a weighted sum
of individual utility functions, and (2) the social beliefs must be a weighted average of
individual beliefs.1

However, while it escapes from the spurious unanimity diagnosed by Mongin, the
Restricted Pareto of Gilboa et al. is still susceptible to another form of spurious unanim-
ity, which Mongin and Pivato (2020, §6) call complementary ignorance. Agents might
“agree” about the probabilities of certain events —and unanimously prefer one act over
another —only because they have different private information. Restricted Pareto will
then require the social preferences to agree with these unanimous individual prefer-
ences, even when this contradicts the preference that all agents would have if they had
adequately pooled their private information. (See Section 6 for details.)

1See Section 6 for a more detailed discussion of Gilboa et al. (2004). Recently, Brandl (2021) has obtained
a similar result, but in his case, the SWF is relative utilitarian: it is a sum of the utility functions of individuals
rescaled to range from 0 to 1. See also Billot and Qu (2021).
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Importantly, this private information is already identifiable from the support of the
individuals’ beliefs. So a social planner who knew enough about the individuals’ beliefs
to even apply Restricted Pareto would already know enough to pool their private informa-
tion. This brings us to another objection to Gilboa et al.’s result: it is not always appropri-
ate to construct social beliefs as an arithmetic average of individual beliefs. In particular,
arithmetic averaging obfuscates precisely the private information just mentioned. But it
can even malfunction when all agents receive the same information, because it does not
interact well with Bayesian updating.2

In response, Dietrich (2021) has recently obtained a result similar to that of Gilboa
et al. (2004), in which social beliefs are a weighted geometric average of individual beliefs.
This ensures compatibility with Bayesian updating. But it does not address a broader is-
sue. Different belief-aggregation rules are suitable in different contexts, and the criteria
that determine the appropriate belief-aggregation rule are not necessarily the criteria
that determine the correct social welfare function. The specification of collective be-
liefs is an epistemic problem, whereas the specification of the SWF is an ethical prob-
lem; there is no reason that these two problems should be solved by the same theorem.3

For this reason, Mongin and Pivato (2020) and Pivato (2022) have recently introduced
weak Pareto axioms which entail a utilitarian SWF, but which do not impose any con-
straints on collective beliefs. They thus concentrate on the ethical problem, leaving the
epistemic problem to be solved later by other methods.

The present paper takes up this challenge: it addresses both problems, but deals
with them independently of one another. We assume an uncountably infinite state
space, on which beliefs are represented by finitely additive, nonatomic probability mea-
sures. This enables us to exploit the phenomenon of almost-objective uncertainty (due
to Poincaré 1912 and Machina 2004, 2005), which involves a sequence of partitions
G1,G2,G3, . . . such that even agents with very different beliefs will assign increasingly
similar probabilities to the cells of Gn as nÑ8. We propose a weak Pareto axiom, which
only applies to asymptotic preferences for sequences of acts measurable with respect
to these partitions. Our first main result says that this axiom is both necessary and suf-
ficient for the SWF to be a weighted sum of individual utility functions (Theorem 1).
But unlike results in the aforementioned literature, it does not impose any relationship
between individual and collective beliefs.

We then turn to belief aggregation. We consider a second weak Pareto axiom, which
only applies to preferences between two-valued acts for which all agents have the same
preferences over the outcomes. Our second main result (Theorem 2) connects this ax-
iom to the social aggregation of individual beliefs. But it does not impose any constraint
on the SWF. Thus, the two theorems decouple the ethical problem from the epistemic
problem, and deal with them separately.

Our last result (Theorem 3) is a variant of the theorem of Gilboa et al. (2004), and
yields the same conclusion as Theorem 1: a characterization of utilitarian social welfare

2To be precise: the Bayesian update of the arithmetic average of the individuals’ prior beliefs is generally
not the arithmetic average of the Bayesian updates of these beliefs.

3See §4.7 of Pivato (2022) for further elaboration of these points.
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without linear aggregation of beliefs. The Pareto axiom invoked by Theorem 3 is sim-
pler than the one invoked by Theorem 1. But like the axiom of Gilboa et al. (2004), it is
susceptible to complementary ignorance, as we explain in Section 6.

The earlier discussion was vague about the belief aggregation in Theorem 2. If all
agents have SEU preferences, then Theorem 2 says the social beliefs are a weighted aver-
age of individual beliefs, as in Gilboa et al. (2004). But to fully explain this result, we must
broaden our perspective. All of the aforementioned literature assumes that all agents
have SEU preferences. But in ambiguous decision environments, this might be inappro-
priate; it might be difficult to specify any single probability measure over contingencies
as an adequate description of the uncertainty faced by an agent. This objection is both
normative and descriptive. At a descriptive level, many agents might simply be unable
to condense their uncertainty into a single probability measure. At a normative level,
it is perhaps not even rational for an agent to resort to such a probabilistic description.
These concerns have inspired a variety of non-SEU models of decision making. Typi-
cally such models represent an agent’s beliefs not with a single probability measure but
with an ensemble of probability measures, and in addition to her utility function, they
often involve other parameters. For succinctness, we shall describe this entire package
(i.e. a non-SEU decision model and its associated parameters) as the agent’s ambiguity
attitude.

This raises the question of whether non-SEU ambiguity attitudes can be incorpo-
rated into collective decisions. But just as different agents can reasonably hold differ-
ent probabilistic beliefs, different agents can reasonably adopt different ambiguity atti-
tudes. Such heterogeneity leads once again to impossibility theorems (Chambers and
Hayashi, 2006, Gajdos et al., 2008, Mongin and Pivato, 2015, Zuber, 2016). In general,
to satisfy the ex ante Pareto axiom, all agents must not only have the same beliefs, but
the same ambiguity attitudes —indeed, they must be SEU maximizers.4 Once again,
to escape this undesirable conclusion, one must weaken the ex ante Pareto axiom; this
strategy has been explored in a series of elegant papers by Alon and Gayer (2016), Danan
et al. (2016), Qu (2017) and Hayashi and Lombardi (2019).5 Like the foundational result
of Gilboa et al. (2004), these more recent papers axiomatically characterize not only a
SWF, but a procedure for aggregating individual beliefs into a collective belief. As already
noted, non-SEU models generally represent agents’ beliefs by ensembles of probability
measures, so these procedures aggregate these ensembles. Thus, they are vulnerable to
the same objections earlier raised against Gilboa et al. (2004) and Dietrich (2021): differ-
ent belief-aggregation rules are appropriate in different environments, and in any case,
collective beliefs should not necessarily be determined at the same time as the social
welfare function. Furthermore, these theorems generally impose a particular ambiguity
attitude on society (either in their hypotheses or in their conclusions).

The results of the present paper are compatible with both heterogeneity of beliefs
and heterogeneity of ambiguity attitudes. Theorems 1 and 3 are formulated for gener-
alized Hurwicz preferences, a broad class that includes SEU preferences, maximin SEU

4In fact, when all agents have maximin SEU preferences, or all have Hurwicz preferences, Hayashi (2021)
has shown that ex ante Pareto implies dictatorship, even if all agents have the same beliefs.

5See Mongin and Pivato (2016) or Fleurbaey (2018) for reviews of this literature.
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preferences, Hurwicz preferences, and second-order SEU preferences, among others.
Theorem 2 is formulated for Bewley preferences. In both preference classes, each agent’s
beliefs are described by a set of probability measures. The precise statement of Theorem
2 is that the belief set underlying collective preferences must be contained in the closed
convex hull of the union of the belief sets underlying the individual preferences. Impor-
tantly, none of Theorems 1 - 3 imposes any relationship between individual ambiguity
attitudes and collective ambiguity attitudes. We see this as an advantage. Just as the
specification of the SWF is an ethical problem, and the specification of collective beliefs
is an epistemic problem, the specification of collective ambiguity attitudes is a problem
of prudential rationality. It is better to disentangle these three problems. This paper
focuses on the first two problems, leaving the prudential problem for future work.

The rest of this paper is organized as follows. Section 2 introduces generalized Hur-
wicz representations. Section 3 introduces almost-objective uncertainty, and provides
several sufficient conditions for the existence of almost-objective uncertainty. Section
4 turns to social welfare; it introduce a concept of “asymptotic preferences” based on
almost-objective uncertainty and a corresponding Pareto axiom, along with the state-
ment of Theorem 1 and several corollaries. Section 5 turns to belief aggregation, and
contains our second Pareto axiom and Theorem 2. Section 6 contains Theorem 3, and
compares our results to some prior literature. Appendices A, B, C and F contain proofs
of results stated in the main text, while Appendices D and E contains supplementary
results which may be of interest to some readers.

2. GENERALIZED HURWICZ REPRESENTATIONS

Let S and X be measurable spaces —i.e. sets equipped with sigma-algebras.6 We shall
refer to S as the state space and X as the outcome space. Let ∆pSq be the set of all finitely
additive probability measures on S . An act is a measurable function α : SÝÑX that takes
only finitely many values. Let A be the set of all acts. Let ě be a preference order on A.
In the Savage model of uncertainty, X is a set of “outcomes”, while S is a set of possible
“states of nature”; the true state is unknown. The order ě describes an agent’s ex ante
preferences. A representation of ě is a function V : AÝÑR such that

for all α,β PA,
´

αě β
¯

ðñ

´

V pαq ě V pβq
¯

. (1)

In particular, V is a subjective expected utility (SEU) representation if there is some ρ P∆pSq
and a bounded measurable function u : XÝÑR such that

V pαq “

ż

S
u ˝ α dρ, for all α PA. (2)

Here, ρ is interpreted as the agent’s subjective beliefs about the unknown state of na-
ture, while u describes the utility she would obtain from each outcome. But as noted in

6For simplicity, we shall not make these sigma-algebras explicit in our notation. A set will never be
equipped with more than one sigma-algebra in this paper.
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Section 1, in situations of ambiguity, it might be inappropriate to represent an agent’s
beliefs as a single probability measure over S . This has led to classes of preferences that
use an ensemble of probability measures. This paper will focus on a broad class of such
preferences: those admitting a generalized Hurwicz representation.

A representation V is generalized Hurwicz (GH) if there is a closed convex subset P Ď
∆pSq and a bounded measurable function u : XÝÑR, such that

for all α PA, V pαq ď V pαq ď V pαq, (3)

where V pαq :“ inf
ρPP

ż

S
u ˝ α dρ and V pαq :“ sup

ρPP

ż

S
u ˝ α dρ.

The idea here is that the agent is not only unsure of the true state of nature, but also
unsure about the correct probability distribution to put on S ; the belief set P contains
all probabilities that she considers possible. The GH representation (3) encompasses a
wide gamut of preferences. It reduces to the SEU representation (2) if P is a singleton.
It obviously includes the class of maximin SEU (or multiple priors) preferences char-
acterized by Gilboa and Schmeidler (1989) (for which V pαq “ V pαq, for all α P A), and
also the classical Hurwicz (or α-maximin) preferences introduced by Hurwicz (1951)
and recently characterized by Chateauneuf et al. (2020) and Hartmann (2023) (for which
V pαq “ q V pαq`p1´qqV pαq, for allα PA, for some constant q P r0,1s). It also includes the
class of second order SEU (or smooth ambiguity) preferences characterized by Klibanoff
et al. (2005) and the Choquet expected utility preferences of Schmeidler (1989). More
generally, Cerreia-Vioglio et al. (2011, Prop.5) show that any monotone, Bernoullian,
Archimedean (MBA) preference admits a GH representation like (3), generalizing an ear-
lier result of Ghirardato et al. (2004, Prop.7) for invariant biseparable preferences.

Let bapSq be the Banach space of all finitely additive signed measures (“charges”) on
S which have finite total variation norm

}µ}vr :“ sup
H1,...,HNĎS

disjoint measurable

N
ÿ

n“1

|µrHns| . (4)

We will say that a GH representation (3) is compact if P is compact in this norm. We shall
say it is nonatomic if all elements of P are nonatomic measures. (A measure ρ is nonatomic
if, for any εą 0, there is a measurable partition tG1, . . . ,GNu of S such that ρpGnq ă ε for
all n P r1 . . .N s.) We shall say that a representation V is contiguous if its image V pAq is a
dense subset of an interval in R. For example, if X is a connected topological space and
u : XÝÑR is continuous, then any GH representation (3) with u as its utility function is
contiguous.7

The goal of this paper is not to axiomatically characterize GH representations. We
shall simply assume that the agents’ preference have such representations; in light of
the generality of this class, this is a reasonable assumption. But different agents might
have different representations, with different u and P . Thus, our framework allows great
diversity in the beliefs and ambiguity attitudes of the agents.

7To see this, let α range over all constant-valued acts, to deduce that V pAq “ upX q.

https://econtheory.org


Submitted to Theoretical Economics Bayesian social aggregation, almost-objective 7

The utility function u that appears in the GH representation (3) of a preference order
ě is unique up to positive affine transformations. But the belief set P is not unique.
There are certain “natural” choices for P ; for example, in the frameworks of Ghirardato
et al. (2004) and Cerreia-Vioglio et al. (2011), there is a unique belief set that yields a
Bewley representation for the “unambiguous” part of ě; we will discuss this further in
Section 5. Alternatively, one could use an inclusion-minimal belief set (see Lemma E.1
in Appendix E). The characterizations of utilitarianism in this paper apply to any GH
representations for the preferences of the agents. But the smaller the corresponding
belief sets are, the easier it will be to satisfy our hypotheses.

3. ALMOST-OBJECTIVE UNCERTAINTY

A measurable partition of S is a finite collection G“ tGnuNn“1 of disjoint measurable subsets

such that S “
N
Ů

n“1
Gn. For any K P N, let ∆K :“ tq “ pq1, . . . , qKq P RK` ;

K
ř

k“1
qk “ 1u, the

set of K-dimensional probability vectors.
Let R be a collection of probability measures on S . Let K PN and let q P∆K . For all

n PN, let Gn :“ tGn1 , . . . ,GnKu be a K-cell measurable partition of S . We shall say that the
sequence of partitions pGnq8n“1 is R-almost-objectively uncertain and subordinate to q if, for
all ρ PR, we have

lim
nÑ8

ρpGnk q “ qk, for all k P r1 . . .Ks. (5)

For example, let S “ r0,1s, and let R be the set of all probability measures that are abso-
lutely continuous with respect to the Lebesgue measure, with continuous density func-
tions. Suppose q “ p0.1,0.2,0.3,0.4q. For any number s P r0,1s and n P N, let spnq be the
nth digit in the decimal expansion of s.8 For all n P N, let Gn :“ tGn1 ,Gn2 ,Gn3 ,Gn4 u, where
Gn1 :“ ts P r0,1s; spnq “ 0u, Gn2 :“ ts P r0,1s; spnq P t1,2uu, Gn3 :“ ts P r0,1s; spnq P t3,4,5uu,
and Gn4 :“ ts P r0,1s; spnq P t6,7,8,9uu. It is easily seen that pGnq8n“1 is R-almost-
objectively uncertain and subordinate to q.

Almost-objective uncertainty was first introduced by Poincaré (1912) to explain why
it is reasonable to hold particular epistemic probabilities regarding a physical random-
ization device such as a roulette wheel, even if we do not have an exact understanding
of how this apparent randomness is generated. Its first application to decision-making
under ambiguity was due to Machina (2004, 2005), who also coined the term “almost-
objective uncertainty”. Poincaré and Machina considered almost-objective uncertainty
on the unit interval r0,1s, as in the above example. We will now generalize this concept to
a much broader collection of state spaces and probability measures. Let S be a measur-
able space, and let RĎ∆pSq. We shall say that R is consilient if, for anyK PN and q P∆K ,
there is an R-almost-objectively uncertain sequence of partitions pGnq8n“1 subordinate
to q. The results in this section give sufficient conditions for consilience. We need some
terminology. A subset R Ď ∆pSq is nonatomic if all elements of R are nonatomic. It is
separable if it has a countable dense subset in the topology of the total variation norm
(4).

8There is a countable subset of r0,1s of numbers with non-unique decimal expansions, for whom spnq is
not well-defined. But it has Lebesgue measure zero, so it is irrelevant to this construction.
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PROPOSITION 1. If R is nonatomic and separable, then R is consilient.

It is sometimes convenient to have a consilient set that is closed under Bayesian
updating. For any µ,ρ P∆pSq, we shall write “µăăăρ” if there is a measurable function
φ : SÝÑR such that µpBq “

ş

B φ dρ for all measurable B Ď S ; in this case, we define dµ
dρ :“

φ.9 For any subset R Ď ∆pSq, let xRy :“ tµ P ∆pSq; µăăăρ for some ρ P R, and dµ
dρ is

boundedu. In particular, xRy includes all measures that arise from a Bayesian update of
some element of R. Let us say that R is strongly consilient if xRy is consilient.

The next result gives two sufficient conditions for strong consilience. First we need
some terminology. A probability measure µ P∆pSq is separable if there is a countable set
of events tEnu8n“1 that is dense: for any measurable B Ď S , and any ε ą 0, there exists
n PN such that B is “ε-approximated” by En in the sense that µrBzEns ă ε and µrEnzBs ă
ε. (Equivalently, µ is separable if the normed vector space L1pS, µq is separable.)10 For
example, the Lebesgue measure on r0,1s is separable. Most probability spaces that arise
in practical applications are separable.

A standard Borel space is a measurable space S that is measurably isomorphic to a
complete, separable metric space S 1 (e.g. a closed subset of RN ), endowed with its Borel
sigma algebra. (That is: there is a measurable bijection from S to S 1 whose inverse is
also measurable.) Every Polish space is a standard Borel space. But a standard Borel
space need not have a Polish topology (or indeed, any topology at all). Almost every
measurable space encountered in applications is standard Borel.11 Let ∆σpSq be the
space of countably additive probability measures on S .

PROPOSITION 2. Suppose that R Ď∆pSq is nonatomic and separable, and suppose that
either (a) Every element of R is separable; or (b) S is a standard Borel space and R Ď

∆σpSq. Then R is strongly consilient.

Further sufficient conditions under which a collection R Ď ∆pSq is (strongly) con-
silient can be found in Appendix D.

4. SOCIAL AGGREGATION OF UTILITY

As noted in Section 1, a central problem in Bayesian social aggregation is that different
agents might have different probabilistic beliefs and different attitudes towards ambi-
guity. We shall now use almost-objective uncertainty to obviate these problems.

9If µ and ρ are countably additive, then the Radon-Nikodym Theorem says that µăăăρ if and only if µ is
absolutely continuous relative to ρ (“µ ! ρ”). But we only assume that µ and ρ are finitely additive. Given
supplementary technical conditions, finitely additive versions of the Radon-Nikodym Theorem have been
obtained by Berti et al. (1992, Corollaries 3.1 and 3.2), Basile and Bhaskara Rao (2000, Theorem 7.5) and
others; see Candeloro and Volčič (2002,§3) for a summary.

10If µ is only finitely additive, then L1pS, µq might not be a Banach space, unless certain technical con-
ditions are satisfied (Basile and Bhaskara Rao, 2000). But this is irrelevant for our purposes.

11For a good introduction to standard Borel spaces, see §424, p.158 of Fremlin (2006a).
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Almost-objective acts. Let R be a consilient collection of probability measures on a
measurable space S . Let α “ pαnq8n“1 be a sequence of acts. We shall say that α is an
R-almost-objective act if there is a K-tuple of outcomes x P XK (for some K P N), and an
R-almost-objectively uncertain sequence of K-cell partitions G “ pGnq8n“1, with Gn :“

tGn1 , . . . ,GnKu for all n P N, such that for all n P N and k P r1 . . .Ks we have αnpsq “ xk for
all s P Gnk . If G is subordinate to the probability vector q P∆K , then we shall say that α is
subordinate to pq,xq.

Let β “ pβnq8n“1 be another R-almost-objective act. We shall say that α and β are
compatible if βn is also measurable with respect to Gn for all n PN.

Asymptotic preferences. Let ě be a preference order on A. Let α and β be R-almost-
objective acts. We shall say ě asymptotically prefers α to β, and write α ą8 β if there exist
α1, β1 PA and N PN such that αn ą α1 ą β1 ą βn for all něN .

Almost-objective Pareto. Let I be a set of individuals. Let o be another agent, repre-
senting a social planner or social observer. Let J “ I \ tou. For all j P J , let ěj be a
preference order on A. We shall require ěo to satisfy the following axiom, relative to
těiuiPI and R:

R-Almost-objective Pareto. If α and β are compatible R-almost-objective acts, and α ą8i

β for all i P I , then α ć8o β.

This axiom does not require α ą8o β; it simply requires the social planner not to form
the opposite asymptotic preference to that of the individuals.

Minimal agreement. Suppose that each of the preference orders tějujPJ has a GH
representation (3) with an associated utility function uj : XÝÑR. We shall say that the
utility functions tuiuiPI satisfy Minimal Agreement if there exist probability measures µ1
and µ2 on X such that

ş

X ui dµ1 ą
ş

X ui dµ2 for all i P I . In other words, there exist
two “objective lotteries” over outcomes, for which all individuals have the same strict
preference. Versions of this condition are widespread in the literature on Bayesian social
aggregation; see e.g. Mongin (1995, 1998), Alon and Gayer (2016), or Danan et al. (2016).

Utilitarianism and weak utilitarianism. Recall that uo is the ex post utility function
associated to the social preference order ěo. We shall say that uo is weakly utilitarian if
there exist constants ci ě 0 for all i P I and b PR such that

uo “ b`
ÿ

iPI
ci ui. (6)

It is possible that ci “ 0 for some i P I ; thus, the preferences of some individuals might
be ignored. If ci ą 0 for all i P I , then uo is utilitarian. Under mild conditions, weak utili-
tarianism is equivalent to utilitarianism (see Proposition F.1 in Appendix F). So we focus
on establishing weak utilitarianism. We now come to our main result.

THEOREM 1. Let R Ď∆pSq be consilient. For all j P J , suppose ěj has a compact, con-
tiguous GH representation (3) with Pj ĎR. Assume that tuiuiPI satisfy Minimal Agreement.
Then ěo satisfies R-Almost-objective Pareto if and only if uo is weakly utilitarian.
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The next result applies this to the original problem of Bayesian social aggregation.

COROLLARY 1. Let R Ď ∆pSq be consilient. For all j P J , suppose ěj has a contiguous
SEU representation (2) with ρj PR. Suppose tuiuiPI satisfy Minimal Agreement. Then ěo

satisfies R-Almost-objective Pareto if and only if uo is weakly utilitarian.

Intrinsic consilience. A possible criticism of Theorem 1 and Corollary 1 is that R-
Almost-objective Pareto involves an exogenous set R of probability measures. The next
axiom endogenizes R.

Almost-objective Pareto*. For all j P J , let ěj be a preference order on A with a GH repre-
sentation (3) given by some set Pj Ď∆pSq. Let R :“

Ť

jPJ
Pj .

If α and β are compatible R-almost-objective acts, and α ą8i β for all i P I , then α ć8o

β.

Combining Proposition 1 with Theorem 1 yields the following result:

COROLLARY 2. For all j P J , suppose ěj has a compact, contiguous, nonatomic GH rep-
resentation (3), and suppose tuiuiPI satisfy Minimal Agreement. Then ěo satisfies Almost-
objective Pareto* if and only if uo is weakly utilitarian.

One can likewise obtain versions of Corollary 1 using Almost-objective Pareto*. These
results follows from Proposition 1 because

Ť

jPJ
Pj is compact, hence separable (see the

end of Appendix B for details). The advantage of Corollary 2 over Theorem 1 is that the
relevant Pareto axiom is defined “by the agents themselves”, via their belief sets tPjujPJ .
The disadvantage is that, to verify Almost-objective Pareto*, one must exactly identify the
sets tPjujPJ . In contrast, to apply Theorem 1, one need only know that these sets are all
contained in some consilient set R.

Proof sketch. Recall that Harsanyi’s (1955) original result involved expected-utility pref-
erences over objective lotteries. In that setting, if ěo is not weakly utilitarian, then the
Separating Hyperplane Theorem can be used to construct a pair of lotteries that vio-
late Ex ante Pareto. By restricting the Pareto axiom to asymptotic preferences between
almost-objective acts, we have restricted it to a domain where agents’ preferences are
almost described by such objective expected utilities. This is expressed precisely by the
next result, which is also of independent interest.

PROPOSITION 3. Let R be a consilient set of probability measures on S . Let K P N, let
q P ∆K , let x P XK , and let α “ pαnq8n“1 be an R-almost-objective act subordinate to
pq,xq. Let V be a compact GH representation (3) with P ĎR. Then

lim
nÑ8

V pαnq “

K
ÿ

k“1

qk upxkq. (7)
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By virtue of Proposition 3, a separating hyperplane argument can be applied to prove
Theorem 1. Proposition 3 also has another important consequence: when considering
an agent’s asymptotic preferences over almost-objective acts, all information about that
agent’s beliefs is effaced. This explains why R-Almost-objective Pareto cannot entail any
link between individual beliefs and collective beliefs. We will turn to this question in the
next section.

5. COLLECTIVE BELIEFS

In this section, we shall assume Minimal Agreement on Outcomes (MAO): there exist x, y PX
such that x ąj y for all j P J . Let us call the pair px, yq a dichotomy. Let α : SÝÑX be an
act. Say that α is a dichotomous act if there is a dichotomy px, yq such that αpsq P tx, yu
for all s P S . Two dichotomous acts α and β are congruent if they range over the same
dichotomy tx, yu. Consider the following axiom:

Dichotomous Pareto. For any congruent dichotomous acts α,β P A, if α ěi β for all i P I ,
then αěo β.

The next result is derived from a result of Mongin (1995).

PROPOSITION 4. Suppose the preferences tějujPJ all have SEU representations with
nonatomic beliefs tρjujPJ , and they satisfy MAO. Then ěo satisfies Dichotomous Pareto if
and only if ρo is a convex combination of tρiuiPI .

Consistent with the philosophy of this paper, Proposition 4 decouples the problem of
belief aggregation from that of utility aggregation: it determines the collective beliefs
but says nothing about social welfare. But it only applies when all agents are SEU max-
imizers. Are there similar results for other ambiguity attitudes? In uncertain decision
environments where all agents have the same utility function, the social aggregation of
beliefs has been studied by Crès et al. (2011), Nascimento (2012), Gajdos and Vergnaud
(2013) and Stanca (2021) for various ambiguity attitudes including maximin expected
utility and second-order subjective expected utility. By restricting to dichotomous acts,
Dichotomous Pareto simulates a world where all agents have the same utility function, so
Proposition 4 is comparable to this literature. This raises the question of whether there
is a version of Proposition 4 for GH preferences.

Unfortunately, the class of GH preferences does not admit a result analogous to
Proposition 4. In the representation (3), the function V conflates the agent’s beliefs (the
set P) with her ambiguity attitudes. This conflation remains even if we restrict to con-
gruent dichotomous acts. To forge a link between the social belief set Po and the in-
dividual belief sets tPiuiPI , we must isolate the part of the agents’ preferences that is
determined solely by their beliefs, and is independent of their ambiguity attitudes.

Unambiguous preferences. Suppose temporarily that X is a convex space, as in the
Anscombe-Aumann framework. For any α,β PA and q P r0,1s, define α‘q β PA by set-
ting pα‘q βqpsq :“ q αpsq` p1´ qqβpsq for all s P S . Let ě be a preference order on A. The
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unambiguous part of ě is the binary relation � on A defined:
´

α � β
¯

ðñ

´

α‘q γ ě β ‘q γ, for all γ PA and all q P p0,1s
¯

.

This is the largest subrelation of ľ that satisfies the vNM Independence axiom (Ghirardato
et al., 2004, Proposition 4, part 7). Under certain conditions, there is a unique weak*
compact, convex set P Ď∆pSq and a utility function u : XÝÑR that yield both a general-
ized Hurwicz representation (3) for ě, and a Bewley representation for �, meaning that:12

For all α,β PA,
´

α � β
¯

ðñ

ˆ
ż

S
u ˝ α dρě

ż

S
u ˝ β dρ for all ρ PP

˙

. (8)

In fact, a convex X is not necessary to obtain these results. Recently, working in the
Savage framework, and generalizing the work of Ghirardato et al. (2003), Ghirardato and
Pennesi (2020) have shown that if ě has even one “locally biseparable event”, then one
can define a “subjective mixture” operation on X for ľ. The aforementioned representa-
tion results can then be extended to any monotone, locally biseparable preference using
this subjective mixture operation, yielding combined GH/Bewley representations for ě

and �.13

More generally, let � be any preorder on A —that is, a transitive, reflexive (but pos-
sibly incomplete) binary relation. A Bewley representation for � is a pair pP, uq, where
P Ă∆pSq and u : XÝÑR, such that statement (8) holds. If � has such a representation,
then we shall call it a Bewley preference. When restricted to constant acts, a Bewley pref-
erence defines a complete order on X . So the property of Minimal Agreement on Outcomes,
the definition of dichotomous acts, and the Dichotomous Pareto axiom are all meaningful
for Bewley preferences.

THEOREM 2. Let RĎ∆pSq be strongly consilient. For all j P J , suppose �j has a Bewley
representation (8) given by a compact subset Pj ĎR, and suppose these preferences satisfy
MAO. Let P be the closed convex hull of

Ť

iPI
Pi. Then �o satisfies Dichotomous Pareto if and

only if Po ĎP .

In the special case when all agents have SEU preferences, we have Pj “ tρju for all j P J ,
so that Theorem 2 reduces to Proposition 4. As explained earlier, if ě is a preference
order on A with unambiguous part �, then in many cases � has a Bewley representation
(8) with a set P that also appears in a GH representation (3) of ě.14 In this case, Theorem
2 establishes a relationship between the belief set underlying the GH representation of

12Ghirardato et al. (2004, Propositions 5 and 7) showed this in the case when ě is an invariant biseparable
preference. This result was then extended to monotone, Bernoullian, Archimedean (MBA) preferences by
Cerreia-Vioglio et al. (2011, Propositions 2 and Corollary 3). The original reference is Bewley (2002).

13See Remark 1 of Ghirardato and Pennesi (2020) for details. However, different agents generally have
different subjective mixture operations. So unlike almost-objective uncertainty, subjective mixtures cannot
be used for Bayesian social aggregation.

14More generally, given any preference � with a Bewley representation (8), Danan et al. (2016, Prop.2)
show that any transitive, Archimedean completion of � has a GH representation (3) using the same set P
of beliefs. (They refer to GH preferences as variable caution rules.)

https://econtheory.org


Submitted to Theoretical Economics Bayesian social aggregation, almost-objective 13

the social preferences and the belief sets of the individuals’ GH representations. But
Theorem 2 applies to any collection of Bewley preferences.

The proof strategy is as follows. Suppose px, yq is a dichotomy. Renormalize all
agents’ utilities such that upxq “ 1 and upyq “ 0. For any p P r0,1s, one can create an
almost-objective act such that x and y appear with probabilities p and 1´ p according
to every element of Pj , for all j P J . So all agents assign this act an almost-objective
expected utility of p. For any measurable partition H of S , we can then “stitch together”
such almost-objective acts across the cells of H to create a “piecewise almost-objective
act” such that for all agents, the conditional expected utility in each cell of H takes some
specified value (Lemma C.2 in Appendix C). Each agent’s asymptotic preferences over
these gadgets then entail inequalities between linear functionals, which must hold for
all elements of her belief set. We can thus use the Separating Hyperplane Theorem to
derive Po ĎP from Dichotomous Pareto.

Bayesian social aggregation of Bewley preferences has previously been analysed by
Danan et al. (2016). In particular, Danan et al.’s Theorem 2 shows that a certain Pareto
axiom implies that Po Ď P . However, like Gilboa et al. (2004), the results of Danan et al.
simultaneously characterize belief aggregation and utility aggregation, whereas we sep-
arate these problems. By combining R-Almost-objective Pareto and Dichotomous Pareto, we
can characterize both the social welfare function and social belief set using Theorems 1
and 2. But we can also choose to impose only one or the other of these axioms, thereby
constraining either the social welfare function or the social belief set, while leaving the
other unconstrained.

6. DISCUSSION

We have considered a decision environment of radical uncertainty, in which the ex ante
preferences of each agent admit generalized Hurwicz representation. We have intro-
duced a very weak Pareto axiom, which applies only to asymptotic preferences along
a sequence of acts for which all possible probabilistic beliefs entertained by all agents
converge to the same limit. We have shown that social preferences satisfy this weak
Pareto axiom if and only if the ex post social welfare function is a weighted sum of the
ex post utility functions of the individuals. In other words, social preferences must be
ex post utilitarian. A different Pareto axiom characterizes the formation of collective be-
liefs. Importantly, these results separate utility aggregation from belief aggregation, and
they do not impose any relationship between collective ambiguity attitudes and indi-
vidual ambiguity attitudes. As explained in Section 1, we see this as an advantage. We
will now relate our results to some prior literature.

Restricted Pareto. For all i P I , suppose ěi has a GH representation (3) with belief set
Pi. Let G “ tG1, . . . ,GKu be a partition of S . Let us say that G is a consensus partition
if there is some q P ∆K such that ρpGkq “ qk for all k P r1 . . .Ks, all ρ P Pi, and all i P I
—in other words, all individuals exactly agree on the probabilities of all cells of G. In a
watershed paper, Gilboa et al. (2004) proposed a version of the following axiom:
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Restricted Pareto. Let α,β PA be measurable with respect to a consensus partition G. If
αěi β for all i P I , then αěo β.15

Let us say that a GH representation (3) is polytopic if the set P is a polytope —i.e. the
convex hull of a finite subset of ∆pSq. Gilboa et al. (2004) worked with SEU preferences
based on countably additive probability measures. But their result has the following
generalization to (finitely additive) GH representations.

PROPOSITION 5. Suppose that ěo has an SEU representation given by some uo : XÝÑR
and ρo P∆pSq. For all i P I , suppose that ěi has a nonatomic, polytopic GH representa-
tion (3). Then ěo satisfies Restricted Pareto if and only if uo is weakly utilitarian and ρo is
in the span of

Ť

iPI
Pi.

Unlike Theorem 1, this result only applies if the social preference order ěo has an
SEU representation. Also, as we have already argued, a simultaneous characterization
of utilitarianism and linear belief aggregation is a mixed blessing. But a slight weakening
of the Restricted Pareto axiom addresses both of these concerns. For all j P J (including
o), suppose that ěj has a GH representation (3) with belief set Pj . Let us say that a
partition G“ tG1, . . . ,GKu is a strong consensus partition if there is some q P∆K such that
ρpGkq “ qk for all k P r1 . . .Ks, all ρ P Pj , and all j P J (including o). We shall weaken the
axiom of Gilboa et al. (2004) as follows:

Restricted Pareto*. Let α,β P A be measurable with respect to a strong consensus parti-
tion G. If αěi β for all i P I , then αěo β.

This axiom seems quite similar to Almost-objective Pareto. Indeed, if G is a strong con-
sensus partition, and we define Gn :“G for all n PN, then the sequence pGnq8n“1 is triv-
ially an “almost-objective” sequence with respect to the family R :“

Ť

jPJ
Pj . Thus, if α

and β are measurable with respect to G, and we define αn :“ α and βn :“ β for all n PN,
then the sequences α“ pαnq8n“1 and β :“ pβnq8n“1 are compatible almost-objective acts.
Thus, any unanimous preference which is admissible as input to Restricted Pareto* is also
admissible to Almost-objective Pareto, except that Almost-objective Pareto accepts a larger
variety of inputs, and yields a weaker conclusion.

THEOREM 3. For all j P J , suppose that ěj has a nonatomic, polytopic GH representation
(3). Then ěo satisfies Restricted Pareto* if and only if uo is weakly utilitarian.

In comparison with Theorem 1, the main advantage of Theorem 3 is that Restricted
Pareto* is a simpler and more natural axiom than R-Almost-objective Pareto. But there
are three major disadvantages. First, Theorem 3 only applies to polytopic GH repre-
sentations. Second, Restricted Pareto* suffers from the same weakness as Almost-objective
Pareto*, as remarked after Corollary 2: to apply Restricted Pareto* in a particular situation,

15Gilboa et al. used only the “indifference” part of this axiom, and assumed SEU representations, so Pi

was a singleton for all i P I . So their definition of “consensus partition” is simpler than ours.
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FIGURE 1. An example of complementary ignorance. (a) The prior beliefs of the three agents. (b) The

events they observe. (c) Their posterior beliefs. (d) The partition G“ tG1,G2u. (e) The acts α and β, ex ante

(f) The acts α and β in light of the combined information of all agents.

we must be able to recognize strong consensus partitions, which requires precise knowl-
edge of the sets tPjujPJ —something which may be difficult to achieve in practice. In
contrast, to apply R-Almost-objective Pareto, we need only know that tPjujPJ are con-
tained in R, a broad family of probability measures. It is possible to determine whether
a partition sequence is R-almost-objectively uncertain without knowing anything about
tPjujPJ , and also possible to construct such partition sequences on demand (e.g. using
the methods of Appendix A).

But the third and most serious disadvantage is that the Restricted Pareto axiom (in
either form) is vulnerable to a form of “spurious unanimity”, as we now explain.

Complementary ignorance. In real decision environments, new information arrives
all the time. This creates a potential problem: as agents acquire more information and
Bayes-update their beliefs, different partitions of S will become consensus partitions.
Thus, the scope of application of Restricted Pareto* will shift as the information available
to the agents changes. As noted by Mongin and Pivato (2020, §6, p. 649), different agents
might “spuriously” assign the same probabilities to the cells of a partition because they
receive different information. This can lead Restricted Pareto* to make recommendations
which are obviously incorrect in light of the aggregate information of the entire group.

For a simple illustration, suppose that there are two individuals I “ ti, ju, along with
the social planner o. The state space S is the triangle shown in Figure 1. Divide S into
four triangular regions, and suppose that the three agents have prior beliefs ρo, ρi and
ρj , which assign probabilities to these regions as shown in Figure 1(a). (We do not care
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how these probabilities are distributed within each region —indeed, it does not even
matter whether they are atomic or nonatomic.) Each agent then receives private infor-
mation. The social planner observes the event Eo (Figure 1(b)) and updates her beliefs
to ρ1o (Figure 1(c)). Meanwhile, individual i observes Ei, and updates her beliefs to ρ1i,
while j observes Ej , and updates her beliefs to ρ1j .

Consider the partition G“ tG1,G2u shown in Figure 1(d). This is a strong consensus
partition, because ρ1opG1q “ ρ1ipG1q “ ρ1jpG1q “

3
4 and ρ1opG2q “ ρ1ipG2q “ ρ1jpG2q “

1
4 . Let

x, y P X . Define the acts α,β : SÝÑX as shown in Figure 1(e). That is: αpsq “ x for all
s P G1 and αpsq “ y for all s P G2, whereas βpsq “ y for all s P G1 and βpsq “ x for all s P G2.
So α and β are both measurable with respect to G. Suppose that xąi y and xąj y. Then
αąi β and αąj β, because α yields the better outcome x with probability 3

4 (according
to either individual’s beliefs), whereas β only yields it with probability 1

4 . Thus, Restricted
Pareto* forces αąo β.

However, combining the private information of any two of the three agents yields the
event G2. And for all s P G2, we have αpsq “ y ă x“ βpsq for both individuals, as shown in
Figure 1(f). So Restricted Pareto* leads society to the wrong answer.16 Mongin and Pivato
refer to this phenomenon as complementary ignorance.17

R-Almost-objective Pareto is much less vulnerable to complementary ignorance. To
see this, suppose R is strongly consilient, and ě has a GH representation V with util-
ity function u and belief set P Ď R. Let E Ď S be an event which gets positive proba-
bility from all elements of P , and let P 1 be obtained by Bayes-updating every element
of P by E . Suppose ě1 is another preference, having a GH representation V 1 with the
utility function u and belief set P 1; this could be the updated preferences of the ě-
agent upon learning E .18 If α is any R-almost-objective act, then Proposition 3 says
lim
nÑ8

V pαnq “ lim
nÑ8

V 1pαnq. Thus, ě and ě1 have exactly the same asymptotic preferences

over R-almost-objective acts.
Now suppose we have a collection tějujPJ of GH preferences and a collection

tEjujPJ of events. For all j P J , let ě1j be a GH preference obtained by Bayes-updating
ěj with Ej , as in the previous paragraph. Since the asymptotic preferences of each agent
are unchanged by these updates, it follows that R-Almost-objective Pareto will apply to
tě1jujPJ in exactly the same situations as it applies to tějujPJ . In other words, unlike
Restricted Pareto, it is impossible to induce “spurious” instances of Almost-objective Pareto
by exposing different agents to different information.

Sources of uncertainty. The distinction between Gilboa et al. (2004) and the present
paper is analogous to the distinction between universal and existential quantifiers.19

The Restricted Pareto axioms say that for any source of uncertainty, if all agents happen to
share the same beliefs about that source (for whatever reason), then the ex ante Pareto

16For the same reason, the original Restricted Pareto axiom also yields the wrong answer here.
17Note that G is not a consensus partition for the agents’ prior beliefs, because ρopG2q “

1
6

, ρipG2q “
1
8

and ρjpG2q “
1
10

. This shows how the “consensus” status of a partition depends on what information
agents have received. But heterogeneity of priors is not required for complementary ignorance; it is easy to
construct similar examples where all agents have the same prior beliefs.

18Note that we do not impose any other relationship between V and V 1.
19We thank a referee for this apt comparison.
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axiom should apply to preferences over acts contingent on that source. But to achieve
utilitarian aggregation à la Harsanyi, we don’t need to quantify over every source of such
“common-belief uncertainty”. It suffices to apply the ex ante Pareto axiom to certain
sources of common-belief uncertainty.

In the models of Mongin and Pivato (2020) and Pivato (2022), these sources of
common-belief uncertainty were either exogenous, or the asymptotic outcome of a
learning process. In the first paper, there is an exogenous distinction between two
sources of uncertainty: one “subjective” and one “objective”. If social preferences satisfy
ex ante Pareto only for the objective source, then the social utility function is utilitarian
and all agents have SEU preferences with the same beliefs about the objective source,
but there is no relationship between their beliefs regarding the subjective source. In the
second paper, all agents have SEU preferences, and there is an infinite stream of infor-
mation arriving over time, from which all agents update their beliefs, and hence their
preferences over acts. If social preferences satisfy ex ante Pareto only for unanimous
preferences which persist in the long term under this learning process, then the social
utility function must be utilitarian, but no relationship is required between the origi-
nal beliefs of the agents, except for a weak condition called concordance (roughly: the
supports of their beliefs must have a common overlap).

In the present paper, the source of common-belief uncertainty is the almost-
objective uncertainty introduced in Section 3. Unlike Mongin and Pivato (2020), this
source is not exogenous. Unlike Pivato (2022), it does not arise from a dynamical pro-
cess, and does not require any compatibility between the beliefs of different agents (their
beliefs could even have pairwise disjoint support). But like these two papers, and unlike
Gilboa et al. (2004), this focus on carefully selected sources of common-belief uncer-
tainty not only allows us to cleanly separate utility-aggregation from belief-aggregation,
but also precludes complementary ignorance.

APPENDIX A: PROOFS FROM SECTION 3

The following result will play a crucial role in many of our proofs.

LEMMA A.1. (Dubins-Spanier Theorem) Let S be a measurable space. Let µ1, . . . , µN P∆pSq
be finitely additive, nonatomic measures. For any K P N and probability vector q P∆K ,
there exists a measurable partition G “ tG1, . . . ,GKu such that µnpGkq “ qk for all k P
r1 . . .Ks and all n P r1 . . .N s.

This is a straightforward corollary of Lyapunov’s Convexity Theorem; see e.g. The-
orem 13.34 of Aliprantis and Border (2006). Lyapunov’s theorem was originally stated
for countably additive measures, but was generalized to finitely additive measures by
Armstrong and Prikry (1981). The proof of Dubins-Spanier in the finitely additive case is
much the same, but for logical completeness we repeat it here.

Proof of Lemma A.1. Let B be the sigma-algebra on S . Define µ : BÝÑRN by set-
ting µpBq :“ pµ1pBq, . . . , µN pBqq for all B PB. Then µ is a finitely additive, nonatomic,
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bounded, RN -valued measure. Thus, its range µpBq is a convex subset of RN (The-
orem 2-2, Armstrong and Prikry 1981; for another proof see Theorem 1 of Khan and
Rath 2013).20

Let 0 be the all-0 vector in RN , and let 1 be the all-1 vector. Then µpHq “ 0 and
µpSq “ 1, so the image of µ contains all vectors on the line segment between 0 and
1. In particular, there is some measurable G1 PB with µrG1s “ q1 1. Now consider the
restriction of µ to the subspace GA1. This is again a nonatomic, bounded, RN -valued
measure, so its image is again convex, and contains all vectors on the line segment
between 0 and p1´ q1q1. So there is some measurable G2 Ď GA1 with µrG2s “ q2 1.

Inductively, for all k P r3 . . .K´1s, restrict µ to pG1\¨ ¨ ¨\Gk´1q
A and apply Lyapunov

Convexity to get a measurable subset Gk Ď pG1\¨ ¨ ¨\Gk´1q
A with µrGks “ qk 1. Finally,

let GK :“ pG1 \ ¨ ¨ ¨ \ GK´1q
A. Then GK is measurable, and

µrGK s “ µpSq ´µpG1q ´ ¨ ¨ ¨ ´µpGK´1q “ 1´ q1 1´ ¨ ¨ ¨ ´ qK´1 1 “ qK 1.

Thus, G :“ tGkuKk“1 is a measurable partition of S , and for all k P r1 . . .Ks and all n P
r1 . . .N s, we have µnpGkq “ qk, as desired. l

Proof of Proposition 1. Let tµnu8n“1 be a countable dense subset of R. Let q P∆K . For
all n PN, Lemma A.1 yields a partition Gn “ tGn1 , . . . ,GnKu such that µmpGnk q “ qk for all
k P r1 . . .Ks and all m P r1 . . . ns (because µ1, . . . , µn are all nonatomic). We claim that
the sequence pGnq8n“1 is R-almost-objectively uncertain and subordinate to q.

To see this, let ρ P R and let ε ą 0. Since tµnu8n“1 is dense in the norm topology,
there existsN PN such that }µN ´ ρ} ă ε. Now, let k P r1 . . .Ks. For any něN , we have
µN pGnk q “ qk, by the definition of Gn, while

ˇ

ˇρpGnk q ´ µN pG
n
k q
ˇ

ˇă ε because }µN ´ ρ}vr ă
ε. Thus,

ˇ

ˇρpGnk q ´ qk
ˇ

ˇă ε, for all něN . This works for any εą 0; thus lim
nÑ8

ρpGnk q “ qk.

This works for all k P r1 . . .Ks, and all ρ PR. l

Remark. Although we have assumed S is equipped with a sigma-algebra, Proposition
1 can be extended to the case when S is only equipped with a Boolean algebra of sets, by
using Lemma 1-1 of Armstrong and Prikry (1981) to obtain an “approximate” version of
Lemma A.1. But we do not need this level of generality here.

Proposition 2(a) follows immediately from Proposition 1 and the next lemma.

LEMMA A.2. Let RĎ∆pSq, If R is separable in the norm topology, and every element of R
is separable, then xRy is separable in the norm topology.

Proof: Let tνnu8n“1 be a countable dense subset of R. For all n P N, let ∆pS, νnq :“ tφ P

L1pS, νnq; φ ě 0 and
ş

S φ dνn “ 1u; in other words, ∆pS, νnq “ t dρ
dνn

; ρ P ∆pSq and

20Armstrong and Prikry (1981) formulate their theorem the case when B is an F -algebra. But any sigma-
algebra is an F -algebra. Khan and Rath (2013) use the term “strongly continuous” to mean what we and
Armstrong and Prikry (1981) mean by “nonatomic”.
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ρăăăνnu. Recall that the normed vector space L1pS, νnq is separable (because all el-
ements of R are separable probability measures). Thus, the subset ∆pS, νnq is also
separable in the L1 norm. So let tψmn u

8
m“1 be a countable dense subset of ∆pS, νnq.

For all m P N, let λmn P ∆pSq be the probability measure such that dλmn
dνn

“ ψmn . Note
that λmn is nonatomic because νn is nonatomic.

We claim that the countable set tλmn u
8
m,n“1 is dense in xRy in the total variation

norm. To see this, let µ P xRy. Then there exists ρ PR such that µăăăρ, and if φ :“ dµ
dρ ,

then there exists C ą 0 such that 0ď φpsq ă C for all s P S . Let εą 0. Since tνnu8n“1 is
dense in R, there exists n PN such that }νn ´ ρ}vr ă ε{2C . Automatically, φ P L1pS, νnq,
because φ is bounded. Thus, there exists m P N such that }φ´ψmn }1,νn ă ε{2, where
this refers to the L1 norm on L1pS, νnq. We will show that }λmn ´ µ}vr ă ε.

To see this, let H1, . . . ,HJ Ď S be disjoint and measurable. For all j P r1 . . . Js,

ˇ

ˇ

ˇ
λmn pHjq ´ µpHjq

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Hj

ψmn dνn ´

ż

Hj

φ dρ

ˇ

ˇ

ˇ

ˇ

ˇ

(A1)

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Hj

ψmn dνn ´

ż

Hj

φ dνn

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Hj

φ dνn ´

ż

Hj

φ dρ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Hj

pψmn ´ φq dνn

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Hj

φ dpνn ´ ρq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

Hj

ˇ

ˇ

ˇ
ψmn ´ φ

ˇ

ˇ

ˇ
dνn `

ż

Hj

|φ| d|νn ´ ρ|,

where p˚q is because ψmn “
dλmn
dνn

and φ“
dµ

dρ
. Thus, if H :“

J
ğ

j“1

Hj , then

J
ÿ

j“1

ˇ

ˇλmn pHjq ´ µrHjs
ˇ

ˇ ď
p˚q

J
ÿ

j“1

ż

Hj

ˇ

ˇ

ˇ
ψmn ´ φ

ˇ

ˇ

ˇ
dνn `

J
ÿ

j“1

ż

Hj

|φ| d|νn ´ ρ|

“

ż

H

ˇ

ˇ

ˇ
ψmn ´ φ

ˇ

ˇ

ˇ
dνn `

ż

H
|φ| d|νn ´ ρ| ď

ż

S

ˇ

ˇ

ˇ
ψmn ´ φ

ˇ

ˇ

ˇ
dνn `

ż

S
|φ| d|νn ´ ρ|

ď }ψmn ´ φ}1,νn `C ¨ }νn ´ ρ}vr ă
ε

2
`C ¨

ε

2C
“ ε,

where p˚q is by inequality (A1). This works for any disjoint collection H1, . . . ,HJ Ď S ,
so from definition (4) we conclude that }λmn ´ µ}vr ď ε. This argument works for any
εą 0, and any µ P xRy. Thus, tλmn u

8
m,n“1 is dense in xRy. l

The proof of Proposition 2(b) is somewhat more involved, and requires an auxiliary con-
cept and four preliminary lemmas. Recall that in Proposition 2(b), S was assumed to be
a standard Borel space —that is, it is measurably isomorphic to a complete separable
metric space endowed with its Borel sigma algebra. Therefore, without loss of general-
ity we will sometimes assume in the following material that S is endowed with a metric
d that makes it a complete separable metric space, and the sigma algebra on S is the
resulting Borel sigma algebra.
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For any Y Ď S , the diameter of Y is defined: diampYq :“ sup
s,tPY

dps, tq. For any ε ą 0,

an ε-partition is a collection Y “ tYnuNn“1 of disjoint measurable subsets of S (for some

N PNY t8u) such that
N
Ů

n“1
Yn “ S , and diampYnq ď ε for all n P r1 . . .N s.21

LEMMA A.3. Let pS, dq be any metric space. Then pS, dq is separable if and only if it admits
an ε-partition for all εą 0.

Proof: “ùñ” Let tsnu8n“1 be a countable dense subset of S . Let ε ą 0. For all
s P S , let Bps, εq be the open ball of radius ε

2 around s. For all N P N, let YN :“

BpsN , εqz
N´1
Ť

n“1
Bpsn, εq; then diampYN q ď ε. Thus, tYnu8n“1 is an ε-partition of S .

“ðù” For all m P N, let Ym “ tYmn u8n“1 be a p 1
m q-partition. For all pn,mq P N2, let

sn,m P Ymn . Then tsn,mu8n,m“1 is a countable dense subset of S . l

Let P be a collection of Borel probability measures on S , let K P N, and let q “

pq1, . . . , qKq P ∆K . A q-Poincaré sequence for P is a sequence tpGn,Yn, εnqu8n“1, where
for all n P N, Gn “ tGn1 , . . . ,GnKu is a K-cell measurable partition of S , εn ą 0 and Yn

is an εn-partition, such that lim
nÑ8

εn “ 0, and such that for all ρ P P , there exists N P N
such that for all n ě N , all k P r1 . . .Ks, and all Y P Yn, ρrGnk X Ys “ qk ρrYs (and thus,
ρrGnk s “ qk).

Example. Let S :“ r0,1q. Let P :“ tλu where λ is the Lebesgue measure. Let q“ p12 ,
1
2 q.

For all n P N, let ε :“ 1{2n and let Yn :“ tYn1 , . . . ,Yn2nu where Ynk :“ rk´1
2n , k2n q for all k P

r1 . . .2ns. Finally, let Gn :“ tGn1 ,Gn2 u, where

Gn1 :“
2n`1´1
ď

k“1
k odd

Yn`1
k and Gn2 :“

2n`1
ď

k“2
k even

Yn`1
k .

Then tpGn,Yn, εnqu8n“1 is a p12 ,
1
2 q-Poincaré sequence for tλu.

LEMMA A.4. Let pS, dq be any separable metric space. Let HĎ bapSq be a countable collec-
tion of nonatomic signed measures on S . Let F be the linear subspace of bapSq consisting
of all finite linear combinations of elements of H. Let P Ď F be the set of all probability
measures in F . Then for all K PN and all q P∆K , P has a q-Poincaré sequence.

Proof: Suppose H “ tηnu
8
n“1. For all n P N, the Jordan Decomposition Theorem says

ηn “ η
`
n ´η

´
n , where η`n , η

´
n P bapSq are either zero or positive measures (Bhaskara Rao

and Bhaskara Rao, 1983, Thm.2.5.3). They are nonatomic because ηn is nonatomic. By
replacing tηnu8n“1 with tη˘n u

8
n“1 if necessary, we can assume without loss of generality

that all elements of H are positive, nonatomic measures.

21Note that we allow these partitions to have a countably infinite number of elements. This is necessary
because S is not necessarily compact.
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Let tεnu8n“1 be a positive sequence with lim
nÑ8

εn “ 0. For all N P N, Lemma A.3 says

S has an εN -partition YN .

CLAIM 1: For all N P N, and all Y PYN , there is a measurable partition tGY
1 , . . . ,G

Y
Ku

of Y such that n P r1 . . .N s, we have

ηnpGY
k q “ qk ¨ ηnpYq, for all k P r1 . . .Ks. (A2)

Proof: Let n P r1 . . .N s. If ηnpYq “ 0, then the equations (A2) are trivially satisfied for any
partition tG1

Y , . . . ,GKY u. So, let N :“ tn P r1 . . .N s; ηnpYq ą 0u; it suffices to construct
a partition satisfying the equations (A2) for all n P N . For all n P N , let rηn be the
nonatomic probability measure on Y defined by setting rηnpUq :“ ηnpUq{ηnpYq for
all measurable U Ď Y . Thus trηnunPN is a finite collection of nonatomic probability
measures, so Lemma A.1 yields a partition tGY

1 , . . . ,G
Y
Ku of Y such that

rηnpGY
k q “ qk for all k P r1 . . .Ks and n PN . (A3)

For all n PN , multiply both sides of (A3) by ηnpYq to obtain (A2). 3 Claim 1

Fix N P N, and apply Claim 1 to all Y PYN . Observe that the sets in the family tGY
k ;

Y PYN and k P r1 . . .Ksu are all disjoint. For all k P r1 . . .Ks, define

GNk :“
ğ

YPYN

GY
k . (A4)

Then tGN1 , . . . ,GNK u is a measurable partition of S : these sets are are disjoint, and

K
ğ

k“1

GNk “

K
ğ

k“1

¨

˝

ğ

YPYN

GY
k

˛

‚ “
ğ

YPYN

˜

K
ğ

k“1

GY
k

¸

“
ğ

YPYN

Y “ S.

Furthermore, for all Y P YN , we have GNk X Y “ GY
k for all k P r1 . . .Ks; thus, for all

n P r1 . . .N s,

ηnpGNk XYq “ ηnpGY
k q p˚q

qk ηnpYq, (A5)

where p˚q is by equation (A2).
Now, let ρ P P . Then there exists some N P N such that ρ is a linear combination of

η1, . . . , ηN . Thus, for any něN , ρ is also a linear combination of η1, . . . , ηn (with zero
coefficients for ηN`1, . . . , ηn). Thus, for all Y PYn and all k P r1 . . .Ks, equation (A5)
yields ρrGnk XYs “ qk ρrYs, as desired. l

LEMMA A.5. Suppose pS, dq is a complete, separable metric space. Let K P N, let q P∆K ,
let P Ď∆σpSq be a collection of countably additive Borel probability measures on S , and
let tpGn,Yn, εnqu8n“1 be a q-Poincaré sequence for P . Let L “ xPy. Then pGnq8n“1 is L-
almost-objectively uncertain and subordinate to q.
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Proof: Let λ P L and let k P r1 . . .Ks. We will show that

lim
nÑ8

λpGnk q “ qk. (A6)

There exists ρ P P such that λăăăρ. Let φ :“
dλ

dρ
and C :“ sup

sPS
φpsq. Then C ă 8. Fix

εą 0. By hypothesis, S is a Polish space, so Lusin’s Theorem yields a compact subset
KĎ S such that φäK is uniformly continuous on K and

ρpKAq ă
ε

8C
. (A7)

(Aliprantis and Border, 2006, Theorem 12.8, p.438).22 It follows that

λrKAs “

ż

KA
φ dρ ď

p˚q

C ¨ ρrKAs ď
p:q

C ¨
ε

8C
“

ε

8
, (A8)

where p˚q is because 0 ď φpsq ď C for all s P S , and p:q is by inequality (A7). Since
tpGn,Yn, εnqu

8
n“1 is a Poincaré sequence for P , there is some N1 P N such that for all

něN1 and all Y PYn,

ρrGnk XYs “ qk ρrYs. (A9)

CLAIM 1: For all něN1,
ÿ

YPYn

ˇ

ˇ

ˇ
ρrGnk XY XKs ´ qk ρrY XKs

ˇ

ˇ

ˇ
ď

ε

4C
.

Proof: Let něN . For all Y PYn,
ˇ

ˇ

ˇ
ρrGnk XY XKs ´ qk ρrY XKs

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
ρrGnk XY XKs ´ ρrGnk XYs ` ρrGnk XYs ´ qk ρrY XKs

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ
ρrGnk XY XKs ´ ρrGnk XYs ` qk ρrYs ´ qk ρrY XKs

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
ρrGnk XY XKs ´ ρrGnk XYs ` qk

´

ρrYs ´ ρrY XKs
¯
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
ρrGnk XYs ´ ρrGnk XY XKs

ˇ

ˇ

ˇ
` qk

ˇ

ˇ

ˇ
ρrYs ´ ρrY XKs

ˇ

ˇ

ˇ

“ ρrGnk XY XKAs ` qk ρrY XKAs. (A10)

Here, p˚q is by equation (A9). Thus,

ÿ

YPYn

ˇ

ˇ

ˇ
ρrGnk XY XKs ´ qk ρrY XKs

ˇ

ˇ

ˇ ď
p:q

ÿ

YPYn

´

ρrGnk XY XKAs ` qk ρrY XKAs
¯

“ ρ

»

–

ğ

YPYn

pGnk XY XKAq

fi

fl` qk ρ

»

–

ğ

YPYn

pY XKAq

fi

fl

22This is the one place in the proof of Proposition 2(b) that requires countably additive measures.
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“ ρ

»

–Gnk XKA X
ğ

YPYn

Y

fi

fl` qk ρ

»

–KA X
ğ

YPYn

Y

fi

fl

p˚q
ρ
”

Gnk XKA
ı

` qk ρ
”

KA
ı

ď
p˛q

ε

8C
`

ε

8C
“

ε

4C
,

as claimed. Here, p:q is by applying inequality (A10) to each Y PYn, p˚q is because
ğ

YPYn

Y “ S , and p˛q is by inequality (A7). 3 Claim 1

Recall that φäK is uniformly continuous on K. Thus, there exists some δ ą 0 such
that, for all s1, s2 P K, if dps1, s2q ď δ, then |φps1q ´ φps2q| ă ε

4 . Find N2 P N such that
εn ď δ for all n ě N2. Thus, if n ě N2 and Y PYn, then diampYq ď εn ď δ, so that for
all y1, y2 P Y X K we have |φpy1q ´ φpy2q| ă ε

4 . Thus, there is some cY P R` such that
|φpyq ´ cY | ă

ε
4 for all y P Y XK. Thus, for all něN2,

ˇ

ˇ

ˇ
λrY XKX Gnk s ´ cY ¨ ρrY XKX Gnk s

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ˇ

ż

YXKXGn
k

pφ´ cYq dρ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

YXKXGn
k

|φ´ cY | dρ ď

ż

YXKXGn
k

ε

4
dρ “

ε

4
¨ ρrY XKX Gnk s, (A11)

where p˚q is because φ“
dλ

dρ
. By a very similar argument,

ˇ

ˇ

ˇ
λrY XKs ´ cYρrY XKs

ˇ

ˇ

ˇ
ď

ε

4
¨ ρrY XKs, for all něN2. (A12)

Now, for any n PN,

λrGnk XKs ´ qk λrKs p˚q

ÿ

YPY
λrGnk XKXYs ´ qk

ÿ

YPY
λrKXYs

“
ÿ

YPY
cY ρrGnk XKXYs ´

ÿ

YPY
cY ρrGnk XKXYs `

ÿ

YPY
λrGnk XKXYs

´qk
ÿ

YPY
λrKXYs ` qk

ÿ

YPY
cYρrKXYs ´ qk

ÿ

YPY
cYρrKXYs

“
ÿ

YPY

´

cY ρrGnk XKXYs ´ qk cY ρrKXYs
¯

`
ÿ

YPY

´

λrGnk XKXYs ´ cY ρrGnk XKXYs
¯

´qk
ÿ

YPY

´

λrKXYs ´ cYρrKXYs
¯

, (A13)

where p˚q is because
ğ

YPYn

Y “ S . Now let Nε :“maxtN1,N2u. Then for all něNε,

ˇ

ˇ

ˇ
λrGnk XKs ´ qk λrKs

ˇ

ˇ

ˇ

ď
p˛q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

YPY
cY

´

ρrGnk XKXYs ´ qk ρrKXYs
¯

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

YPY

´

λrGnk XKXYs ´ cY ρrGnk XKXYs
¯

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
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`qk

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

YPY

´

λrKXYs ´ cYρrKXYs
¯

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

YPY
cY

ˇ

ˇ

ˇ
ρrGnk XKXYs ´ qk ρrKXYs

ˇ

ˇ

ˇ
`

ÿ

YPY

ˇ

ˇ

ˇ
λrGnk XKXYs ´ cY ρrGnk XKXYs

ˇ

ˇ

ˇ

`qk
ÿ

YPY

ˇ

ˇ

ˇ
λrKXYs ´ cYρrKXYs

ˇ

ˇ

ˇ

ď
p˚q

C
ÿ

YPY

ˇ

ˇ

ˇ
ρrGnk XKXYs ´ qk ρrKXYs

ˇ

ˇ

ˇ
`

ÿ

YPY

ε

4
ρrGnk XKXYs ` qk

ÿ

YPY

ε

4
ρrKXYs

ď
p:q

C
ε

4C
`

ε

4

ÿ

YPY
ρrGnk XKXYs ` ε

4

ÿ

YPY
ρrKXYs

ď
ε

4
`
ε

4
ρrGnk XKs ` ε

4
ρrKs ď

ε

4
`
ε

4
`
ε

4
“

3ε

4
. (A14)

Here, p˛q is by equation (A13), while p˚q is by inequalities (A11) and (A12). Finally, p:q
is by Claim 1, and also uses the fact that qk ď 1. Thus, for all něNε,

|λrGnk s ´ qk| “
ˇ

ˇ

ˇ
λrGnk XKAs ` λrGnk XKs ´ qk

´

λrKs ` λrKAs
¯
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
λrGnk XKAs

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
λrGnk XKs ´ qk λrKs

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
λrKAs

ˇ

ˇ

ˇ

ď
p˚q

ε

8
`

ˇ

ˇ

ˇ
λrGnk XKs ´ qk λrKs

ˇ

ˇ

ˇ
`
ε

8

ď
p:q

ε

8
`

3ε

4
`
ε

8
“ ε.

where p˚q is by two applications of inequality (A8), while p:q is by inequality (A14).
We can construct such an Nε for any εą 0. This proves the limit (A6). l

LEMMA A.6. Let S be any measurable space, and let LĎ∆pSq be a set of probability mea-
sures on S . Let R be the convex closure of L in the total variation norm. Let q P∆K . If a
partition sequence pGnq8n“1 is L-almost-objectively uncertain and subordinate to q, then
pGnq8n“1 is R-almost-objectively uncertain and subordinate to q.

Proof: Let R0 be the convex hull of L. If pGnq8n“1 is L-almost-objectively uncertain and
subordinate to q, then it is easily shown that pGnq8n“1 is also R0-almost-objectively
uncertain subordinate to q.

For all n P N, suppose Gn “ tGn1 , . . . ,GnKu. Let ρ P R. Then there is a sequence
tρmu

8
m“1 in R0 such that lim

kÑ8
}ρm ´ ρ}vr “ 0. For all k P r1 . . .Ks, we must show that

the limit (5) holds for ρ.
Let εą 0. There exists m PN, with }ρm ´ ρ}vr ă

ε
2 . This means that |ρmpGq ´ ρpGq| ă

ε{2 for all measurable G Ď S . In particular,

|ρpGnk q ´ ρmpG
n
k q| ă

ε

2
, for all n PN, all k P r1 . . .Ks. (A15)
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The limit (5) holds for ρm, so there exists some Nε PN such that

|ρmpGnk q ´ qk| ă
ε

2
for all k P r1 . . .Ks and all něNε. (A16)

Combining inequalities (A15) and (A16) yields
ˇ

ˇρpGnk q ´ qk
ˇ

ˇ ă ε for all n ěNε. We can
obtain such an Nε for any εą 0. Therefore, the limit (5) holds for ρ. l

Proof of Proposition 2(b) Suppose S is a standard Borel space. We can assume without
loss of generality that there is a metric d making pS, dq a complete separable metric
space, and the sigma algebra on S is the Borel sigma algebra. Let RĎ∆pSq be separa-
ble and nonatomic; we must show that xRy is consilient.

Let N be the closed subspace of bapSq spanned by R. Then N is separable because
R is separable. Thus, N it is spanned by a countable subset H.23 Since R (and hence
N ) is nonatomic, all elements of H are nonatomic. Let F be the linear subspace of
bapSq consisting of all finite linear combinations of elements from H. Then N is the
norm-closure of F . Let P :“F X∆pSq, and then let L :“ xPy.

CLAIM 1: xRy is contained in the norm-closure of L.

Proof: Let µ P xRy. Find ρ PR such that µăăăρ and φ :“ dµ
dρ is bounded. Since RĂN ,

and N is the norm-closure of F , there exists a sequence pνnq8n“1 in F converging to

ρ in norm. For all n PN, let rλn P bapSq be the measure such that rλnăăăνn and drλn
dνn

“

φ. Next, let λn :“ rλn{`n, where `n :“ rλnpSq. Then λn P L. (Proof: By construction, λn
is a probability measure, and λnăăăνn. Let πn :“ νn{νnpSq; then πn P P , λnăăăπn,
and dλn

dπn
is a multiple of φ, hence bounded.) To prove the claim, it suffices to show

that the sequence tλnu8n“1 converges to µ in norm. For any n PN,

}µ´ λn}vr ď

›

›

›
µ´ rλn

›

›

›

vr
`

›

›

›

rλn ´ λn

›

›

›

vr
. (A17)

Now, for any measurable U Ď S ,

ˇ

ˇ

ˇ
µpUq ´ rλnpUq

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ż

U
φ dρ´

ż

U
φ dνn

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

U
φ dpρ´ νnq

ˇ

ˇ

ˇ

ˇ

ď }φ}8 ¨ |ρpUq ´ νnpUq| ,

where p˚q is because dµ
dρ “ φ “ drλn

dνn
. Combining this inequality with defining for-

mula (4), we deduce that
›

›

›
µ´ rλn

›

›

›

vr
ď }φ}8 ¨ }ρ´ νn}vr´́ ´́

p:q
nÑ8ÝÑ0, where p:q is be-

cause νn converges to ρ in norm by hypothesis. Thus,

lim
nÑ8

›

›

›
µ´ rλn

›

›

›

vr
“ 0. (A18)

Meanwhile,
›

›

›

rλn ´ λn

›

›

›

vr
“ }`nλn ´ λn}vr “ |1´ `n| ¨ }λn}vr “ |1´ `n|

23i.e., N is the norm-closure of the vector space of all finite linear combinations of elements of H.
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“

ˇ

ˇ

ˇ
µpSq ´ rλnpSq

ˇ

ˇ

ˇ

p˚q

ˇ

ˇ

ˇ

ˇ

ż

S
φ dρ´

ż

S
φ dνn

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

S
φ dpρ´ νnq

ˇ

ˇ

ˇ

ˇ

ď }φ}8 ¨ }ρ´ νn}vr ´́ ´́
p:q

nÑ8ÝÑ 0,

where again, p˚q is because dµ
dρ “ φ “ drλn

dνn
and p:q is because νn converges to ρ in

norm. Thus,

lim
nÑ8

›

›

›

rλn ´ λn

›

›

›

vr
“ 0. (A19)

Equations (A17), (A18) and (A19) yield lim
nÑ8

}µ´ λn}vr “ 0, as desired. 3 Claim 1

Let q P∆K . Since S is separable, Lemma A.4 says that P has a q-Poincaré sequence
tpGn,Yn, εnqu

8
n“1. Then Lemma A.5 says that pGnq8n“1 is L-almost-objectively uncer-

tain, subordinate to q. Then Lemma A.6 and Claim 1 says that pGnq8n“1 is xRy-almost-
objectively uncertain, subordinate to q. l

APPENDIX B: PROOFS FROM SECTION 4

The proof of Theorem 1 uses Proposition 3, so we will prove that first. The proof of
Propositions 3, in turn, uses the following result, which can be seen as the special case
of Proposition 3 for SEU representations.

LEMMA B.1. Let R, q P ∆K , x P XK , and α “ pαnq8n“1 be as in Proposition 3. For any
ρ PR, and any measurable u : XÝÑR,

lim
nÑ8

ż

S
u ˝ αn dρ “

K
ÿ

k“1

qk upxkq.

Proof: By hypothesis, there is an R-almost-objectively uncertain partition sequence G “
pGnq8n“1 subordinate to the probability vector q, and for all n P N, the act αn is Gn-
measurable. Suppose q “ pq1, . . . , qKq P ∆K . For all n P N, write Gn :“ tGn1 , . . . ,GnKu,
such that the limit equations (5) hold. By hypothesis, there is a K-tuple x P XK such
that for all n PN, all k P r1 . . .Ks, and all s P Gnk , we have αnpsq “ xk. Thus, for any ρ PR,

ż

S
u ˝ αn dρ “

K
ÿ

k“1

upxkqρpGnk q.

Thus, lim
nÑ8

ż

S
u ˝ αn dρ “ lim

nÑ8

K
ÿ

k“1

upxkqρpGnk q “

K
ÿ

k“1

upxkq lim
nÑ8

ρpGnk q

p˚q

K
ÿ

k“1

upxkq qk,

where p˚q is by the limit equations (5). l
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Proof of Proposition 3. Recall the notation of equation (3). We will first show that the
limit equation (7) holds for V and V , and then show that it holds for V itself.

CLAIM 1: lim
nÑ8

V pαnq “
K
ÿ

k“1

qk upxkq.

Proof: LetB :“ }u}8. ThenB ă8, and the sequence tV pαnqu8n“1 is bounded in the in-
terval r´B,Bs, so it has convergent subsequences. To prove the claim, it suffices to

show that every convergent subsequence of tV pαnqu8n“1 converges to
K
ř

k“1
qk upxkq.

So, let tnp`qu8`“1 be an increasing sequence in N such that the subsequence

tV pαnp`qqu8`“1 converges to some limit V ˚. We must show that V ˚ “
K
ř

k“1
qk upxkq.

For all ` PN, define the linear function v` : ∆pSqÝÑR by

v`pρq :“

ż

S
u ˝ αnp`q dρ, for all ρ P∆pSq. (B1)

This function is continuous in the norm topology, while P is closed in this topology.
Thus,

V pαnp`qq “ min
ρPP

v`pρq “ v`pρ`q, (B2)

for some ρ` P P . Furthermore, P is norm-compact. Thus, the sequence tρ`u8`“1

has a subsequence tρ`mu
8
m“1 that converges to some limit point ρ˚ PP in the norm

topology.
Let εą 0. There exists M1 PN such that, for all měM1, }ρ`m ´ ρ˚}vr ă

ε
3B . Thus,

for all n PN and all měM1,

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αn dρ`m ´

ż

S
u ˝ αn dρ˚

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αn dpρ`m ´ ρ˚q

ˇ

ˇ

ˇ

ˇ

ď }u ˝ αn}8 ¨ }ρ`m ´ ρ˚}vr ă B ¨
ε

3B
“

ε

3
. (B3)

In particular, setting n :“ np`mq in (B3) and invoking equation (B1) yields

ˇ

ˇ

ˇ
v`mpρ`mq ´ v`mpρ˚q

ˇ

ˇ

ˇ
ă

ε

3
. (B4)

Next, substituting equation (B2) into inequality (B4) yields

ˇ

ˇ

ˇ
V pαnp`mqq ´ v`mpρ˚q

ˇ

ˇ

ˇ
ă

ε

3
. (B5)

Meanwhile, ρ˚ PR, so Lemma B.1 yields some N PN such that,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αn dρ˚ ´

K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
for all něN . (B6)
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Since the sequence tnp`mqu8m“1 is strictly increasing, there is someM2 PN such that
np`mq ąN for all měM2. From this and inequality (B6), it follows that

ˇ

ˇ

ˇ

ˇ

ˇ

ż

S
u ˝ αnp`mq dρ˚ ´

K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
, for all měM2. (B7)

Using the defining equation (B1), we can rewrite inequality (B7) as follows:
ˇ

ˇ

ˇ

ˇ

ˇ

v`mpρ˚q ´
K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

3
, for all měM2. (B8)

Finally, by hypothesis, lim
`Ñ8

V pαnp`qq “ V ˚. So there is some L PN such that

ˇ

ˇ

ˇ
V ˚ ´ V pαnp`qq

ˇ

ˇ

ˇ
ă

ε

3
, for all `ě L. (B9)

Since the sequence t`mu8m“1 is strictly increasing, there is some M3 P N such that
`m ą L for all měM3. From this and inequality (B9), it follows that

ˇ

ˇ

ˇ
V ˚ ´ V pαnp`mqq

ˇ

ˇ

ˇ
ă

ε

3
, for all měM3. (B10)

Now let Mε :“maxtM1,M2,M3u. Then for all měMε, we have
ˇ

ˇ

ˇ

ˇ

ˇ

V ˚ ´
K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
V ˚ ´ V pαnp`mqq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
V pαnp`mqq ´ v`mpρ˚q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ˇ

ˇ

v`mpρ˚q ´
K
ÿ

k“1

qk upxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă
p˚q

ε

3
`
ε

3
`
ε

3
“ ε,

where p˚q is by inequalities (B5), (B8), and (B10).

This argument works for any εą 0. Thus, V ˚ “
K
ř

k“1
qk upxkq. 3 Claim 1

By an argument similar to Claim 1 (replacing min with max), we can show that

lim
nÑ8

V pαnq “

K
ÿ

k“1

qk upxkq. (B11)

Combining inequality (3) with Claim 1 and equation (B11) yields equation (7), proving
the theorem. l

Proposition 3 yields a convenient condition for asymptotic preferences.

LEMMA B.2. Let R Ď∆pSq be consilient. Suppose ě has a compact, contiguous GH rep-
resentation (3) V with P ĎR. Let α and β be almost-objective acts. Then α ą8 β if and
only if there exist N PN and εą 0 such that V pαnq ą V pβnq ` ε for all něN .
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Proof: “ùñ” If α ą8 β, then there exist α1, β1 PA and N P N such that for all něN , we
have V pαnq ą V pα1q ą V pβ1q ą V pβnq, and thus V pαnq ´ V pβnq ą V pα1q ´ V pβ1q ą 0.
So, let ε :“ V pα1q ´ V pβ1q. Then εą 0, and V pαnq ą V pβnq ` ε for all něN .
“ðù” Let q P ∆K and x P XK (for some K P N) and suppose that α is subordinate
to the lottery pq,xq. Let p P ∆L and y P XL (for some L P N) and suppose that β

is subordinate to the lottery pp,yq. Let A :“
K
ř

k“1
qk upxkq and B :“

L
ř

`“1
p` upy`q. Then

Proposition 3 says that

lim
nÑ8

V pαnq “ A and lim
nÑ8

V pβnq “ B. (B12)

If V pαnq ą V pβnq ` ε for all n ě N , then the limits (B12) imply that A ě B ` ε. Thus,
A´ ε

3 ąB`
ε
3 . The limits (B12) yieldM PN such that V pαmq ąA´ ε

3 and V pβmq ăB`
ε
3 for all měM . Since V is contiguous, its image V pAq is a dense subset of an interval
in R. By prior observations, this interval must contain the subinterval rB ` ε

3 ,A´
ε
3 s.

So there exist a, b P V pAq such that A´ ε
3 ą aą bąB `

ε
3 . Then for all měM ,

V pαmq ą A´
ε

3
ą a ą b ą B `

ε

3
ą V pβmq. (B13)

Let α1, β1 PA be such that V pα1q “ a and V pβ1q “ b. Then for allměM , the inequalities
(B13) imply that αm ą α1 ą β1 ą βm, as desired. l

Let U be the Banach space of bounded, measurable, real-valued functions on X , en-
dowed with the norm }¨}8 defined by }u}8 :“ sup

xPX
|upxq| for all u P U . We shall use the

following straightforward consequence of the Separating Hyperplane Theorem.

LEMMA B.3. Let tujujPJ Ă U , and suppose tuiuiPI satisfy Minimal Agreement. Suppose
there exists z P X such that ujpzq “ 0 for all j P J . Let C be the convex cone in U spanned
by tuiuiPI and 0. If uo R C, then there exist finitely additive probability measures ν1 and ν2
on X such that

ż

X
uo dν1 ă

ż

X
uo dν2, while

ż

X
ui dν1 ą

ż

X
ui dν2 for all i P I . (B14)

Proof: (Pivato, 2022, Lemma A.2). l

Proof of Theorem 1. “ùñ” (by contradiction) Suppose ěo satisfies Almost-objective
Pareto, but uo is not weakly utilitarian. Let z P X . We can assume without loss of
generality that ujpzq “ 0 for all j P J . To see this, let cj :“ ujpzq, and then define
rujpxq :“ ujpxq ´ cj for all x PX . If ěj has a GH representation (3), then ěj also admits
a GH representation where uj is replaced by ruj .

Now let C be the closed, convex cone in U spanned by tuiuiPI and 0. Then uo is
weakly utilitarian if and only if uo P C. Thus, if uo is not weakly utilitarian, then uo R C,
in which case Lemma B.3 yields finitely additive probability measures ν1 and ν2 on X
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satisfying the inequalities (B14). For all j P J , let εj :“

ˇ

ˇ

ˇ

ˇ

ż

X
uj dν1 ´

ż

X
uj dν2

ˇ

ˇ

ˇ

ˇ

. Let

ε :“
1

5
min
jPJ

εj . (B15)

Then εą 0. Inequalities (B14) and definition (B15) yield
ż

X
uo dν2 ´

ż

X
uo dν1 ą 5 ε, (B16)

while
ż

X
ui dν1 ´

ż

X
ui dν2 ą 5 ε, for all i P I. (B17)

Let R :“max
 

}uj}8
(

jPJ ; this value is finite because tujujPJ are bounded. Let N :“

rR{εs` 1; then NεąR, so the interval r´N ε, N εq contains the ranges of tujujPJ . For
all j P J and all n P r´N . . .N s, let Yjn :“ pujq

´1rnε, pn`1q εq. Then Yj :“ tYjnuNn“´N is
a measurable partition of X . Let Y be the common refining partition of tYjujPJ . This
is a measurable partition of X . Suppose it has K cells, and write Y“ tYkuKk“1. For all
k P r1..Ks, let p1k :“ ν1pYkq and p2k :“ ν2pYkq. Then p1 :“ pp1kq

K
k“1 and p2 :“ pp2kq

K
k“1 are

K-dimensional probability vectors. For all k P r1 . . .Ks, let xk P Yk.

CLAIM 1: For all j P J ,
ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

p1k ujpxkq ´

ż

X
uj dν1

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε and

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

p2k ujpxkq ´

ż

X
uj dν2

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε.

Proof: To prove the first inequality, note that
ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

p1k ujpxkq ´

ż

X
uj dν1

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

ν1pYkqujpxkq ´
K
ÿ

k“1

ż

Yk

uj dν1

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

ˆ
ż

Yk

ujpxkq dν1 ´

ż

Yk

uj dν1

˙

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

ˆ
ż

Yk

ujpxkq ´ ujpyq dν1rys

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď

K
ÿ

k“1

ż

Yk

ˇ

ˇujpxkq ´ ujpyq
ˇ

ˇ dν1rys ă
p˚q

K
ÿ

k“1

ż

Yk

ε dν1 “

K
ÿ

k“1

ε ν1pYkq “ ε,

as claimed. Here p˚q is because for all k P r1 . . .Ks, we have xk P Yk while nε ď

ujpyq ă pn`1q εq for all y P Yk, so that
ˇ

ˇujpxkq ´ ujpyq
ˇ

ˇ ă ε for all y P Yk. The proof
of the second inequality is similar. 3 Claim 1

Combining inequalities (B16) and (B17) with Claim 1 yields

K
ÿ

k“1

p2k uopxkq ´
K
ÿ

k“1

p1k uopxkq ą 3 ε, (B18)

while
K
ÿ

k“1

p1k uipxkq ´
K
ÿ

k“1

p2k uipxkq ą 3 ε, for all i P I. (B19)
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Let q P ∆KˆK be the probability vector defined by qk,` :“ p1k p
2
` for all k, ` P r1 . . .Ks.

Since R is consilient, there is an R-almost-objectively uncertain partition sequence
pGnq8n“1 subordinate to q. For all n PN, write Gn “ tGnk,`u

K
k,`“1, with

lim
nÑ8

ρpGnk,`q “ qk,`, for all ρ PR and k, ` P r1 . . .Ks. (B20)

For all n P N, and `, k P r1 . . .Ks, define Gnk,˚ :“ Gnk,1 Y Gnk,2 Y ¨ ¨ ¨ Y Gnk,K and Gn˚,` :“

Gn1,` Y Gn2,` Y ¨ ¨ ¨ Y GnK,`. Then the equation (B20) yields

lim
nÑ8

ρpGnk,˚q “ p1k and lim
nÑ8

ρpGn˚,`q “ p2` , for all ρ PR. (B21)

For all n PN, define acts αn, βn : SÝÑX as follows.

• For all k P r1 . . .Ks, let αnpsq :“ xk for all s P Gnk,˚.

• For all ` P r1 . . .Ks, let βnpsq :“ x` for all s P Gn˚,`.

Thus, α“ pαnq8n“1 and β “ pβnq8n“1 are R-almost-objectively uncertain acts. They are
compatible because for all n PN, αn and βn are both Gn-measurable. By construction
and equations (B21), α is subordinate to pp1,xq, while β is subordinate to pp2,xq.

CLAIM 2: α ą8i β for all i P I .

Proof: For all i P I , let Vi : AÝÑR be a GH representation for ěi in which Pi Ď R is
norm-compact. Proposition 3 says that

lim
nÑ8

Vipα
n
q “

K
ÿ

k“1

p1k uipxkq and lim
nÑ8

Vipβ
n
q “

K
ÿ

k“1

p2k uipxkq.

Thus, there exists N PN such that
ˇ

ˇ

ˇ

ˇ

ˇ

Vipα
n
q ´

K
ÿ

k“1

p1k uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε and

ˇ

ˇ

ˇ

ˇ

ˇ

Vipβ
n
q ´

K
ÿ

k“1

p2k uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε, for all něN .

(B22)
Combining inequalities (B19) and (B22), we obtain Vipαnq´Vipβnq ą ε, for all něN .
Thus, α ą8i β by Lemma B.2. 3 Claim 2

By an argument identical to Claim 2, but using inequality (B18) rather than (B19), it is
easy to prove that α ă8o β. This, together with Claim 2, is a violation of Almost-objective
Pareto. Contradiction. To avoid this contradiction, uo must be weakly utilitarian.

“ðù” (by contradiction) Suppose uo is weakly utilitarian; thus, uo “
ÿ

iPI
ci ui for

some constants ci ě 0. Suppose Almost-objective Pareto is violated. Then there exist
compatible almost-objective acts α and β such that α ą8i β for all i P I , while α ă8o β.
Thus, for all i P I , Lemma B.2 yields εi ą 0 and Ni PN such that

Vipα
n
q ´ Vipβ

n
q ą 2 εi, for all něNi, (B23)

https://econtheory.org


32 Submitted to Theoretical Economics

whereas there is some εo ą 0 and some No PN such that

Vopβ
n
q ´ Vopα

n
q ą 2 εo, for all něNo. (B24)

There exist K P N, p P∆K , and x P XK such that α is subordinate to pp,xq. Likewise,
there exist L PN, q P∆L, and y PXL such that β is subordinate to pq,yq.

CLAIM 3: For all i P I ,
K
ÿ

k“1

pk uipxkq ´
L
ÿ

`“1

q` uipy`q ą 0.

Proof: For all i P I , let Vi : AÝÑR be a GH representation for ěi in which Pi Ď R is
norm-compact. Now follow the argument from the proof of Claim 2 to obtain Mi P

N such that
ˇ

ˇ

ˇ

ˇ

ˇ

Vipα
m
q ´

K
ÿ

k“1

pk uipxkq

ˇ

ˇ

ˇ

ˇ

ˇ

ă εi and

ˇ

ˇ

ˇ

ˇ

ˇ

Vipβ
m
q ´

L
ÿ

`“1

q` uipy`q

ˇ

ˇ

ˇ

ˇ

ˇ

ă εi, for all měMi.

(B25)
Now let němaxtNi,Miu, and combine (B23) and (B25) to get the claimed inequal-
ity. 3 Claim 3

By an argument similar to Claim 3, but using inequality (B24) rather than (B23), one
can show that

K
ÿ

k“1

pk uopxkq ´
L
ÿ

`“1

q` uopy`q ă 0. (B26)

Now, uo “
ÿ

iPI
ci ui. Thus,

K
ÿ

k“1

pk uopxkq ´
L
ÿ

`“1

q` uopy`q “
K
ÿ

k“1

pk
ÿ

iPI
ci uipxkq ´

L
ÿ

`“1

q`
ÿ

iPI
ci uipy`q

“
ÿ

iPI
ci

˜

K
ÿ

k“1

pk uipxkq ´
L
ÿ

`“1

q` uipy`q

¸

. (B27)

But ci ě 0 for all i P I , so equation (B27), inequality (B26) and Claim 3 are logically
inconsistent. To avoid this contradiction, Almost-objective Pareto must be satisfied. l

Proof of Corollary 2. For all j P J , the preference ěj has a GH representation induced by
a compact set Pj Ď∆pSq of nonatomic probability measures. Let R :“

Ť

jPJ
Pj . Then R

is compact (because J is finite), hence a separable subset of ∆pSq. Thus, Proposition
1 say that R is consilient. By definition, ěo satisfies Almost-objective Pareto* if and only
if it satisfies R-Almost-objective Pareto, which (by Theorem 1) is the case if and only if uo
is weakly utilitarian. l
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APPENDIX C: PROOF OF RESULTS FROM SECTION 5

Proof of Proposition 4. The following axiom about beliefs is due to Mongin (1995):

C1. For all B,C Ď S , if ρipBq ě ρipCq for all i P I , then ρopBq ě ρopCq.

CLAIM 1: ľo satisfies Dichotomous Pareto if and only if ρo satisfies Axiom C1.

Proof: Let β,γ be congruent dichotomous acts, ranging over a dichotomy tx, yu. Then
there exist measurable subsets B,C Ď S such that for all s P S , we have

βpsq “

#

x if s P B;

y otherwise.
γpsq “

#

x if s P C;

y otherwise.
(C1)

Thus, for all j P J , we have β ľj γ if and only if ρjpBq ě ρjpCq. It follows that Di-
chotomous Pareto (for β vs. γ) is equivalent to Axiom C1 (for B vs. C). We can make
this argument for any congruent pair of dichotomous acts β and γ. Conversely, for
any measurable B,C Ď S , we can construct congruent dichotomous acts β and γ

satisfying statement (C1). 3 Claim 1

“ùñ” If ľo satisfies Dichotomous Pareto, then Claim 1 says that ρo satisfies C1. Thus, ρo
is a weighted average of tρiuiPI by Proposition 2 of Mongin (1995).24

“ðù” If ρo is a weighted average of tρiuiPI , then it clearly satisfies C1. Thus, ľo satis-
fies Dichotomous Pareto, by Claim 1. l

Theorem 2 is a consequence of a more general result. Let � be a preorder on A (e.g. a
Bewley preference). We will write α�ω β if there exists N P N such that αn � βn for all
něN .

Now let t�jujPJ be a family of Bewley preferences satisfying MAO, and consider a
sequence of acts α “ pαnq8n“1. We shall say that α is dichotomous if there is some di-
chotomy px, yq such that αn ranges over tx, yu for all n P N. Suppose that R Ď ∆pSq is
consilient. We shall say that α is R-piecewise almost-objective if there is a measurable par-
tition H “ tH1,H2, . . . ,HJu of S and a family of R-almost-objective acts α1,α2, . . . ,αJ
such that for all n PN, and all j P r1 . . . Js, we have

αnpsq “ αnj psq for all s PHj . (C2)

In other words, α is achieved by “patching together” α1, . . . ,αJ according to the parti-
tion H. Any almost-objective act is piecewise almost-objective (via the trivial partition).
Consider the following axiom:

R-Dichotomous piecewise almost-objective Pareto. Let α and β be two dichotomous R-
piecewise almost-objective acts. If α�ωi β for all i P I , then α�ωo β.

24 Mongin assumes countably additive measures. But he does this only so that he can invoke the Lya-
punov Convexity Theorem, which was extended to finitely additive measures by Armstrong and Prikry
(1981, Theorem 2-2).
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Compared to R-almost-objective Pareto, this new axiom is broader in one way (it applies
to piecewise almost-objective acts), but narrower in another way (it applies only to di-
chotomous almost-objective acts). It also differs from R-almost-objective Pareto in that it
involves the (possibly incomplete) Bewley preferences t�jujPJ instead of the weak or-
ders tějujPJ , and it requires the planner’s asymptotic preferences to actually agree with
those of the individuals, rather than simply not disagree. Theorem 2 is an immediate
consequence of the following more general result.

THEOREM C.1. Let RĎ∆pSq be strongly consilient. For all j P J , let �j be a Bewley pref-
erences induced by a compact subset Pj Ď R and utility function uj : XÝÑR. Suppose
t�jujPJ satisfy MAO. Let P be the T-closed convex hull of

Ť

iPI
Pi. The following are equiv-

alent:
(a) �o satisfies Dichotomous piecewise R-almost-objective Pareto.
(b) �o satisfies Dichotomous Pareto.
(c) Po ĎP .

The proof of Theorem C.1 requires some preliminaries. A measurable function φ : SÝÑR
is simple if it takes only a finite number of values. For any simple function φ, define φ˚ :

bapSqÝÑR by setting by φ˚pµq :“
ş

S φ dµ for all µ P bapSq. Then φ˚ is a linear functional
and continuous in the norm topology.

LEMMA C.2. Let R Ď ∆pSq be strongly consilient. Let t�jujPJ be Bewley preferences on
A that satisfy MAO, and let px, yq be a dichotomy for t�jujPJ . Suppose their Bewley rep-
resentations (8) have belief sets contained in R, and utility functions tujujPJ that are
renormalized such that ujpxq “ 1 and ujpyq “ 0 for all j P J . Let φ : SÝÑR be a simple
function, and consider the functional φ˚ : bapSqÝÑR. There exists a dichotomous piece-
wise R-almost-objective act α“ pαnq8n“1 such that

lim
nÑ8

ż

S
uj ˝ α

n dρj “ φ˚pρjq, for all j P J and all ρj PPj .

Proof: By hypothesis, there exists a measurable partition tG1, . . . ,GLu of S and some

r1, . . . , rL PR such that φ“
L
ř

`“1
r` 1G`

, where 1G`
is the indicator function of G`.

CLAIM 1: For all ` P r1 . . .Ls, there exists a sequence pFn` q
8
n“1 of subsets of G` such that

lim
nÑ8

ρpFn` q “ r` ¨ ρpG`q for all ρ PR.

Proof: For all ρ PR, let ρG`
P∆pSq be the measure obtained by Bayes-updating ρ on G`.

Then ρG`
P xRy, because ρG`

ăăăρ and
dρG`
dρ “ 1G`

{ρpG`q is bounded.
By strong consilience, there is a sequence of measurable subsets pEnq8n“1 in S

such that lim
nÑ8

µpEnq “ r` for all µ P xRy. Thus, lim
nÑ8

ρG`
pEnq “ r` for all ρ PR, by the

previous paragraph. For all n PN, let Fn` :“ En X G`. Then Fn` Ď G`. For all ρ PR, we
have ρpFn` q “ ρG`

pFn` q ¨ ρpG`q and ρG`
pFn` q “ ρG`

pEnq. Thus, lim
nÑ8

ρG`
pFn` q “ r`, and

hence lim
nÑ8

ρpFn` q “ r` ¨ ρpG`q. 3 Claim 1

https://econtheory.org


Submitted to Theoretical Economics Bayesian social aggregation, almost-objective 35

Now, for all n P N, let Fn1 ,Fn2 , . . . ,FnL be as in Claim 1; these sets are disjoint because

G1,G2, . . . ,GL are disjoint. Let Fn :“
L
Ů

`“1
FN` , and then define αn PA by:

for all s P S , αnpsq :“

#

x if s PFn;

y otherwise.

The sequence α“ pαnq8n“1 is clearly dichotomous, and is piecewise R-almost objec-
tive (with respect to the original partition G). For all j P J , we have uj ˝ αn “ 1Fn .
Thus, for any ρ PR,

ż

S
uj ˝ α

n dρ “

ż

S
1Fn dρ “ ρrFns “ ρ

«

L
ğ

`“1

FN`

ff

“

L
ÿ

`“1

ρrFn` s. (C3)

Thus,

lim
nÑ8

ż

S
uj ˝ α

n dρ
p˚q

lim
nÑ8

L
ÿ

`“1

ρrFn` s “

L
ÿ

`“1

lim
nÑ8

ρrFn` s

p:q

L
ÿ

`“1

r` ¨ ρpG`q “

ż

S

L
ÿ

`“1

r` 1G`
dρ “

ż

S
φ dρ “ φ˚pρq,

as desired. Here, p˚q is by equation (C3), and p:q is by Claim 1. l

Let T be the weak topology on bapSq induced by the family tφ˚; φ : SÝÑR a simple
functionu. The total variation norm topology on bapSq is finer than T. Thus, if a subset
P Ă bapSq is compact in the total variation norm topology, then P is compact in T. For
any measurable B Ď S , define ηB : bapSqÝÑR by setting ηBpµq :“ µrBs for all µ P bapSq.
For any simple function φ : SÝÑR, with corresponding linear functional φ˚ : bapSqÝÑR,

if φ“
L
ř

`“1
r` 1G`

, then φ˚ :“
L
ř

`“1
r` ηG`

.

Proof of Theorem C.1. “(b) ùñ (a)” Let α and β be dichotomous R-piecewise almost-
objective acts, and suppose that α�ωi β for all i P I . Thus, for all i P I there is some
Ni P N such that αn �i β

n for all n ěNi. Let N :“maxtNiuiPI . Then αn �o β
n for all

něN , by Dichotomous Pareto. Thus, α�ωo β, as desired.

“(c) ùñ (b)” Let px, yq be a dichotomy for t�jujPJ . Define v : tx, yuÝÑR by vpxq “ 1

and vpyq “ 0. For all j P J , suppose �j has a Bewley representation puj ,Pjq for some
uj : XÝÑR. By applying positive affine transformations to tujujPJ if necessary, we
can assume without loss of generality that uj agrees with v on tx, yu, for all j P J .

Let α,β PA be congruent dichotomous acts ranging over tx, yu. Then uj ˝ α“ v ˝ α
and uj ˝ β “ v ˝ β for all j P J . Suppose α �i β for all i P I . Then for all i P I ,

we have
ż

S
ui ˝ α dρ ě

ż

S
ui ˝ β dρ for all ρ P Pi. Using the above identities, we can

rewrite this
ż

S
v ˝ α dρě

ż

S
v ˝ β dρ for all ρ PPi and all i P I . Convex combinations of
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probability measures preserve weak inequalities of expected values, so this inequal-
ity also holds for all ρ in the convex hull of

Ť

iPI
Pi. Furthermore, v ˝ α and v ˝ β are

simple functions, and T-limits preserve weak inequalities of expected values for sim-
ple functions (because T is the weak topology generated by simple functions). Thus,

we deduce that
ż

S
v ˝ α dρ ě

ż

S
v ˝ β dρ for all ρ P P . Since Po Ď P , this implies that

ż

S
v ˝ α dρě

ż

S
v ˝ β dρ for all ρ P Po. In other words,

ż

S
uo ˝ α dρě

ż

S
uo ˝ β dρ for all

ρ PPo. Thus, α�o β, as desired.25

“(a) ùñ (c)” (by contrapositive) Suppose Po Ę P . Let P˚ be a nonempty norm-
compact, convex subset of Po that is disjoint from P . (For example, let P˚ :“ tρou,
for any ρo P PozP .) Then P˚ is also T-compact, as explained above. In the T topology,
bapSq is a locally convex topological vector space, and P˚ and P are disjoint, closed
convex subsets, one of which is compact. So the Strong Separating Hyperplane Theo-
rem (Aliprantis and Border, Thm. 5.79, p.207) yields a T-continuous linear functional
ϕ : bapSqÝÑR and r1 ă r2 PR such that

ϕpµq ă r1 ă r2 ă ϕpρq, for all µ PP˚ and ρ PP . (C4)

Let r :“ pr1 ` r2q{2 and let ε :“ pr1 ´ r2q{6; then r1 “ r ´ 3 ε and r2 “ r ` 3 ε. Con-
sider the T-continuous linear functional ηS : bapSqÝÑR defined by ηSpµq :“ µrSs for
all µ P bapSq. Let ϕ1 :“ ϕ´ r ¨ ηS . Then ϕ1 is also a T-continuous linear functional, and
inequality (C4) yields:

ϕ1pµq ă ´3 ε ă 0 ă 3 ε ă ϕ1pρq, for all µ PP˚ and ρ PP . (C5)

Any T-linear functional on bapSq has the form φ˚ for some simple function φ : SÝÑR,
because T is the weak topology on bapSq generated by the vector space of simple func-

tions (Aliprantis and Border, 2006, Theorem 5.93, p. 212). Thus, ϕ1 “
L
ř

`“1
r` ηG`

for

some disjoint measurable subsets G1, . . . ,GL Ď S and some r1, . . . , rL PR. By rearrang-
ing G1, . . . ,GL if necessary, we can assume that r1, . . . , rJ ă 0 and rJ`1, . . . , rL ą 0 for

some J P N. Let ϕ´ :“ ´
J
ř

j“1
rj ηGj

and ϕ` :“
L
ř

`“J`1
r` ηG`

. Then ϕ1 “ ϕ` ´ ϕ´, so we

can rewrite inequality (C5) as

ϕ`pµq ´ϕ´pµq ă ´3 ε ă 0 ă 3 ε ă ϕ`pρq ´ϕ´pρq for all µ PP˚ and ρ PP .

In other words,

ϕ`pµq ă ϕ´pµq ´ 3 ε for all µ PP˚, whereas ϕ`pρq ą ϕ´pρq ` 3 ε for all ρ PP . (C6)

Now, let tx, yu be a dichotomy, and assume without loss of generality that ujpxq “ 1

and ujpyq “ 0 for all j P J , as in the proof of “(c)ùñ(b)”. Lemma C.2 yields piecewise

25This proof does not use consilience. So in fact it works for any RĎ∆pSq.
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R-almost-objective dichotomous acts α“ pαnq8n“1 and β “ pβnq8n“1 such that for all
j P J , and all ρj PPj ,

lim
nÑ8

ż

S
uj ˝ α

n dρj “ ϕ`pρjq and lim
nÑ8

ż

S
uj ˝ β

n dρj “ ϕ´pρjq. (C7)

Now let i P I . Since Pi is compact in the total variation norm, there is a finite
subset tλ`iu

Li
`“1 Ă Pi that is ε-dense in Pi, in the sense that for any ρ P Pi, we have

›

›ρ´ λ`i
›

›

var
ă ε for some ` P r1 . . .Lis. For all ` P r1 . . .Lis, the right inequality in state-

ment (C6) applies to λ`i , because Pi Ď P . Combining this inequality with the limit
equations (C7) yield some N`

i PN such that
ż

S
ui ˝ α

n dλ`i ą 2 ε`

ż

S
ui ˝ β

n dλ`i , for all něN `
i . (C8)

Let Ni :“ maxtN `
i u
Li
`“1. For any n ě Ni, the inequality (C8) holds for all ` P r1 . . .Lis.

Now let ρ P Pi be arbitrary. By construction, there is some ` P r1 . . .Lis such that
›

›ρ´ λ`i
›

›

var
ă ε. Thus, for any něNi,

ˇ

ˇ

ˇ

ˇ

ż

S
ui ˝ α

n dρ´

ż

S
ui ˝ α

n dλ`i

ˇ

ˇ

ˇ

ˇ

ď }ui ˝ αn}8 ¨
›

›

›
ρ´ λ`i

›

›

›

var
ă ε,

and likewise,

ˇ

ˇ

ˇ

ˇ

ż

S
ui ˝ β

n dρ´

ż

S
ui ˝ β

n dλ`i

ˇ

ˇ

ˇ

ˇ

ă ε, (C9)

where we use the fact that }ui ˝ αn}8 “ }ui ˝ βn}8 “ 1 because αnpSq “ βnpSq “ tx, yu
and uiptx, yuq “ t0,1u. Combining inequalities (C8) and (C9), we get

ż

S
ui ˝ α

n dρ ą

ż

S
ui ˝ β

n dρ, for all ρ PPi, (C10)

and thus αn �i β
n. This holds for all něNi, so α�ωi β. This holds for all i P I .

Now let ρo PP˚ be arbitrary. The limit equations (C7) and the left inequality in state-
ment (C6) yield some N PN such that

ż

S
uo ˝ α

n dρo ă

ż

S
uo ˝ β

n dρo for all ρo PP˚ and něN . (C11)

Since P˚ Ď Po, this means it is impossible that αn � βn. This holds for all n ě N ;
thus, it is not the case that α �ωo β. This contradicts R-Dichotomous piecewise almost-
objective Pareto. l

APPENDIX D: FURTHER EXAMPLES OF CONSILIENCE

Although the scopes of Propositions 1 and 2 are already very broad, there are many other
examples of consilient collections of measures. To illustrate this, let pS and S be two
measurable spaces, and let φ : pSÝÑS be any measurable function. This induces a func-
tion φ˚ : bap pSqÝÑbapSq where, for any pµ P bap pSq and any measurable B Ď S , we define
φ˚ppµqrBs :“ pµrφ´1pBqs.
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PROPOSITION D.1. Let pS and S be measurable spaces, and let φ : pSÝÑS be measurable.
Let R Ď ∆pSq, and let pR :“ pφ˚q

´1pRq Ď ∆p pSq. If R is (strongly) consilient, then pR is
(strongly) consilient.

Proof: Let K P N and let q P∆K . By hypothesis, there is an R-almost-objectively uncer-
tain sequence of partitions pGnq8n“1 of S that is subordinate to q. For all n PN, suppose
Gn “ tGn1 , . . . ,GnKu. For all k P r1 . . .Ks, let pGn1 :“ φ´1pGn1 q. Then pGn :“ tpGn1 , . . . , pGnKu is a
measurable partition of pS (because φ is measurable). This yields a partition sequence
ppGnq8n“1 of pS . We will show that it is pR-almost-objectively uncertain and subordinate
to q.

To see this, let pρ P pR. Let ρ :“ φ˚ppρq. Then ρ PR. For all k P r1 . . .Ks, we have pρppGnk q “
ρpGnk q for all n PN, so lim

nÑ8
pρppGnk q “ lim

nÑ8
ρpGnk q “ qk, as desired.

To prove the claim for strong consilience, it suffices to show that x pRy Ď pφ˚q´1pxRyq.
To see this, let pµ P x pRy. Then there exists pρ P pR such that pµăăă pρ and such that pψ :“ dpµ

dpρ

is bounded. Let µ :“ φ˚ppµq and ρ :“ φ˚ppρq. Then µăăăρ and ρ PR. Furthermore, if ψ :“
dµ
dρ , then ψ ˝ φ“ pψ. Thus, ψ is also bounded. Thus, µ P xRy. Thus, pµ P pφ˚q´1pxRyq. l

Dynamical systems are mathematical models of systems evolving deterministically in
time. They arise in the study of ordinary differential equations, difference equations,
and all parts of applied mathematics. Formally, a (measurable) dynamical system is a pair
pS, φq, where S is a measurable space and φ : SÝÑS is a measurable function. A (count-
ably additive) probability measure µ on S is φ-invariant if φ˚pµq “ µ. The triple pS, µ,φq
is called a measure-preserving dynamical system (MPDS). A wide variety of dynamical sys-
tems admit invariant measures, and hence can be treated as MPDS. For example, if S is
a compact metric space and φ : SÝÑS is continuous, then the Krylov-Bogolyubov theo-
rem yields a φ-invariant measure (Walters, 1982, §6.2).

An MPDS pS, µ,φq is mixing if, for all measurable subsets B,C Ď S , we have lim
tÑ8

µrBX
φ´tpCqs “ µpBq ¨ µpCq. Many MPDS are mixing —in particular, ones which exhibit so-
called “chaotic” behaviour. For example, let S “ r0,1s. The tent map φ : r0,1sÝÑr0,1s is
defined:

φpsq “

#

2s if sď 1
2 ;

1´ 2s if są 1
2 .

The Lebesgue measure on r0,1s is φ-invariant, and the resulting MPDS is mixing.

PROPOSITION D.2. Let pS, µ,φq be any mixing MPDS, where µ is countably additive. Let
R :“ tρ P∆σpSq; ρ! µ and dρ

dµ P L
2pS, µqu. Then R is strongly consilient.

This result addresses a possible concern about Propositions 1 and 2. Whereas the
almost-objectively uncertain partition sequences constructed in Propositions 1 and 2
might seem somewhat exotic, the sequences constructed in Proposition D.2 are ex-
tremely natural: they take a single partition of S and shift it into the far future via φ.
Many standard examples of “effectively random” questions have this form, such as,
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“What will the temperature in Times Square be at 12:00 PM on April 1, 2062?”26 It is
not implausible that such questions could arise in collective decisions. This provides
further motivation for the Almost-objective Pareto axiom of Section 4.

Proof of Proposition D.2. If pS, µ,φq is mixing, then it is ergodic, and hence µ is
nonatomic. Let G “ pG1, . . . ,GKq be a measurable partition such that µrGks “ qk for
all k P r1 . . .Ks; this exists because µ is nonatomic. Now, for all n P N, let Gn :“

pGn1 , . . . ,GnKq, where Gnk :“ φ´npGkq for all k P r1 . . .Ks. We shall show that the sequence
pGnq8n“1 is R-almost-objectively uncertain and subordinate to q.

Let ρ PR; then ρ! µ. Let ψ :“ dρ
dµ , then ψ P L2pS, µq by hypothesis. For any measur-

able G Ď S , let 1G be its indicator function. Then 1G P L2pS, µq, and

lim
nÑ8

ż

G
ψ ˝ φn dµ “ lim

nÑ8
x1G , ψ ˝ φ

ny (D1)

p˚q

ż

S
1G dµ ¨

ż

S
ψ dµ “ µrGs ¨ ρrSs “ µrGs,

where p˚q is a standard property of mixing MPDS (Walters 1982, Theorem 1.23(iii.2)
on p.45 of §1.7; Fremlin 2006b, Proposition 372Q(iv), p.195). By applying change of
variables, (D1) becomes

lim
nÑ8

ż

φ´npGq
ψ dµ “ µrGs. (D2)

In particular, we can apply (D2) to all Gk for all k P r1 . . .Ks to conclude that

lim
nÑ8

ρrGnk s “ lim
nÑ8

ż

Gn
k

ψ dµ “ lim
nÑ8

ż

φ´npGkq

ψ dµ
p˚q

µrGks “ qk,

as desired. Here p˚q is by (D2).
This proves that R is consilient. It is strongly consilient because xRy “ R. To see

this, suppose ν P xRy. Then ν ! ρ for some ρ P R, and φ :“ dν
dρ is bounded. By the

definition of R, ρ ! µ and ψ :“ dρ
dµ P L

2pS, µq. Thus, ν ! µ and dν
dµ “ φ ¨ ψ is also in

L2pS, µq (because }φ ¨ψ}2 ď }φ}8 ¨ }ψ}2). Thus ν PR. l

APPENDIX E: UNIQUENESS OF GH REPRESENTATIONS27

A preference order ě might have many GH representations. How much do they have
in common? First, note that if V : AÝÑR is a GH representation for ě, then the utility
function u in expression (3) is entirely determined by V : for any x P X , we have upxq “
V pκxq, where κx P A is just the constant act with value x. Conversely, suppose that ě

satisfies the following mild condition:

26Here we assume that global weather patterns can be described as a chaotic dynamical system.
27 The proofs in this appendix rely on Propositions 1 and 3, but are independent of the other results in

the paper.
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Certainty equivalents. For any α PA, there is some x PX such that α« κx.

(For example, if X is connected and u : XÝÑR is continuous, then ě satisfies Certainty
equivalents.) In this case, V is also entirely determined by u, because for any α P A we
have V pαq “ upxq, where x P X is any outcome such that α « κx. Thus, for preferences
satisfying Certainty equivalents, V and u codetermine each other.

Unfortunately, the set P in a GH representation is far from unique. Indeed, let P be
the set of all belief sets for V —that is, all subsets P Ď ∆pSq that satisfy (3). This set is
closed under upwards inclusion: if P Ď P 1 Ď∆pSq and P PP, then P 1 PP also. But the
next lemma allows us to isolate some “natural” elements of P.

LEMMA E.1. If GH is compact, then P has inclusion-minimal elements.

Proof: Recall that a chain in P is a subset QĎP that is linearly ordered under inclusion.
We first show that every chain has a lower bound in P. Let QĎP be a chain, and let
Q˚ :“

Ş

QPQ
Q. Then Q˚ PP also. To see this, let α PA. For all Q PQ, the inequalities (3)

imply that there exist ρQ, ρQ PQ such that

ż

S
u ˝ α dρQ ď V pαq ď

ż

S
u ˝ α dρQ. (E1)

If we order Q by reverse inclusion (so that Q ăQ1 if Q ĄQ1) then Q is a directed set,
and tρQuQPQ and tρQuQPQ are nets in ∆pSq. For any Q0 P Q, we have ρQ, ρQ P Q0

for all Q PQ with Q ĎQ0. Thus, the tails of these nets are contained in Q0, which is
compact. Thus, they have convergent subnets. Let ρ be a limit of a subnet of tρQuQPQ,
and let ρ be a limit of a subnet of tρQuQPQ. Then the inequalities (E1) imply that

ż

S
u ˝ α d dρ ď V pαq ď

ż

S
u ˝ α dρ, (E2)

because the functional ∆pSq Q ρ ÞÑ
ş

S u ˝ α dρ PR is continuous.
It remains to show that ρ, ρ P Q˚. To see this, note that for any Q1 P Q, the tails of

tρQuQPQ and tρQuQPQ are contained in Q1. So any limit points of subnets of tρQuQPQ
and tρQuQPQ must also be contained in Q1 (because Q1 is closed). Thus, ρ, ρ PQ1. We
conclude that ρ, ρ PQ1 for all Q1 PQ, and thus, ρ, ρ PQ˚.

Inequality (E2) implies that inequality (3) holds for Q˚ and α. This argument works
for all α PA. Thus, Q˚ PP.

Thus, any chain in P has a lower bound in P. Thus, Zorn’s Lemma implies that P
contains inclusion-minimal elements. l

Unfortunately, Lemma E.1 does not say that P has a unique inclusion-minimal element;
it may have more than one. But this question of uniqueness is beyond the scope of
this paper. Furthermore, an inclusion-minimal element of P might not be the most
natural choice for other purposes. For example, as explained in Section 5, under certain
conditions, there is a unique weak* compact, convex set P Ď∆pSq and a utility function
u : XÝÑR that yield both a generalized Hurwicz representation (3) for ě, and a Bewley
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representation (8) for the unambiguous part of ě (Ghirardato et al. 2004, Propositions 5
and 7; Cerreia-Vioglio et al. 2011, Proposition 5). But this P is not necessarily minimal
in P.

Nevertheless, whether we wish to work with an inclusion-minimal belief set in P, or
with the unique belief set in P that is suitable for the Bewley representation of the un-
ambiguous part of ě, this discussion shows that there are a relatively small number of
“natural” belief sets for V . And we have already seen that the utility function u is deter-
mined by V . But couldn’t ě have two different representations V1 and V2, described by
two different utility functions u1 and u2 and two different collections of minimal belief
sets P1 and P2? The next result addresses this question.

PROPOSITION E.2. Suppose ě satisfies Certainty equivalents. If V1 and V2 are compact,
nonatomic GH representations for ě, then they have the same inclusion-minimal belief
sets, and there are constants aą 0 and b PR such that V1 “ aV2 ` b.

This is actually a consequence of a more general result.

PROPOSITION E.3. Let R Ď ∆pSq be consilient. Let ě be a preference order on A, and
let V1, V2 : AÝÑR be two compact GH representations of ě with utility functions u1, u2 :

XÝÑR and belief sets P1,P2 ĎR. Then
(a) There exist constants aą 0 and b PR such that u1 “ au2 ` b.
(b) If ě satisfies Certainty equivalence, then also V1 “ aV2 ` b.
(c) If P1 is the set of all belief sets for V1, and P2 is the set of all belief sets for V2, then
P1 “P2. Hence they have the same inclusion-minimal elements.

Proof: Part (c) follows from (a) and (b). To prove part (a), recall that for all α PA,

inf
ρPP1

ż

S
u1 ˝ α dρ ď V1pαq ď sup

ρPP1

ż

S
u1 ˝ α dρ, and (E3)

inf
ρPP2

ż

S
u2 ˝ α dρ ď V2pαq ď sup

ρPP2

ż

S
u2 ˝ α dρ. (E4)

Let α “ pαnq8n“1 and β “ pβnq8n“1 be compatible R-almost-objective acts, and sup-
pose that α ą8 β. Then Lemma B.2 yields ε1, ε2 ą 0 such that for all sufficiently large
n PN, we have V1pαnq ą V1pβnq ` ε1 and V2pαnq ą V2pβnq ` ε2.

Suppose α and β are measurable with respect to the almost-objectively uncer-
tain partition sequence G “ pGnq8n“1, where Gn “ tGn1 , . . . ,GnKu for all n P N, and
suppose G is subordinate to the probability vector q “ pq1, . . . , qKq. Suppose α is
subordinate to the K-tuple px1, . . . , xKq P XK , while β is subordinate to the K-

tuple py1, . . . , yKq. Then Proposition 3 says that lim
nÑ8

V1pβ
nq “

K
ř

k“1
qk u1pykq and

lim
nÑ8

V2pβ
nq “

K
ř

k“1
qk u2pykq.
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Thus, since V1pαnq ą V1pβ
nq ` ε1 and also V2pα

nq ą V2pβ
nq ` ε2 for all sufficiently

large n PN, we conclude that

K
ÿ

k“1

qk u1pxkq ě
K
ÿ

k“1

qk u1pykq ` ε1 and
K
ÿ

k“1

qk u2pxkq ě
K
ÿ

k“1

qk u2pykq ` ε2. (E5)

Now, by a suitable choice of almost-objective acts α and β, we can achieve versions
of (E5) for any ε1, ε2 ą 0 and K PN, any probability vector q P∆K and any K-tuples of
outcomes px1, . . . , xKq and py1, . . . , yKq. We conclude that for all K PN, all q P∆K and
all px1, . . . , xKq and py1, . . . , yKq in XK ,

˜

K
ÿ

k“1

qk u1pxkq ą
K
ÿ

k“1

qk u1pykq

¸

ðñ

˜

K
ÿ

k“1

qk u2pxkq ą
K
ÿ

k“1

qk u2pykq

¸

. (E6)

By standard uniqueness theorems for SEU representations, it follows from (E6) that
u1 is a positive affine transformation of u2 —in other words, there exist aą 0 and b PR
such that u1 “ au2 ` b. This proves (a).

To prove (b), suppose that ě satisfies Certainty equivalence. Let V :“ V2pAq Ď R. V1
and V2 both represent ě, so there is an increasing function φ : VÝÑR such that V1 “
φ ˝ V2. We must show that φpxq “ av` b for all v P V .

For any v P V , there is some α PA such that v “ V2pαq. By Certainty equivalence, there
is some constant act κ such that α« κ. Thus, V2pκq “ V2pαq. If κ has the constant value
x, then the inequalities (E4) force V2pκq “ u2pxq. Thus, u2pxq “ v.

By a similar argument V1pαq “ u1pxq “ au2pxq ` b “ av ` b. But we also have φ ˝
V2pαq “ V1pαq. Thus, we get: φpvq “ av ` b, as desired. This argument works for any
v P V . We conclude that V1 “ aV2 ` b. l

Proof of Proposition E.2. Let P1 and P2 be any compact, nonatomic belief sets for the
GH representations V1 and V2. Let R“ P1 YP2. Then R is nonatomic and separable,
so Proposition 1 says that R is consilient. Thus, Proposition E.3 says that P1 “P2 and
V 1 “ aV ` b (because ě satisfies Certainty equivalents). l

Since Propositions E.2 and E.3 rely on consilience, they require nonatomic beliefs.

APPENDIX F: PROOFS OF OTHER RESULTS

This appendix contains proofs of additional statements made in the text, regarding the
relationship between utilitarianism and weak utilitarianism, and observations made in
Section 6. These proofs are logically independent from the rest of the paper.

To explain the logical relationship between utilitarianism and weak utilitarianism,
we need two hypotheses: Ex post Pareto and Independent prospects. The social prefer-
ence ěo satisfies the Ex post Pareto axiom with respect to těiuiPI if, for any constant acts
α,β PA,
‚ If αěi β for all i P I , then αěo β.
‚ If, in addition, αąi β for some i P I , then αąo β.
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Now suppose that each of the preference orders tějujPJ has a GH representation (3)
with an associated utility function uj : XÝÑR. We shall say that the collection tuiuiPI
satisfies Independent Prospects if, for all j P J , there exist outcomes x, y P X such that
ujpxq ą ujpyq whereas uipxq “ uipyq for all i P Iztju.

PROPOSITION F.1. Suppose tuiuiPI satisfy Independent Prospects. Then uo is utilitarian if
and only if it is weakly utilitarian and ěo satisfies Ex post Pareto for těiuiPI .

Proof: By definition, if uo is utilitarian, then it is weakly utilitarian. We will just show that
ex post Pareto is satisfied. Let α and β be two constant acts such that α ěi β for all i.
Assume that αpsq “ x and βpsq “ y for all states s P S . We will have Vipαq “ uipxq and
Vipβq “ uipyq, for all i P J . Thus, with uipxq ě uipyq for all i P I and uo “ b`

ř

iPI
ciui we

have uopxq ě uopyq. Furthermore, if there is i P I such that uipxq ą uipyq, since ci ą 0,
we will obviously have uopxq ą uopyq.

Conversly, if uo is weakly utilitarian, then for all i P I , there is ci ě 0 such that
uo “ b `

ř

iPI
ci ui. Let i P I . To show that ci ą 0 let xi, yi P X such that uipxiq ą uipyiq

and ujpxiq “ ujpyiq for j ‰ i; this exists by the hypothesis of Independent Prospects.
Considering the constant acts αipsq “ xi and βipsq “ yi, we have Vjpαiq ě Vjpβiq for
all j P I and Vipαiq ą Vipβiq. By Ex post Pareto, we have Vopαiq ą Vopβiq. Thus,
uopxiq ´ uopyiq “ cipuipxiq ´ uipyiqq ą 0. But since puipxiq ´ uipyiqq ą 0, we get ci ą 0.
l

It is more efficient to prove Theorem 3 before proving Proposition 5.

Proof of Theorem 3. Repurposing the terminology of Gilboa et al. (2004), let us say that an
act is a strong lottery if it is measurable with respect to a strong consensus partition.28

In this case, there is a probability vector p “ pp1, . . . , pM q and a set of outcomes Y “
ty1, . . . , yMu Ď X (for some M P N) such that, for all j P J and all ρ P Pj , we have ρts P
S ; αpsq “ ymu “ pm for all m P r1 . . .M s. We will indicate this by writing “α„ pp,Yq”.

For all j P J , suppose Pj is the convex hull of some finite collection Rj :“

tρ1j , . . . , ρ
Nj

j u of nonatomic probability measures. If α P A is a strong lottery and
α„ pp,Yq, then for all j P J , it is easily checked that

Vjpαq “

ż

S
uj ˝ α dρ1j “ ¨ ¨ ¨ “

ż

S
uj ˝ α dρ

Nj

j “

M
ÿ

m“1

pm ujpymq. (F1)

Thus, for any Y “ ty1, . . . , yMu Ď X , and any probability vectors p “ pp1, . . . , pM q and
q“ pq1, . . . , qM q, and any strong lotteries α„ pp,Yq and β „ pq,Yq,

´

αěi β for all i P I
¯

ðñ

˜

M
ÿ

m“1

pm uipymq ě
M
ÿ

m“1

qm uipymq for all i P I

¸

. (F2)

28Gilboa et al. use lottery for an act measurable with respect to a (non-strong) consensus partition.
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Likewise
´

αěo β
¯

ðñ

˜

M
ÿ

m“1

pm uopymq ě
M
ÿ

m“1

qm uopymq

¸

. (F3)

Let ∆pYq be theM -dimensional simplex of all probability measures on Y . For all j P J ,
let uj|Y be the restriction of uj to Y , and let ěj|Y be the vNM expected utility prefer-
ences on ∆pYq induced by uj|Y . For any p P∆pYq, Lemma A.1 yields a strong lottery
α„ pp,Yq. (This uses the fact that Pj is the convex hull of a finite set Rj of nonatomic
measures, for all j P J .) Thus, the axiom Restricted Pareto*, combined with statements
(F2) and (F3), implies that ěo|Y satisfies the following Pareto axiom with respect to
těi|YuiPI :

vNM Pareto. For all p,q P∆pYq, if p ěi|Y q for all i P I , then p ěo|Y q.

Thus, a variant of Harsanyi’s Social Aggregation Theorem implies that uo|Y is a con-
stant plus a non-negative linear combination of tuj|YuiPI ; see Domotor (1979) or Wey-
mark (1993, 1994).29

Now, fix distinct x, y P X , and let Y be the set of all finite subsets of X containing
tx, yu. For all Y PY, define

CY :“

#

pc,w1, . . . ,wIq PRˆRI
` ; uo|Y “ c`

ÿ

iPI
wi ui|Y

+

.

By the above argument, CY ‰H, and it is clearly a convex, compact subset of RˆRI
`.

Furthermore, if Y Ď Y 1, then CY 1 Ď CY . Since Y is a directed set under inclusion, it
follows that the set C :“

Ş

YPY
CY is not empty. Now let pc,w1, . . . ,wIq P C. Then uo “

c`
ř

iPI
wi ui, as claimed. l

Remark. Theorem 3 requires the GH representations of all agents to be “polytopic”
because Lemma A.1 only applies to finite-dimensional vector-valued measures, since
it is relies on a version of Lyapunov’s Convexity Theorem for RN -valued measures.
There are versions of Lyapunov’s theorem for V-valued measures where V is an infinite-
dimensional locally convex vector space (Khan and Sagara, 2013, 2015, Greinecker and
Podczeck, 2013, Urbinati, 2019). These yield corresponding versions of the Dubins-
Spanier theorem (by the same proof as our Lemma A.1). This yields versions of Theorem
3 for non-polytopic GH representations. But these results impose strong “largeness”
conditions on the state space S and the measures it supports (in terms of Maharam
type), which exclude standard Borel spaces like r0,1sn. This limits their applicability to
the state spaces usually encountered in decision theory.

29Harsanyi’s original (1955) result used the weaker axiom of Pareto Indifference, and concluded only that
social utility is an affine combination of individual utilities, with possibly negative coefficients. But Domo-
tor and Weymark show that vNM Pareto (which Weymark calls Semistrong Pareto) implies that these coeffi-
cients must be non-negative.
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Proof of Proposition 5. We use the same notation as in the proof of Theorem 3. For
all i P I , and all n P r1 . . .Nis, let ěni be the preference order on A defined by the SEU
representation with utility function ui and probability measure ρni . Clearly, a partition
of S is a consensus partition for the original individuals těiuiPI if and only if it is a

consensus partition for the new “individuals” těni u
nPr1...Nis

iPI ; thus, an act is a lottery
for the former group of individuals if and only if it is a lottery for the latter group.
Thus, the scope of the Restricted Pareto axiom for the former group is exactly the same
as the scope of this axiom for the latter group.

For all i P I and any lottery α, statement (F1) is still true. Thus, the “individuals” tě1
i

, . . . ,ěNi
i u all have the same preferences over lotteries as the individual ěi. It follows

that for any lotteries α and β,
´

αěi β for all i P I
¯

ðñ

´

αěni β for all n P r1 . . .Nis and i P I
¯

.

Thus, ěo satisfies Restricted Pareto with respect to těiuiPI if and only if ěo satisfies

Restricted Pareto with respect to těiu
nPr1...Nis

iPI . Thus, the theorem of Gilboa et al. (2004)
says that ěo satisfies Restricted Pareto (the “indifference” part) with respect to těiuiPI if
and only if (i) uo is an affine combination of tuiuiPI ; and (ii) ρo is a linear combination
of the elements of

Ť

iPI
Ri.30

As explained in the proof of Theorem 3, our “semistrong” Pareto axiom implies that
the coefficients in the affine combination (i) are nonnegative, so that uo is weakly util-
itarian (Domotor, 1979, Weymark, 1993, 1994). l
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