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Managing pessimistic expectations and fiscal policy

ANASTASIOS G. KARANTOUNIAS
Research Department, Federal Reserve Bank of Atlanta

This paper studies the design of optimal fiscal policy when a government that
fully trusts the probability model of government expenditures faces a fearful pub-
lic that forms pessimistic expectations. We identify two forces that shape our re-
sults. On the one hand, the government has an incentive to concentrate tax dis-
tortions on events that it considers unlikely relative to the pessimistic public. On
the other hand, the endogeneity of the public’s expectations gives rise to a novel
motive for expectation management that aims toward the manipulation of equi-
librium prices of government debt in a favorable way. These motives typically act
in opposite directions and induce persistence to the optimal allocation and the
tax rate.
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1. INTRODUCTION

Optimal policy design problems routinely exploit the rational expectations assumption
that attributes a unique and fully trusted probability model to all agents. That useful
assumption precludes carrying out a coherent analysis that attributes fears of model
misspecification to some or all agents.

This paper studies the design of optimal fiscal policy in an environment where the
public has doubts about the probability model of exogenous government expenditures
and guards itself against this ambiguity by forming pessimistic expectations. In contrast,
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the fiscal authority or government (these two terms are used interchangeably through-
out the paper) completely trusts the probability model and uses it to assess the likeli-
hood of shocks in the design of fiscal policy.

We are motivated by situations where fearful markets constrain the actions of fiscal
authorities, as in the recent European fiscal crisis, for example. In various cases, fiscal
authorities take actions to alleviate market pressures and try to convince markets that
fiscal policies are sustainable. Attempts to manage fearful expectations in such envi-
ronments raise natural questions about how this is possible and about how fiscal policy
should be designed. This paper consists of a first take on a theoretical model that ex-
plores this type of questions by positing a government that shows full confidence in the
probability model of government expenditures, whereas the public does not.!

The distinctive feature of our approach is the fact that the agents’ fears of model mis-
specification cause them to twist their expectations about exogenous shocks in an en-
dogenous way by assigning high probability to low utility events and low probability to
high utility events. The fiscal authority, by its choice of tax and debt policies, affects the
agents’ utility and, therefore, their cautious beliefs. As a result, this paper features a no-
tion of expectation management that is absent from the standard rational expectations
paradigm, where beliefs about exogenous shocks are fixed and actually correct.?

For our analysis, we adopt the complete-markets economy without capital that is
analyzed by Lucas and Stokey (1983), but we modify the representative household’s
preferences to express its concerns about misspecification of the stochastic process for
government expenditures. The Lucas and Stokey (1983) setup consists of the canonical
framework for analyzing optimal fiscal policy when lump-sum taxes are not available.?
There is an exogenous stream of government expenditures that the government has to
finance in the least distortionary way through a linear tax on labor income or (and) by
issuing state-contingent debt. Our household expresses model distrust by ranking con-
sumption and leisure plans according to the multiplier preferences of Hansen and Sar-
gent (2001); only when a multiplier parameter assumes a special value do the expected
utility preferences of Lucas and Stokey (1983) emerge as a special case in which the rep-
resentative household completely trusts its probability model.* The government shows
complete confidence in the probability model of government expenditures and acts pa-
ternalistically by using it in the evaluation of the household’s expected utility.> The en-
dogenous household’s beliefs play a crucial role in our analysis, because they affect the

Lack of confidence in models also seems to have become pronounced in the recent financial crisis. See,
for example, Caballero and Krishnamurthy (2008), Caballero and Kurlat (2009), and Uhlig (2010).

2The management of pessimistic expectations could also have alternative interpretations in terms of
risk-sensitive preferences.

3The European fiscal crisis serves as a motivating example of an environment with fearful expectations.
We do not try to capture default here.

4Multiplier preferences lead to tractable functional forms. See Maccheroni et al. (2006a, 2006b) and
Strzalecki (2011) for axioms that rationalize multiplier preferences as expressions of model ambiguity.

SKarantounias (2011) studies alternative sets of assumptions that allow the government to doubt the
probability model either more or less than the household and also possibly instructs the government to
evaluate expected utilities using the representative household’s beliefs, becoming in that special case the
Ramsey planner. The current setup isolates key forces that also operate in that alternative setting.
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equilibrium price of government debt and, therefore, the need to resort to distortionary
taxation.

There are two main forces that operate in our setup. The first reflects the paternal-
istic motives that the fiscal authority exhibits by bestowing full confidence in the prob-
ability model of government expenditures. At a casual level, one would think that a pa-
ternalistic fiscal authority with no doubts about the model would like the household to
hold the same expectations. The proper way to think about our setup is in terms of the
optimal allocation of tax distortions. We find that the fiscal authority has an incentive to
tax more contingencies that it considers less probable than the household and less con-
tingencies that it considers more probable than the household. The reason behind this
is straightforward. In the eyes of the fiscal authority, the welfare loss from taxing contin-
gencies that it considers unlikely relative to the household is small, motivating it to shift
taxes toward these contingencies. Thinking in terms of asset prices, claims on contin-
gencies that the household considers likely (and the government does not) command an
inflated price in the eyes of the government. This mispricing prompts the government
to sell more debt (or buy less assets) at these expensive prices and, therefore, to tax these
particular contingencies more.® The low utility events to which the household assigns
high probability are typically associated with high government expenditures. Thus, the
paternalism of the fiscal authority is expressed as an incentive to tax more (less) when
government expenditures are high (low).

However, as we stressed earlier, the defining characteristic of our analysis of model
uncertainty is the endogeneity of the worst-case beliefs of the household and their effect
on asset prices, a feature that creates a separate and distinct mechanism from the pa-
ternalistic motives analyzed previously. The government, by choosing a low tax rate at a
particular contingency, increases the utility of the household and, therefore, it decreases
the household’s assessment of the likelihood of this contingency. As a result, the price
of a contingent claim decreases. The government has an incentive to use this mech-
anism to make claims cheaper when it purchases ex ante assets. In contrast, the gov-
ernment increases the tax rate so as to increase the price of a contingent claim through
this mechanism when it is selling claims (issuing debt) to reduce the return on debt.
The government is typically hedging shocks by purchasing ex ante assets contingent on
high government expenditures to finance deficits and is selling debt contingent on low
government expenditures that is paid for by running a surplus. Therefore, the govern-
ment’s price manipulation through the household’s expectations leads to an incentive to
tax less (more) when government expenditures are high (low), contributing an opposite
and offsetting force to the paternalistic force.

The two forces that we describe also affect the dynamics of the optimal plan by in-
troducing dependence on the past history of shocks, whereas the full confidence econ-
omy of Lucas and Stokey (1983) prescribes history independence.” Consider first the

6We are thankful to the co-editor and an anonymous referee for stressing the mispricing interpretation.

“It is interesting to observe that although history dependence is not our aim in this paper, it emerges
due to the paternalistic and the price manipulation motives of the fiscal authority, despite the complete
markets assumption. Aiyagari et al. (2002) obtain history dependence in a Ramsey problem, and Battaglini
and Coate (2008) in a political-economic bargaining equilibrium by dropping complete markets.
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paternalistic force. The paternalistic-mispricing motive depends on the household’s
probability assessment of the entire history of shocks up to the current period and not
solely on the probability of the current shock. Assume, for example, that there was a
high shock in the past, an event to which the cautious household assigns high prob-
ability, therefore, motivating the fiscal authority to tax high in the past. However, the
probability of the history of shocks that includes this shock in the past and all shocks
up to the current period increases as well, creating an incentive to also tax high in the
current period. As a result, there is an incentive to keep the tax rate high (low) following
a high (low) shock, inducing persistence to the optimal tax rate.

In a sense, the history dependence arising from the paternalistic motives of the gov-
ernment is due to the backward-looking nature of the discrepancy between the gov-
ernment’s and the household’s beliefs. Turning to the price manipulation efforts of
the government, we find that they also introduce history dependence, but it is due to
the forward-looking nature of the household’s endogenous beliefs. The household is
forward-looking when it forms its worst-case beliefs by taking into account both period
utility and the discounted value of future utility. As a result, a low tax rate in the future,
by increasing future utility, also increases current utility. This forces the fiscal authority
to take into account the past when it chooses the future tax rate. In particular, if there
was an incentive to set a low tax rate in the past (as in the case of a high shock), this in-
centive will persist in the future. Therefore, the price manipulation motives of the fiscal
authority make it keep the tax rate low (high) following a high (low) shock. The marginal
incentives of managing the household’s pessimistic expectations are tracked by the en-
tire history of government debt or asset positions, since they identify the incentives of
increasing or decreasing asset prices, respectively, along the history of shocks.

To conclude, another take on the tension between the government’s two opposite in-
centives can be illustrated by considering a sequence of high shocks that are associated
with low utility every period. The pessimistic household assigns an increasingly higher
probability to the partial history of shocks over time, therefore, leading to an increasing
sequence of tax rates due to the paternalistic motive of the government; in other words,
to a back-loading of taxes. If the government hedges these high shocks by buying assets
each period, the price manipulation motive leads though to a decreasing sequence of
taxes over time; in other words, a front-loading of taxes. Note that without doubts about
the model, the tax rate would stay constant over time in the face of a sequence of high
shocks.

1.1 Related literature

The policy problem that we formulate is a Stackelberg problem with a leader who trusts
the model and a follower who has doubts about it. Analysis of such problems is novel
to our knowledge and comprises a methodological contribution of this paper. Robust
control in forward-looking models is analyzed by Hansen and Sargent (2008, Chap. 16),
who formulate a model in which a Stackelberg leader distrusts an approximating model,
while a competitive fringe of followers completely trusts it. The reverse assumptions
about specification concerns that we make here alter the policy problem nontrivially
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by necessitating consideration of the follower’s utility recursion, to enable the follower’s
endogenous worst-case beliefs to be determined. We tackle this problem by applying
recursive methods along the lines of Marcet and Marimon (2011). These methods could
potentially be applied in different policy settings where followers have doubts about the
model.

Other contributions that share our aim of attributing misspecification fears to at
least some agents include Kocherlakota and Phelan (2009), who study a mechanism
design problem using a max-min expected utility criterion, and Barlevy (2009, 2011),
who studies policy makers with fears of model misspecification.? Woodford (2010), the
most interesting previous paper in several ways, sets up a particular timing to conceal
the private sector’s beliefs from the government. In Woodford’s model, both the govern-
ment and the private sector fully trust their own models, but the government distrusts
its knowledge of the private sector’s beliefs about prices. Arranging things so that this
is possible is subtle because, with enough markets, equilibrium prices and allocations
reveal private sector beliefs. In contrast to Woodford, we set things up with complete
markets whose prices fully reveal private sector beliefs to the fiscal authority.

Any analysis with multiple subjective probability models requires a convenient way
to express those models. Along with Woodford (2010), this paper uses the martingale
representation of Hansen and Sargent (2005, 2007) and Hansen et al. (2006). From the
point of view of the approximating model, these martingale perturbations look like mul-
tiplicative preference shocks. In the present context, the fiscal authority manipulates
those “shocks.”

This paper resides at the intersection of three literatures. Optimal policy analysis
by Bassetto (1999), Chari et al. (1994), Zhu (1992), Angeletos (2002), and Buera and
Nicolini (2004) in complete markets or, in incomplete markets, by Aiyagari et al. (2002),
Shin (2006), and Marcet and Scott (2009), and recursive representations as in Chang
(1998) and Sleet and Yeltekin (2006) are all relevant antecedents of our work. The mul-
tiplier preferences we use are closely related to risk-sensitive preferences and to Epstein
and Zin (1989) and Weil (1990) preferences, and, therefore, our work is also related to
Anderson (2005) and Tallarini (2000), who study the impact of risk-sensitivity on risk-
sharing and on business cycles, respectively, as well as to Hansen et al. (1999), who study
the effect of doubts about the model on permanent income theory and asset prices. An-
other related line of work is Farhi and Werning (2008), who analyze the implications of
recursive preferences in private information settings.

1.2 Organization

Section 2 features a two-period version of our economy that illustrates the paternalistic
and the price manipulation motives. In the same section, we also analyze a three-period
economy, so as to clarify the dependence of the optimal plan on the past. In Section 3,
we lay out the infinite horizon economy. Sections 4 and 5 show the natural general-
ization of our results in an infinite horizon, the novel intertemporal smoothing motives

8This work is also linked in a general sense to that of Brunnermeier et al. (2007), who study a setting in
which households choose their beliefs.
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that arise, and the recursive representation of the policy problem. Section 6 concludes.
The Appendix provides information to the reader on the technical aspects of the policy
problem.

2. THE BASIC FORCES

The basic forces of our model are best captured in a two-period economy. Afterward,
we proceed to a three-period economy, so as to illustrate the history dependence of the
optimal plan.?

2.1 A two-period economy

We adopt a two-period version of the Lucas and Stokey (1983) economy without capital,
with a representative household that fears model misspecification. There are two peri-
ods, t =0 and ¢ = 1. At period zero, there is no production, consumption, or initial debt.
At period one there is uncertainty captured by the realization of an exogenous govern-
ment expenditure shock g; that takes a finite number of values. Markets are complete
and competitive. The household consumes c;(g1) and has one unit of time that it allo-
cates between work /1(g1) and leisure /1(g1). There is a linear technology in labor with
productivity normalized to unity. The resource constraint at period one is

ci(g1) +g1=hi(g), Vg1 )]

Competition makes the real wage equal to unity, w;(g1) = 1, for all g;. The household
is taxed linearly on its labor income with tax rate 71 (g;) and trades with the government
at t = 0 claims contingent on the realization of g; with price ¢;(g1). The household’s
budget constraint at t = 0 reads

> qi(gei(g) <D qi(g) (1 — Ti(g1))hi(g1), )

81 81

whereas the government budget constraint reads

> qi(g)(ri(ghi(g1) — g1) = 0.
81

Model misspecification. The representative household and the government share an
approximating probability model of government expenditures in the form of 7 (g1). The
household is afraid that the probability measure is misspecified and considers alterna-
tive probability measures 7 that are absolutely continuous with respect to ;. Abso-
lute continuity means that events that receive positive probability under the alternative
model, also receive positive probability under the approximating model. We express
these alternative models with a nonnegative random variable m1(g1) = 71(g1)/m1(g1) >
0 that is interpreted as a likelihood ratio. The likelihood ratio m; integrates to unity with

9We are grateful to an anonymous referee for suggesting this route as the most effective way to convey
the essence of our results.
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respect to the approximating model, Zgl m1(g1)m1(g1) = 1. The discrepancy between
the alternative model and the approximating model is measured in terms of relative
entropy,

e(m) = Z m1(g1)m1(g1) Inmy(g1).
81
Note that relative entropy is zero if the approximating and the alternative model co-
incide, and is positive otherwise. Relative entropy is the expected log-likelihood ratio
under the alternative model.
The household expresses its aversion to model misspecification by using the multi-
plier preferences of Hansen and Sargent (2001),

min o 2_ mi(g0mign[uler(gn) + v = A+ 0D mi(gmi (g Inmi(gy),
™81z 81 81

subject to 3, mi(g1)mi(g1) = 1. We assume that the utility functions of consumption
and leisure are strictly monotonic, strictly concave, and thrice continuously differen-
tiable. The household’s doubts about the model 7 are captured by the penalty parame-
ter 6 > 0. Higher values of 6 represent more confidence in the approximating model .
Full confidence is captured by 6 = oo, which reduces the above preferences to the ex-
pected utility preferences of Lucas and Stokey (1983). We assume separability between
consumption and leisure just for the two- and three-period economy. We subsequently
restore nonseparabilities between consumption and leisure in the infinite horizon econ-
omy.
Household’s problem. The household’s problem is

max min m(g1)m1(g1)(uc1(g1)) +v(l —hi(g1))
Cl(gl)yhl(gl)ml(gl)i()%: 1ermisn ( 181 1881 )

+0) m(gmi(gn)Inm(gr)
81

subject to the budget constraint (2), the nonnegativity constraint for consumption
c1(g1) > 0, the feasibility constraint for labor /1(g;) € [0, 1], and the constraint that m;
has to integrate to unity.

Worst-case beliefs. Consider first the inner problem that minimizes the utility of the
household subject to the restriction that m; integrates to unity.!? The optimal distortion
is indicated with an asterisk and takes the exponentially twisting form

exp(—(u(c1(g1)) + vl — hi1(81)))/60)
g, T1(81) exp(—(u(c1(g1)) +v(1 —h1(81)))/6)’

mi(g1) = 5 ver. 3)

Equation (3) denotes that the household assigns high probability to low utility events
and low probability to high utility events. By depending on utility, the household’s worst-
case beliefs become endogenous. As a result, the actions of the government, by deter-
mining the household’s utility, affect its worst-case beliefs.

10See the Appendix for details of the derivations.
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Furthermore, inserting the optimal distortion m} into the preferences of the house-
hold delivers the indirect utility function

o'y " mi(gn) exp(o(ulei(g1)) +v(1 — hi(g1)))),
81

where 0 =—-1/6 < 0.
Proceeding to the first-order conditions of the maximization problem, we get the
intratemporal labor supply condition

v'(d - hi(g1))

—1-
uw(c1(g1)) T8

and the optimality condition for the allocation of consumption between state g; and g1,

q1(@) _ m(80) mi(g1) u/'(c1(81))
q1(g1) (g1 mi(g1) w(ci(g1))’

which equates the relative price to the ratio of the worst-case beliefs times the ratio of
marginal utilities. Note how the endogenous worst-case beliefs show up in the deter-
mination of asset prices. This is the novel channel that the fiscal authority exploits to
finance the exogenous government expenditures.

The competitive equilibrium given taxes 71 is characterized by the household’s opti-
mality conditions and budget constraint together with the resource constraint (1).

2.1.1 Optimal taxation Following Lucas and Stokey (1983), we employ the primal ap-
proach, and eliminate equilibrium prices and tax rates from the household’s budget
constraint (2). This delivers the implementability constraint

> m(gomi(gn[u (cr(g))er(gn) —v'(1 = hi(g1)hi(g1)] =0. (4)
81

In describing the economy, we use the intertemporal budget constraint of the gov-
ernment (which holds with equality at equilibrium). The period government budget
constraintatr=01is

> " qi(g)bi(g1) =0,
81

and at ¢t = 1, when the shock takes the value g1,

b1(g1) =T1(g)h1(g1) — &1-

The government surplus or deficit equals, in equilibrium, the household’s consump-
tion net of after-tax labor income. If b1(g;) > 0, then at period ¢ = 0, the government
issues debt for contingency g that is paid back by a surplus. If b1(g1) <0, then at =0,
the government buys assets (household liabilities) that are used to finance a deficit at g;.
The term v/ (c)c — v/ (1 — h)h in (4) expresses the government’s asset position in marginal
utility of consumption terms, u'(c;)b;. The implementability constraint (4) equates the
present value of government surpluses to the initial debt (which is zero).
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As we discussed in the Introduction, the fiscal authority has full confidence in
the probability model of government expenditures and acts paternalistically, i.e., it
imposes its own, full-confidence expected utility criterion when it ranks alternative
consumption-leisure plans (c, /).

DerINITION 1. The fiscal authority’s problem is

max m1(g1)(uci(g1)) +v(l — hi(g1))
{Cl(g1)7h1(g1),m’1k(gl)}§ 1(81 ( 1(81 1(&1 )

subject to (4), the resource constraint (1), and the endogenous worst-case beliefs (3) of
the household.

Assign multipliers ® on the implementability constraint (4), assign 1(g1)A1(g1) on
the resource constraint (1), and assign 7;(g1)u1(g1) on the worst-case distortion (3).
The first-order conditions for an interior solution are

c1(g1): u'(ci(g1)(1+ Pmi(g1) + omini(g1))

+ ®mi(g)u" (c1(g1))e1(g1) = A1(g1) ®
hi(g): —v'(1—hi(g)(A +Pmi(g1) + omi(g1)M1(81)) )
+ ®mi(g)v" (1 — hi(g1)hi1(g1) = —A1(g1) ©
mi(g): mi(g1) =P[u'(c1(g1))e1(gr) —v' (1 — hi(g1))hi(gD)], (7

where

n1(81) = m1(g1) — Zﬂl(gl)mik(gl)m(gl),
81

the innovation in u; under the household’s distorted measure. Obviously,

Zﬂl(gl)mik(gl)m(gﬂ =0.
81

Before we proceed to an analysis of the optimal government policy, it is helpful to
consider the derivation of the first-order condition with respect to consumption (5),
which is rewritten as

u'(cr) + Dmi[u” (c1)er +u' ()] + myou' (c))m
[ —
effect on government surplus in MU terms  effect on endogenous beliefs m*

8)
= M )
——
shadow value of output

where we dropped the argument g, for notational simplicity. An increase in consump-
tion provides to the fiscal authority marginal utility «’(c) that is captured by the first term
in (8). Note that the marginal utility is not multiplied with the worst-case likelihood ra-
tio m7 since the fiscal authority has full confidence in the probabilistic model. The sec-
ond term captures the effect that an increase in consumption has on the government
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surplus in marginal utility terms. The third term represents the effect of an increase in
consumption on the endogenous likelihood ratio m}: an increase in consumption leads
to an increase in utility and, therefore, to a reduction in m7, which is captured by term
ou'(c) <0, since o < 0. This term is multiplied by 5, the innovation in the shadow
value w; of changing the likelihood ratio m7, that summarizes the marginal benefits or
costs of affecting the household’s beliefs. The shadow value w; and the innovation 7,
are analyzed in detail later. The sum of these three terms should equal the shadow value
of output A;. Analogous interpretations hold for the first-order condition with respect
to labor (6).

Optimal wedge and tax rate. Combine (5) and (6) to eliminate A; and get an expres-
sion for the optimal wedge,

V(1 —hi(g1) —u'(c1(g1))
B ()]
1/m*(g1) + &1(g1) + @

C)]

[ (c1(g1)ei(gr) +v" (1 — hi(g1)hi(g1)],

where we define £, = 0.1 Byusing r; = 1 —v/(1 — h1)/u/(c;), the optimal wedge equa-
tion can be rearranged to get an expression for the tax rate (dropping g; again),
)
1= =
I/mi+ &+ P +e€,1)

T [yra,1 + €n,1]- (10)

Here yra 1 stands for the coefficient of relative risk aversion yga 1 = —u" (c1)c1 /u/(c1)
and €, stands for the elasticity of the marginal disutility of labor, €,; =
—v"(1 — hy)hy/v'(1 — hy). Given the concavity of the utility function, (10) shows that
the tax rate is positive for every contingency (and, therefore, ' > v'), as long as there is a
need for distortionary taxation, which is captured by the multiplier & > 0.'?

2.1.2 Thetwo forces Inthe full confidence economy of Lucas and Stokey (1983) (o = 0),
we have m] =1 and £ = 0. Our setup gives rise to two deviations from the Lucas and
Stokey framework, as the optimal wedge equation (9) shows: the ratio of the govern-
ment’s over the household’s worst-case beliefs 1/m}, which captures the paternalistic
motive of the government, and £;, which captures the price manipulation through the
household’s endogenous worst-case beliefs.

Typically, we expect the pessimistic household to assign high probability on states
where government expenditures are high and low probability on states where govern-
ment expenditures are low, so we expect m} > 1 when g; is high and m} <1 when g

1 Assume that we write the worst-case beliefs of the household as m} =exp(aV1)/ Y m exp(oVr), where
V1 = u(cy) + v(1 — hy) and that we assign the multiplier 71 ¢ on the additional constraint that equates 1}
to current utility of consumption and leisure. So £&; captures the shadow value to the government of the
household’s utility. Then we have an additional first-order condition with respect to 7} that equates the
shadow value of utility to a multiple of the innovation 5y, £; = om}n;. This leads to &, = ony, by defining
the normalized multiplier &, = ¢1/m]. This construction is redundant in the two-period economy but it
proves useful in the three-period and in the infinite horizon economy.

12positivity of the tax rate is established by showing that the denominator in (10) is positive despite the
presence of 1, which can take both positive and negative values. Use the definition of £; and rearrange (5)
to get 1/m* + & +®=mi ' [Ay — Dmiu"(c)er]/u/(c1) > 0, since A; > 0.
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is low. Furthermore, note from the first-order condition (7) that w, is equal to a multi-
ple of the government surplus in marginal utility terms, u; = ®u/(c¢;)by, and, therefore,
2o MM (8m1(81) = P, mi(g1)m(g)u' (c1(81))b1(g1) = 0, since the present
value of government surpluses is zero. Thus, n; = p; and & = ony = odu/(c))by. If
the government hedges shocks by issuing debt contingent on low g; and buying assets
contingent on high g;, then we expect &, < 0 for low g; and £; > 0 for high g;.

In the next paragraphs we provide a detailed interpretation of the economic forces
at play.

Paternalism. Turn first to the effect of asymmetry in evaluating welfare between the
government and the household. The optimal wedge equation (9) shows that an increase
in m}‘ leads to a decrease in consumption and labor, and, therefore, to an increased tax
rate, keeping everything else equal.'®> Thus, the fiscal authority has the incentive to
tax more (less) contingencies that it considers relatively less (more) probable than the
household. The intuition behind this result is straightforward. A high tax rate on a state
of the world that the government considers unlikely relative to the household implies
a small welfare loss, creating the incentive to concentrate distortions on those states.
From a different perspective, the government reacts to what it sees as mispricing, by
taxing more and buying—at inflated prices—fewer assets (or issuing more debt) contin-
gent on the states of the world that it considers unlikely relative to the household. In
contrast, the government taxes less and buys more assets (issue less debt) contingent
on the states of the world that it considers more likely than the household. Associating
the low-utility events to which the household assigns high probability with high govern-
ment expenditures leads to the conclusion that paternalism creates an incentive to tax
more when there is a high government expenditure shock and less when there is a low
government expenditure shock.

Price manipulation through expectation management. The government, by increas-
ing consumption at a particular state of the world, increases the household’s utility and,
therefore, leads the household to decrease the probability that it assigns to this state. As
aresult, the price of a claim contingent on this state decreases. The marginal benefits or
costs of affecting asset prices through this mechanism are captured by the multiplier w1,
which measures the marginal benefit of increasing m}. As noted before, u; is just equal
to the government surplus or deficit in marginal utility terms (which equals maturing
government debt or assets in marginal utility terms) times the cost of distortionary tax-
ation @, uy = ®u'(c1)b;. Therefore, there is a marginal benefit of increasing m} (and the
price of the respective state-contingent claim) when the government is issuing at t =0
debt for contingency g; (b1(g1) > 0) and a marginal cost when it buys assets that are due
at contingency g1 (b1(g1) < 0). In a first-best world (® = 0), u is zero, capturing the fact
that asset prices are irrelevant for taxation purposes in a world where lump-sum taxes
are available. The intuition behind the government’s price manipulation is as follows.
The government has a marginal incentive to increase asset prices in situations where it

133ee the Appendix for the conditions under which this claim holds. These conditions are satisfied for a
power utility function of consumption and either convex marginal utility of leisure or a disutility function
of labor with constant Frisch elasticity.
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sells claims (b1 > 0), so as to decrease the return on state-contingent debt. Alternatively,
in situations when the government is a net buyer of claims (b < 0), it has the incentive
to decrease the price of the claims to make them cheaper, therefore increasing the return
on the assets that mature at t = 1.

Note that an increase in utility at g; decreases the likelihood ratio mj(g1), but it also
increases the likelihood ratios at the rest of the contingencies g; # g1, so that the ratios
integrate to unity. This is the reason for the appearance of 7 instead of just u; in the
first-order condition (5), which accounts for the net shadow benefit or cost of increasing
the worst-case beliefs and the respective prices. Due to our zero initial debt assumption,
we have 7n; = u; in this simple two-period version of our model. This is not true in a
multiperiod setting, as we see later in the analysis of the infinite horizon economy.

Furthermore, thinking about the implications for the tax rate, one can show, using
the optimal wedge (9), that an increase in &= omn1 = ou (equivalently, a decrease in
debt in marginal utility terms) leads to an increase in consumption and labor, and, there-
fore, to a reduction in the tax rate, keeping everything else equal.'* If the government is
running a deficit for high shocks, financed by assets contingent on these shocks, and a
surplus for low shocks, used to pay back state-contingent debt, then the incentive of the
government is to decrease the tax rate (reducing, therefore, the pessimistic probability
and the respective price of a claim) when there is a high government expenditure shock
and to increase the tax rate (increasing, therefore, the pessimistic probability and the
respective price of a claim) when there is a low government expenditure shock. Thus,
the price manipulation motive acts in the opposite direction to the paternalistic (or mis-
pricing) motive that we analyzed before.!®

A last remark is due. Consider the optimal tax rate formula (10) in the case of con-
stant risk aversion y and constant elasticity of the marginal disutility of labor ¢, (which
is equal to the inverse of the Frisch elasticity). Then, with full confidence in the model,
the tax rate is constant among states of the world, 7 = ®(y+ ¢;,)/(1+P(1+ ¢p)),
whereas now it varies at each state due to the paternalism incentive (m7) and the price
manipulation incentive (£1). Note, furthermore, that for these particular utility func-
tions, we can read the two basic forces that lead to an increase or decrease of the tax rate
from 7y = D(y + ¢p)/(1/m} + & + P(1+ $p)).

2.2 A three-period economy

Add one more period, ¢ = 2, and for the sake of simplicity, assume that there is no un-
certainty at ¢t =2, g, = g.'® The shock histories in the economy are g = (g1, &), with

l4Remember from footnote 11 that £, stands for the normalized shadow value of the household’s utility.
Anincrease in | captures the net marginal benefit of decreasing the worst-case beliefs of the household by
means of increasing V. This comparative statics result holds for the same utility functions as in footnote 13.
See the Appendix for details.

151f the government adopted the household’s welfare criterion, the paternalism force would be absent.
The two forces could also act in the same direction, depending on the strength of the government’s doubts
relative to the household’s. See Karantounias (2011).

16The case with uncertainty is covered in the infinite horizon economy.
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approximating probabilities 71 (g1). The resource constraint at t =2 is

2(81,8) +8&=h2(g1,8), (11

and the preferences of the cautious household take the form

r(gir)l OZWI(gl)ml(gl)[”(Cl(gl)) +v(1—hi(g1) + B(u(ca(g1,8) + v(1 — ha(g1,8))) ]
my(g1)= )

+60)  mi(g)mi(g) Inmy(g).
81

The worst-case beliefs of the household are

exp(—Vi(81)/6)
o (81 exp(=Vi(81)/0)’

mi(g1) = > (12)

where

Vi(g1) = u(c1(g1) + vl — hi(g1)) + B(ulca(g1, &) + vl — ha(g1,8))), (13)

i.e., the sum of period and discounted future utility—a manifestation of the forward-
looking behavior of the household. This forward-looking element is crucial for the opti-
mal taxation problem.

It is easy to see that the two forces that we describe in the two-period economy are
present here also. Assign multipliers 71(g1)£1(g1) on (13), let &, denote the normal-
ized multiplier =&/ m7, and let the rest of the multipliers be as in the two-period
economy. Then the optimal wedge equation for period ¢ =1 is as in (9), with the qual-
ification that worst-case beliefs now are formed by taking into account the discounted
value of utility, as (12) shows. The marginal incentives of manipulating the price of a
state-contingent claim at ¢ = 1, q1(g1) = m1(g1)m*(g1)u'(c1(g1))/A,'7 by means of the
cautious household beliefs are captured by the shadow value of utility ¢£; and depend
again on the government asset position in period ¢ = 1. This now consists of both the
current surplus or deficit and the present value of the future surplus or deficit,

EGl=om =op =P (c)er — V(1 —hy) + B (c2)er — V' (1 — ha)hp) | = o ®u/ (c1)by,

where by = T h1 — g1 + (g2/91)b2, g2 is the price of a claim contingent on history (g1, g),
q2(g1,8) = Bm (gl)m*l‘(gl)u’(cz(gbg))/f\, q»2/q1 is the inverse of the gross interest rate
between period one and period two, and b; is the government surplus or deficit at period
t =2, by = phy — g. As before, the fiscal authority faces two opposite incentives: the
desire to tax high when fiscal shocks are high, because they are considered relatively
improbable, whereas at the same time, the desire to tax the very same events less if, as is
typically the case, the present value of government surpluses is negative (b; < 0), so as
to reduce the equilibrium price of the state-contingent claims that it buys.

17The variable A is the multiplier on the household’s intertemporal budget constraint from the house-
hold’s optimization problem. It can be eliminated according to the preferred normalization of prices.
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Turning to the optimal wedge at period ¢ = 2, we have now

v'(1 = hy(g1,8)) — U (c2(g1,8)
_ o
1/mi(g1) + &1(g) +®

Several comments are in place. Use the resource constraint (11) to substitute for labor
in (14) and remember that with full confidence in the model, we would have m} =1
and ¢; = 0. Then the optimal wedge equation at ¢ = 2 determines optimal consumption
(and, therefore, labor and the tax rate) solely as a function of the level of government
expenditures at period ¢ = 2 and the multiplier ®, ¢; = ¢(g; ®). This is the celebrated
history independence result of Lucas and Stokey (1983), which renders the optimal plan
effectively static. The only intertemporal link in this case occurs implicitly through the
value of the multiplier ® on the implementability constraint, and this by itself imparts
no history dependence.

In the case of doubts about the model though, consumption depends on the past
shock through mj and &, 0= c(g, mj, &, @), and, therefore, the dependence on the
past is due to both forces that we analyze in the two-period model. To interpret how
the past matters, assume, for example, that there is a high realization of the fiscal shock
at ¢ = 1, an event to which the household assigns high probability (high m7), leading,
therefore, to an inflated price of the claim contingent on history (g1, g), g2. The pater-
nalism force implies that after this high shock, the fiscal authority has an incentive to
keep the tax rate at t = 2 high, since the probability of this history is considered relatively
low according to the fiscal authority. Thus, the paternalistic motive makes the tax rate
persistent, motivating the fiscal authority to keep the tax rate high (low) following high
(low) shocks.

Things become more interesting if we consider the price manipulation efforts
through the cautious beliefs of the household in this dynamic setup. Exactly because
the household is forward-looking in forming worst-case scenarios, the tax rate at t =2
affects the household’s utility at + = 1 and, therefore, affects the equilibrium price of
state-contingent claims at = 1 and at r = 2, ¢; and ¢, forcing the fiscal authority to
take into account the past. The absence of uncertainty at ¢ = 2 makes the household’s
likelihood ratio m] the relevant object of interest. The shadow value & of affecting the
household’s beliefs through utility 1] captures exactly that in (14) and indicates that the
marginal incentive to affect prices persists over time.!® A high shock at ¢ = 1, for which
the fiscal authority buys assets and sets a low tax rate, motivates the fiscal authority to
keep the tax rate low at t = 2 so as to keep period utility at period ¢ = 2 high and, there-
fore, keep discounted utility at period ¢ = 1 high. As a result, there is an incentive to keep
the tax rate low (high) following high (low) shocks.

(14)

[ (c2(81,8))c2(81, ) + V(1 — ha(g1, 8)h2(g1, 8)]

18Note that if we assigned a second multiplier £, on the period utility at r = 2, we would get &, = £;, where
=&/ mj. This reflects the fact that the absence of uncertainty at ¢ = 2 makes the conditional distortion
of beliefs for period ¢ = 2 identically equal to unity, m} = 1. Thus, the shadow value to the fiscal authority
of the period utility at # = 2 is just equal to the shadow value of discounted utility at ¢ = 1, since there is
obviously no room for affecting the conditional beliefs of the household for period ¢ = 2. See the infinite
horizon economy for the general case where this does not hold.
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3. THE INFINITE HORIZON ECONOMY

In this section we proceed to the full-blown infinite horizon economy. Time ¢ > 0 is
discrete and the horizon is infinite. Labor is the only input to a linear technology that
produces one perishable good that can be allocated to private consumption ¢; or gov-
ernment consumption g;. The only source of uncertainty is an exogenous sequence
of government expenditures g; that potentially takes on a finite or countable number
of values. Let g’ = (go, ..., g:) denote the history of government expenditures. Equi-
librium plans for work and consumption have date ¢t components that are measurable
functions of g’. A representative agent is endowed with one unit of time, works 4,(g"),
enjoys leisure /;(g"') =1 — h,(g"), and consumes ¢,(g") at history g’ for each ¢ > 0. One
unit of labor can be transformed into one unit of the good, which leads, under the com-
petitive assumption, to a real wage w,(g') =1 for all # > 0 and any history g’. Feasible
allocations satisfy

ci(8") + g = hi(gh). (15)

The government finances its time ¢ expenditures either by using a linear tax 7,(g’) on
labor income or by issuing a vector of state-contingent debt b, 1(g,11, g") that is sold at
price p;(g:;+1,&") at history g’ and promises to pay one unit of the consumption good
if government expenditures are g;, next period and zero otherwise. The one-period
government budget constraint at ¢ is

bi(g") + 8 =Ti(gVh(g) + ) pilgir1lgHbir1(8r1, 8-

8t+1

Equivalently, we can work with an Arrow-Debreu formulation in which all trades occur
at date 0 at Arrow-Debreu history-contingent prices ¢;(g"). In this setting, the govern-
ment faces the single intertemporal budget constraint

bo+ Y Y qigHg <D Y ai(g)m(gHhi(gh.

=0 g’ t=0 g’

3.1 Fear of model misspecification

The representative agent and the government share an approximating model in the form
of a sequence of joint densities 7,(g’) over histories g’ V¢ < co. Following Hansen and
Sargent (2005), we characterize model misspecifications with multiplicative perturba-
tions that are martingales with respect to the approximating model. The representa-
tive agent, but not the government, fears that the approximating model is misspecified
in the sense that the history of government expenditures will actually be drawn from
a joint density that differs from the approximating model but is absolutely continuous
with respect to the approximating model over finite time intervals. Thus, by the Radon-
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Nikodym theorem, there exists a nonnegative random variable M, with E(M;) = 1 that
is a measurable function of the history g’ and that has the interpretation of a change of
measure. The operator E denotes expectation with respect to the approximating model
throughout the paper. The random variable M;, which we take to be a likelihood ra-
tio M,(g") = :(g")/m(g") of a distorted density 7; to the approximating density -, is
a martingale, i.e., E;M,,1 = M;. Here the tilde refers to a distorted model. Evidently,
we can compute the mathematical expectation of a random variable X,(g’) under a dis-
torted measure as

E(X))=EM/X,).
To attain a convenient decomposition of M;, define

M
Me 1 = ]\t4+1 for Ml‘ >0
t

and let m;; =1 when M, =0 (i.e., when the distorted model assigns zero probability to
a particular history). Then

t+1
Mt+1 = m[+1M[ = M() l—[mj
j=1

The nonnegative random variable m, distorts the conditional probability of g, given
history g, so that it is a conditional likelihood ratio m, 1 = 7,1 1(g/4118")/m41(gr4118")-
It has to satisfy the restriction that E;m,, | = 1 to qualify as a distortion to the conditional
measure. We measure discrepancies between conditional distributions by conditional
relative entropy, which is defined as

g(mp1) = E(mylogm, g |gt)-

3.2 Preferences

The multiplier preferences of Hansen and Sargent (2001) and Hansen et al. (2006) in the
infinite horizon economy take the form'®

min OZBt Z (g HYM(gHU(cr(8"), 1 — hi(g"))
t=0

(M1, M2 0> o

(16)
+B0Y Y Bm(gHMi(g)ei(ms)

t=0 gt

191n effect, we constrain the set of perturbations by a constraint on a measure of discounted entropy,

o0

BE {Z B'ME(my 1ogmt+1|g’)\go} <,
t=0

where 1 measures the size of an entropy ball of models surrounding the approximating model. This con-

straint could be used to formulate the constraint preferences of Hansen and Sargent (2001). They discuss

the relation between constraint preferences and the multiplier preferences featured in this paper and show

how to construct i ex post as a function of the multiplier 0 in (16) and other parameters.
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with 6 > 0 and U(c¢, 1 — hy) satisfying the same monotonicity, concavity, and differen-
tiability assumptions as in Section 2.%°

3.3 The representative household’s problem

For any sequence of random variables {a,}, let a = {a,(g")},, ¢'- The problem of the con-
sumer is

max min ZB’Zm(gt)Mz(gt)[U(Ct(gl),1—ht(g[))
-0

c,h M>0,m>0
t g!

+ 68 Z T1(gra1lg)m1 (g ) Inmy (g’“)}

8t+1

subject to

DD aghedg) <D0 qugh (= Ti(g ) hi(gh) + bo (17)

t=0 g’ t=0 g’

a(g) >0,  hi(g")el0,1] Vt,g'

M (8 =mua(gTHM(g"), Mo=1V1,g' (18)
Z 7Tt+1(gz+1|gt)mz+1(gt“) =1 vig" (19)
8t+1

We assume that uncertainty at ¢ = 0 is realized, so m(go) = 1. Thus, the distortion of
the probability of the initial period is normalized to be unity, so that My = 1. Inequality
(17) is the intertemporal budget constraint of the household. The right side is the dis-
counted present value of after tax labor income plus an initial asset position b, that can
assume positive (denoting government debt) or negative (denoting government assets)
values.

3.4 Theinner problem: Choosing beliefs

The inner problem chooses (M, m) to minimize the utility of the representative house-
hold subject to the law of motion of the martingale M and the restriction that the con-
ditional distortion m integrates to unity. The optimal conditional distortion takes the
exponentially twisting form?!

1y exp(—Vi1(g"™)/6)

, alr>0,g" (20)
Y e, T (84118 exp(—Vip1(87+1)/6) 8

my, (8

20The multiplier preferences can be written recursively as
Vi=U(e, 1= hy) + B%il}{EtmzHVtH + Oer(myy1)}.
t+

2lsee the Appendix for the derivation of this formula.
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where 1} is the utility of the household under the distorted measure, which follows the
recursion

Vi=U(er, 1= hy) + BLEim; Vi1 + 0Emy,  Inmy 1. 21)

Equations (20) and (21) are the first-order conditions for the minimization problem
with respect to m,1 and M,. Substituting (20) into (21) gives

Vi=Ulei, 1~ )+ 2 in Eexplovin, 22)
where o = —1/6. Thus, the martingale distortion evolves according to

V, t+1
t*+1 _ exp(o t:,—l(g ) - M*, My=1. 23)
D giss Tr41(8r4118") exp(aVip1(87F1))

Equation (23) asserts that the martingale distortion attaches higher probabilities to his-
tories with low continuation utilities and lower probabilities to histories with high con-
tinuation utilities. Such exponential tilting of probabilities summarizes how the repre-
sentative household’s distrust of the approximating model produces conservative prob-
ability assessments that give rise to an indirect utility function that solves the recursion
(22), an example of the discounted risk-sensitive preferences of Hansen and Sargent
(1995).22 For 6 = oo (or, equivalently, o = 0), the conditional and unconditional distor-
tion become unity M} = mj = 1, expressing the lack of doubts about the approximating
model.

3.5 Outer problem: Choosing {c;, h;} plan

An interior solution to the maximization problem of the household satisfies the in-
tratemporal labor supply condition

Ui(g"
Uc(gt)

that equates the marginal rate of substitution (MRS) between consumption and leisure
to the after tax wage rate and the intertemporal Euler equation

Uc(gt)
Uc(gO) ’

Here we normalize the price of an Arrow-Debreu security at ¢ = 0 to unity, so gy(go) = 1.
The implied price of one-period state-contingent debt (an Arrow security) is

=1-7.(g" (24)

qi(g") = B'm(gHM;(g") (25)

exp(aVi41(g"™™)) Uc(g"™™h)
Te41(8r41 Igh) CXP(UVtH(gH'l)) Uc(gh

pmgﬂxw=&mﬂgﬂmﬂz

81+1
In the infinite horizon case, doubts about the model show up as a worst-case con-
ditional density in the determination of the equilibrium price of an Arrow security. The

22The risk-sensitive recursion is closely related to the preferences of Epstein and Zin (1989) and Weil
(1990).



Theoretical Economics 8 (2013) Managing pessimistic expectations 211

stochastic discount factor under the approximating model has an additional multiplica-
tive element that depends on the endogenous, forward-looking continuation utility.

DEFINITION 2. A competitive equilibrium is a consumption-labor allocation (c, /), dis-
tortions to beliefs (m, M), a price system ¢, and a government policy (g, 7) such that
(a) given (g, 7), (¢, h) and (m, M) solve the household’s problem, and (b) markets clear,
so that ¢,(g") + g = h/(g") Vt, g'.

4. THE PROBLEM OF THE FISCAL AUTHORITY

The paternalistic fiscal authority chooses at ¢ = 0 a competitive equilibrium allocation
that maximizes the expected utility of the representative household under the approxi-
mating model.

4.1 Primal approach
The fiscal authority chooses allocations subject to the resource constraint (15) and im-

plementability constraints imposed by the competitive equilibrium.

ProposiTioN 1. The fiscal authority faces the implementability constraints

Y By m(ghM;(gHUe(ghei(gh
=0 g!
(26)

WK

B mi(g My (gHUi(g)hi(g") + Uc(go)bo,
gt

Il
=}

t

the law of motion for the martingale that represents distortions to beliefs (23), and the
recursion for the representative household’s value function (22).

Proor. Inaddition to the resource constraint, the competitive equilibrium is character-
ized fully by the household’s two Euler equations, the intertemporal budget constraint
(17) that holds with equality at an optimum, and equations (23) and (22), which describe
the evolution of the endogenous beliefs of the agent. Use (24) and (25) to substitute for
prices and after tax wages in the intertemporal budget constraint to obtain (26). O

DerinITION 3. The fiscal authority’s problem is

max > B> m(gHU(ei(g"), 1 - hi(g")

(c,h,M*,V)

=0 gl
subject to
Y B (g M (gHIU(g"ei(g") — Ui(gHhi(g)] = Uc(go)bo (27)
t=0 g!

(g +g=hi(g") Vi, g (28)
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exp(a-VtH(gtH))
ng m1(8i1118") exp(aVi1(gith))

Vi(gh=U(e(g", 1 - hi(g")

Mg, Mo(gy)=1Ve,g" (29

M; (g =

(30)
+ gln Y mgilgh exp(aVipi(gth)) v, gl i1

8t+1

In contrast to the two-period economy, the fiscal authority has to take into account
how the worst-case beliefs of the household evolve and, therefore, it needs to keep track
of the law of motion of M}, (29). The increments to the endogenous likelihood ratio M/
are determined by the household’s utility V;, which necessitates the addition of the util-
ity recursion (30)—a promise-keeping constraint—to the implementability constraints
of the problem. Note that we could interpret the minimization problem of the house-
hold in the description of the preferences in (16) as the problem of a malevolent alter
ego who, by choosing a worst-case probability distortion, motivates the household to
value robust decision rules. Along the lines of this interpretation, the policy problem
becomes a Stackelberg game with one leader and two followers, namely, the represen-
tative household’s maximizing self and the representative household’s malevolent alter
ego.

4.2 First-best benchmark (i.e., lump-sum taxes available)

By first-best, we mean the allocation that maximizes the expected utility of the house-
hold under 7 subject to the resource constraint (15). Note that for any beliefs of the
fiscal authority, the first-best is characterized by the condition U;(g’)/U.(g") = 1 and
the resource constraint (15), so the first-best allocation (¢, fz) is independent of proba-
bilities 7. Private sector beliefs affect asset prices through (25), but not the allocation.
Because lump-sum taxes are not available in our model, the fiscal authority’s and the
household’s beliefs both affect allocations.

4.3 Optimality conditions of the government’s problem

For convenience, define Q(c;(g"), hi(g")) = Uc(g")ci(g") — Ui(g)hi(g"). Note that €,
represents the equilibrium government surplus or deficit in marginal utility terms,
Q, = Ug[1:h, — g;]. Attach multipliers ®, B'm,(g)A,(g), B 71 (g w1 (g, and
Bl (gh €& (gh) to constraints (27), (28), (29), and (30), respectively.

First-order necessary conditions?? for an interior solution are

e t>1: Uc(gh + &(gHU(g") + PM] () (g") = Mi(gh) €3))

h,t =1 =Ui(g" — &(gHUI(g") + PM[(gH (8" = —Ai(gh) (32)

Mi =1 (g =) +B Y w1 (gilgml (8 Hmia (g™ (33)
8t+1

Z3We set up the Lagrangian of the policy problem and derive the first-order conditions in the Appendix.
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Vit>1: &(g) = amf(gf>M;‘_1<gf‘1>[m<gf> -y w,<gt|g’—1>m;*<gf>m(g’)}
8t

(34)

+mi(gHéE1(g™h
co: Uc(go) + &0Uc(g0) + PMpQc(g0) = Ao(go) + PUcc(g0)bo (35)
ho: =Ui(go) — éoUi(go) + PMoQy(80) = —ro(80) — PU(80)bo. (36)

In (33) and (34), we use expression (20) for the optimal conditional likelihood ratio
mj, to save notation.

Two remarks are in order. In formulating the taxation problem, the last constraint
(22) applies only from period one on since the value of the agent at r =0, 1, is not rele-
vant to the problem due to the normalization M = 1. We can set the initial value of the
multiplier equal to zero, &y = 0, to accommodate this. Equivalently, we could maximize
with respect to 1| to get an additional first-order condition &y = 0. Furthermore, since
&0 =0, My =1, the first-order conditions (35) and (36) for the initial consumption-labor
allocation (¢, hg) are the same as the respective initial period first-order conditions for
the special Lucas and Stokey (1983) case where the representative consumer fears no
misspecification.

The first-order conditions (31)-(36) together with the constraints (27)-(30) deter-
mine the optimal plan.

5. CHARACTERIZING THE OPTIMAL PLAN
5.1 Optimal wedge

Substituting the derivatives of () with respect to ¢ and # into first-order conditions (31)
and (32), and combining the resulting expressions to eliminate the shadow value of out-
put A; delivers an expression for the optimal wedge for ¢ > 1,2* which, in terms of the
normalized multiplier &, = &,/M;, & = 0, takes the form?®

P
/Mg + &(8) + @

x [Uce(gei(8") — U (g (ei(gh) + hi(g)) + Un(ghHhi(gh)].

Ui(g"h) —Uc(g") =
(37)

The corresponding optimal tax rate is

b
CYMF+E+ D +epy)

Tt

U,
|:'YRA,t + Fd(ct +hy) + Eh,t:|a t>1,
C

24The optimal wedge at the initial period is

[}
Ui(go) — Uc(go) = m[Ucc(go)(Co —bg) — Uei(go)(co — bo + ho) + Uy (go)hol.

In the absence of initial debt by = 0, the optimal wedge at r = 0 is determined by (37) for (M, éo) =(1,0).
Initial consumption is a function of (gg, by) and ®, ¢y = c(go, bo; P).

25This normalization amounts essentially to multiplying the household’s utility recursion (30) with M
and assigning the multiplier £, on that constraint.
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where yra,; and €, ; stand again for the coefficient of relative risk aversion and the elas-
ticity of the marginal disutility of labor. A sufficient condition for a positive tax rate is
U, > 0, following the same arguments as in Section 2.

The optimal wedge formula (37) generalizes the two forces that we identify in the
two-period economy: the paternalistic motive of the fiscal authority, captured by M/,
and the price manipulation through the household’s cautious beliefs, captured by the
multiplier £;, which measures the shadow value to the fiscal authority of the represen-
tative household’s utility.

5.2 Paternalistic motives in infinite horizon

In the two-period economy, the paternalistic motive was captured by the conditional
likelihood ratio m} (which equates trivially the unconditional likelihood ratio in that
setup). In the infinite horizon economy, the optimal wedge equation (37) shows that
this role is played, in contrast, by the unconditional likelihood ratio M}, which by con-
struction consists of the product of the conditional likelihood ratios

Mf =miM;_,
generalizing naturally our two-period insights. Using (37), we can show that similarly
to Section 2, an increase in M}, which corresponds to a history of shocks that the fiscal
authority does not consider very probable, leads to an increased tax rate, keeping every-
thing else equal.?® The opposite situation happens for histories that the fiscal authority
considers more probable relative to the household.

The decomposition of the unconditional likelihood ratio in terms of all past condi-
tional likelihood ratios m is helpful for understanding the paternalistic motive. Each
conditional distortion m; depends on V;, as shown in (20). A sequence of low utility
events from ¢ = 1 until the current period leads to high increments m} over time and,
therefore, to an increasing likelihood ratio M.2” Therefore, a sequence of high govern-
ment expenditure shocks, which we typically associate with low utility events, leads to
an increasing sequence of M} and, therefore, to an increasing tax rate over time (which
is associated with an increasing sequence of debt positions or a decreasing sequence of
asset positions of the government). At first, note that this is an indication of persistence
of the tax rate due to the paternalistic motive as we also see in the three-period econ-
omy. Furthermore, we note that the paternalistic motive implies a back-loading of taxes
in the case of a sequence of high shocks (whereas without doubts about the model, the
tax rate remains constant) due to the increasing implausibility of these histories in the
eyes of the fiscal authority.

5.3 Manipulation of expectations and prices in infinite horizon

Turning now to the price manipulation motives of the government, consider the first-
order condition with respect to 1}, (34), which determines the evolution of & and

26See the Appendix for the comparative statics results with respect to (M*, £).
27In the three-period economy, we have M3 = mj, since there is no uncertainty at period ¢ = 2 and,
therefore, mj = 1.
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therefore of &,
E=omiM; mi+mié§ 1, t=1,§=0, (38)
where

Ne=pe— Eimipy
stands now for the conditional innovation in u; under the household’s distorted mea-
sure, with E,_ymjn; = E,_ymfu; — E,_ym} - E,_ymfu; =0, since E,_ym; =1.
The corresponding law of motion in terms of the normalized multiplier ¢; becomes

étzant+gt—la > 17 5020 (39)

The multiplier u,, which captures the shadow value to the fiscal authority of increas-
ing the likelihood ratio M}, can be found by iterating forward the first-order condition
with respect to M} ((33)), which, by remembering that Q(g’) stands for the government
surplus in marginal utility terms, delivers

o0
me(g) =dUc(g) Y D g (@ T8 g8 — guyil,
i=0 gt+i|gt
where
iy = qr+i(g")
q:(g")

Uc(g'™)

i
i (oot s
= Blmyi(ggh [ min (g KT

j=1

a8

the equilibrium price of an Arrow-Debreu security in terms of consumption at history
g'. Thus, using the intertemporal budget constraint at time ¢ allows us to rewrite u; as
ur = ®Uby and interpret 7, as the innovation in debt in marginal utility terms multi-
plied by the cost of distortionary taxation ®, n; = ®[Ucb; — E;_1mj U by].

Analyzing now the price manipulation motives in the infinite horizon economy, note
first that, as in Section 2, an increase in &, leads to a decrease in the tax rate, keeping
everything else equal. However, in contrast to the two-period case, £, depends now on
the cumulative innovation in debt in marginal utility terms,

gz=0'Ht,

where H, = Y"!_, n; and H = 0, indicating that all past innovations in debt n; matter for
the decisions of the fiscal authority. The intuition behind this result is a generalization
of the intuition we highlighted in the three-period economy. It helps to write down the
equilibrium intertemporal budget constraint:

Ueobo = Qo + BEGM[Q + -+ B EgM? Q1+ B'EMUyb, . (40)
— —
Uy th q:(ghHbi(gh)

The fiscal authority has an incentive to decrease the price (by decreasing the tax rate)
of a history-contingent claim g; = g'm;M;U.;/ U, by means of the endogenous worst-
case beliefs of the household in situations where it ex ante buys assets relative to the



216 Anastasios G. Karantounias Theoretical Economics 8 (2013)

value of the government portfolio (1, < 0), and to increase the price (by increasing the
tax rate) when it sells debt relative to the value of the government portfolio (7, > 0).28
Both of these actions relax the constraint (40) in the relevant contingencies.

This is not the whole story, though. The past innovations in debt matter due to the
forward-looking nature of the worst-case beliefs of the household. Any change in V;(g")
through the tax rate 7, affects all past continuation utilities {7 (g!), ..., V;_1(g'~ 1)} along
the history g’ through recursion (22) and, therefore, all likelihood ratios M Hi=1,...,¢t
As a result, all equilibrium prices ¢;, i =1, ..., t, along this history are affected. This is
why the normalized shadow value of utility &, consists of the cumulative innovation H;,
tracking dates in the past that the government was lending or borrowing and the corre-
sponding marginal incentives to affect equilibrium prices. The cumulative innovation
H, captures the essence of commitment to the household’s utility recursion and to the
corresponding evolution of the endogenous worst-case beliefs: the fiscal authority must
take into account how a g’-contingent action chosen at ¢ = 0 affects the choices of the
forward-looking household and equilibrium asset prices along the history g’.

Furthermore, if the government hedges government expenditure shocks by buying
assets contingent on high shocks and selling debt contingent on low shocks, we would
have a taxation incentive that acts in the opposite direction to the paternalistic mo-
tive, as in the simpler economies that we examined earlier. Thus, a sequence of high
expenditure shocks that leads to a sequence of negative innovations 7, lead to a de-
creasing tax rate over time.?® We can think of this as a tax front-loading incentive in the
face of a sequence of high shocks, so as to reduce asset prices properly along this shock
history.

5.4 Smoothing

It is interesting to note that a novel intertemporal smoothing motive emerges when we
consider the price manipulation efforts of the fiscal authority. The government exhibits
a desire to smooth the shadow value of the household’s utility ¢,—essentially the shadow
value of the household’s worst-case beliefs—by making it a martingale according to the
government’s beliefs ;. Thus, the best forecast of the future value of the price manipu-
lation motive is its current value, which is not equal to zero, in contrast to the full confi-
dence economy.

ProprosITION 2 (Smoothing). The multiplier ¢, is a martingale under the approximating
model ;. The normalized multiplier &, is a martingale with respect to household’s worst-
case beliefs m - M.

Z8Remember that the innovation 7, captures the net effect marginal benefit or cost of affecting V;, due
to the fact that conditional distortions are interconnected among states. The innovation 7; is also the
relevant object in the two- and three-period economy, but it is reducing just to u; = ®u'(¢1)by, since the
present value of government surpluses was zero in these two economies. For simplicity, we are going to
refer to n; < 0 and 7, > 0 as assets and debt, respectively.

291t is obvious from the law of motion (39) that a negative innovation 7, < 0 leads to an increase in ét
(and, therefore, an incentive to set the tax rate lower over time), é, > EH, whereas a positive innovation
7; > 0leads to a decrease (and, therefore, an incentive to set the tax rate higher over time), & <&
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Proor. Taking conditional expectation with respect to the approximating model =
given history g'~! in the law of motion (38) for ¢ and remembering that variables dated
at ¢ are measurable functions of the history g’, we get

E1é =M (E_ymin + &1 Eiym]
= g[—la

since E,_1mfn; =0and E,_ym; = 1. We can take conditional expectations in the law of
motion of £, ((39)) and repeat the same steps to show that E; 1mf & =&, Or, even sim-
pler, given that &; = Mt*ét and that E,_1¢&; = &;_1, we have Et,lM;két = M;"_lEt,lmfét =
&—1,50 E,_ymj &= &1 /M7 = &,_1. An immediate corollary of these martingale prop-
erties is that the mean value of ¢; according to the approximating model is zero since
E(¢) = E(Eyér) = E(&y) =0 and, similarly, the mean value of g, according to the house-
hold’s worst-case beliefs is zero. |

5.5 State variables

As is clear from the preceding analysis and the analysis in the three-period economy,
the optimal plan is history-dependent due to both the paternalistic and the expectation
management motive, in contrast to the Lucas and Stokey plan, where consumption is
solely a function of the current shock g;, c-5(g") = c¢(g; ®). This can be readily seen from
the optimal wedge (37) and the resource constraint (15) for ¢ > 1, which delivers ¢; =
c(gi, M}, &; ®) (implying h, = h(g,, MF, &:; ®) and 7, = 7(g;, M}, & ©)).3° Therefore,
the allocation and taxes at ¢t depend on the history of shocks as intermediated through
M} and . The dependence of (M}, &) on the past is not degenerate since these two
variables follow laws of motion (29) and (39), respectively.

The above analysis is based on the insights arising from the optimal wedge (37). We
would like to know if the martingales & (&) and M 7, which induce persistence to the
optimal plan and capture the two forces of our model, are sufficient to capture the effect
of history, i.e., if they can serve as state variables in a recursive formulation of the gov-
ernment’s problem. We pursue this task along the lines of Marcet and Marimon (2011).

ProProsSITION 3. Let the approximating model of government expenditures be Markov.
Then the fiscal authority’s problem from period one onward can be represented recursively
by keeping as a state variable the vector (g;, M}, &) with initial value (g, 1, 0). A similar
recursive formulation can be achieved in terms of (g;, M}, &), with initial value (go,1,0).

See the Appendix for the proof.

To conclude, the logic of the Marcet and Marimon (2011) method (and in fact of
any method that tries to represent commitment problems recursively) is to augment
the state space appropriately so as to capture the restrictions that are implied by the
forward-looking behavior of the household. The multiplier ¢; (the co-state variable) on

30Note that we could achieve the same result by working with the nonnormalized multiplier ¢; to get
e =c(ge, Mf, &5 @).
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the forward-looking implementability constraint (30) becomes a state variable, with ini-
tial value zero, which reflects the fact that the government at period one is not con-
strained to commit to the shadow value of its utility promises to the household, whereas
the likelihood ratio M} with law of motion (23) tracks the worst-case beliefs of the house-
hold, helping the identification of situations that the household considers more or less
likely than the government. This augmented state allows us to express the policy prob-
lem as a functional saddle-point problem.

6. CONCLUDING REMARKS

In this paper, we analyze the design of optimal fiscal policy in an environment where
a government that completely trusts the probability model of exogenous government
expenditures faces a public that expresses doubts about it and forms pessimistic expec-
tations. We use a decision-theoretic model to make sense of pessimistic expectations
and analyze the channels through which they affect the allocation of tax distortions over
histories of shocks.

We find that a paternalistic fiscal authority that needs to resort to distortionary tax-
ation to finance government expenditures has, on the one hand, an incentive to exploit
the mispricing of the household by taxing more events that it considers unlikely relative
to the household and, on the other hand, an incentive to affect equilibrium prices by
managing the endogenous household’s expectations about the exogenous shocks in the
economy. This type of expectation management is absent in the rational expectations
literature.

What lessons does our approach to modeling expectations management offer for fis-
cal policy? Fundamentally, the fiscal authority should shift expectations so as to lower
the cost of issuing debt contingent on future—typically favorable—states of the world,
that is paid back by future government surpluses. It can do this by making households
think that these states are more likely to materialize. Since we model the households as
endogenously pessimistic, getting them to believe these states are more likely involves
making households worse off in those states by taxing them more. The reverse logic of a
smaller tax on households applies for future—typically adverse—states of the world for
which the government buys assets to use for financing future deficits. Thus, one impli-
cation of our model is that the fiscal authority, in its effort to increase the value of the
portfolio of government securities so as to reduce the cost of distortionary taxation, is
trying to curb the fears of the households by setting higher tax rates for favorable shocks
and lower tax rates for adverse shocks.

We think that the intertemporal links introduced by forward-looking pessimistic
households can also play an important role in other optimal policy settings, as in mon-
etary policy or in optimal capital taxation.

APPENDIX A: OPTIMAL WEDGE COMPARATIVE STATICS

The derivations of the first-order conditions for the two- and three-period economy are
subsumed in the infinite horizon economy and are not repeated here. Consider the
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comparative statics that we perform by using the optimal wedge (9) and the resource
constraint (1), which are repeated here for convenience:

WA =h) = )1 +m*E+Ddm*) = Pm*[u(c)c +v"(1 — h)h]
c+g=h.

Given g and @, this system of equations implicitly defines consumption and labor as
functions of m* and &: ¢ = c(m*, £) and h = h(m*, &). We sign the partial derivatives of
these functions. Note at first that the resource constraint immediately implies that ¢; =
hi, i = £, m*, where the subscript denotes the partial derivative. Implicitly differentiating
the optimal wedge equation with respect to m* delivers

W (1 —h) = ()& +P) — Pl (c)c +v"(1 — h)h]
K b

Cipx = hm* =
where
K="()+v" (1= h)(1+m*E+20m*) + Pm*[u” (c)c — v (1 — h)h].

The numerator of ¢,+ can be further simplified by using the optimal wedge equation to
finally get

(u'(¢c) —v' (1 —h))/m*
< )

Similarly, implicitly differentiating with respect to £ delivers

Cmx = hm* =

_ m* (W (1 —h)—u(c))

CE

As we showed in the main text, ¥’ > v' (which implies a positive tax rate). We work
under the assumption that K < 0. Then ¢;;» = h;+ < 0 and ;= hg > 0, as claimed in
the text. Furthermore, we can express the tax rate as a function of (m*, &), 1(m*, &) =

1 —v'(1 — h(m*, £))/u'(c(m*, £)). Differentiating with respect to m* and ¢ delivers

u' (VA =h)+v"(1-hu(c) . . 3
i= ¢, i=m",§.
(/' (¢))?

Thus, since ¢, < 0 and ;> 0, we have 7, > 0 and T < 0.
Sign of K. Itis convenient to decompose K as

K=K:+ Ky,
where

Ko =u"(c)(1 +m*&+2dm™) + dPm*u” (¢)c
K, =v"(1=h)(1+m*E+2dm*) — dm*v" (1 — h)h.

We show that K < 0 for a power utility function of consumption, u(c) = (¢!~ — 1)/
(1 — p), and either convex marginal utility of leisure (v’ > 0) or constant Frisch elasticity,
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v(l — h) = —ayh'*% /(1 + ¢,). Consider first K., which becomes
Ke=—pc P A + m*E + dm*(1 — p)).

Note though that for this utility function, the first-order condition of the policy prob-
lem with respect to consumption takes the form

14+ m*&+dm*(1— p) = Ac? > 0.

Therefore, K. < 0. Furthermore, if v/ > 0, then K, < 0, since 1 + m*& + ®m* > 0, as
shown in footnote 12. Thus, K = K. + K}, <0.

Consider now the case of constant Frisch elasticity, for which the third derivative is
not positive, unless ¢, > 1, since v (1 — h) = a, 4 (¢, — 1)h®1—2. However, K;, becomes

Kp=—apdph® 1 +m*E+ dm* (1 + ¢5)] <0,

which again delivers the desired sign of K.

Nonseparable case. In the infinite horizon economy, we also treat the nonseparable
case. Obviously, our comparative statics results for the separable case also hold there
by considering the derivative of consumption (labor) with respect to M* and ¢ (which
now captures the cumulative innovation in debt). Implicitly differentiating the optimal
wedge equation for nonseparable utility functions (37) and the resource constraint with
respect to (M*, &) delivers

erre = yge = Ue=UD/M*
B B Knon
M*(U; - U.)
Cy = h~ =,
¢ ¢ Knon

where Knon is the corresponding expression for the nonseparable case:
Knon=U¢e —2U+Up)(1 4+ M*é +2bdM™)
+ OM*[Ucecc — Ucet(2c+ h) + Ugyy(c +2h) — Uy hl.

Again, we assume that our utility functions are such that Kyon < 0. If there is a pos-
itive tax rate (a sufficient condition for that is U, > 0), then U, > U; and, therefore,
cy+ = hy+ < 0and ;= hg > 0. The tax rate derivatives in the nonseparable case are

_ UccUl + UllUc - Ucl(Uc + UI)C_

Ug [ ZZM*a g (41)

Ti

Under U, > 0, we have ¢y« < 0and ¢; > 0, and the term that multiplies the consumption
derivatives ¢; in (41) is negative. Therefore, 7p/« > 0 and 73 < 0.

We need to further discuss the negative sign of Knon in the nonseparable case.
Note that when we turn off the doubts of the household by setting o = 0, we get
(M*, &) = (1,0). Thus, Knon at (1, 0) becomes Knon(1,0) = (Uee — 22U + Uy (1 4 20) +
D[Ucccc — Upe(2¢ + h) + Ugy(c + 2h) — Uyyh]. This is the second derivative of the La-
grangian with respect to consumption (after substituting for labor through the resource
constraint) of the Lucas and Stokey (1983) problem for the proper value of ®. In that
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case, Knon(1,0) < 0 imposes local concavity of the Lagrangian with respect to the con-
trol variables, therefore, satisfying the sufficient second-order conditions of the policy
problem with full confidence in the model. Therefore, for small doubts about the model
and a ® close enough to the cost of distortionary taxation of Lucas and Stokey, we can
justify Knon < 0 as a sufficient condition for the satisfaction of the second-order condi-
tions of the full confidence problem. Obviously, the same argument can be made for the
separable case. Note though that for the utility functions that we used before (power in
consumption and convex marginal utility of leisure or constant Frisch), we showed that
K < 0 for any doubts about the model.

APPENDIX B: HOUSEHOLD’S INNER PROBLEM AND OPTIMALITY CONDITIONS
OF THE FISCAL AUTHORITY S PROBLEM

B.1 Inner problem in Section 3.4

Assign multipliers B/, 1 (g ) p;1(g'*!) and B (g")v,(g") on constraints (18) and
(19), respectively, and remember that My = 1 and my(gg) = 1. Form the Lagrangian

L=Y>" Bfm(gU{Mz(gf)[Ut(g’) +0BY m+1(gt+1|gf>mt+1<gf“)lnmtﬂ(g’“)}

t=0 g! 8t+1

= Bm1(8i4118)pi1 (8 THIM 1 (g — mya (g THMy ()]

8t+1

- vt(gf)[z m1(grr1lgme (g — 1“

8t+1

First-order necessary conditions for an interior solution are

me1(g ), 1> 0: w(gh) = BOM(gHI1 +1Inmyy1 (g1 + Bprs1(gTHMi(g") (42)

Mi(gh,t>1: p(g") =Uig" + B[Z m1(8lgHme (g Hpia (g

8t+1

(43)
+0)  my1(gir1lgmea (g Inm (g’“)]

8t+1
The above conditions can be simplified as follows. Rearrange (42) to get

t+1 __p:+1(gt+1) < Vt(gt) _1>
=0 ey

Inm; (g

or

pri1(g™th) vi(g")
mm(gf“>=exp<— 0 )e"p (/seztw,(gf) _l>'

Taking conditional expectation of m,,; and using (19) allows us to eliminate »,(g’) and
get
(1) _ exp(—p}, 1(g"H/0)

Yoy Ter1(8e1118") exp(—py 1 (871)/6)

(g (44)
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where the asterisks denote optimal values. Furthermore, solving forward (43) and im-
posing the transversality condition limy_, o, [3"EIM;k " kP = 0 delivers

& . Mg
pr (8" ZZ Z Blﬂ't+i(8t+l|g1)%

i=0 gi+i|gt 18

x |:U(gt+i)

+80 > m+,~+1<gt+i+l|gt+")m;*+,-+1<g’““>lnm;;m(g’*"“)], t>1.

gryir1lg™™

As is clear from the above condition, p}(g’) represents the household’s utility at history
g', pi(g") =Vi(g". This fact, together with recursion (43) and the formula for the optimal
conditional distortion (44), deliver the conditions in the text.

B.2 First-order conditions of the policy problem
The Lagrangian of the policy problem is

L=Y " B’m(gU{U(ct(g‘), 1= Ry(g") + PM;(gH(cr(gh), hi(g")
t=0 gt

— M(gOle(g) + g —he(g)] = Y Bmigi(gipalg e (g

8t+1

t+1
M* (o't exp(aVi+1(87™)) M t]
[ (87 Y gy Ter1(8rrlgh) exp(oVipi(ghth)) (&)
- fz(gt)[Vz(gt) —U(ci(gh), 1= hi(g")

P Y m(gilgh exp(aVipy (8t+1)):| }
o

8t+1

- (I)UC(C()a 1- ho)b()a

with &y =0, My =1, and g given.
Apart from first-order condition (34), the rest of the first-order conditions of the gov-

ernment’s maximization problem can be derived in a straightforward fashion. Now dif-
ferentiate the Lagrangian with respect to V;(g") to get

Vi t>1 m(glgNégh

th*_l(gtil)

J { Yo, me(gelg" ) exp(a V(g pi(8h) }
Vi@l X, m(gilg' ) exp(aVi(gh)
-1 0 -
+ to_ (ﬂ/t(gt){lnzﬂ-t(gtlg[ 1)eXp(0-I/t(g[))}'

81+1
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Note that

J { Yog, m(gilg ) exp(aVi(g)mi(gh) }
Vgl X, m(gilg' 1) exp(aVi(gh))

exp(aVi(g")
>g m(gelg" ) exp(aVi(gh)

=m(glg Ho

exp(ali(g"))
> g (818" ) exp(aVi(g"))

x [Mt(g’) =Y mgdg ™ m(gf)]
8t

=m(gilgHom;(g") [Mt(gz) -3 m(gt|gf—1>m;"(g’)m<gf>}
8t

and

J
avi(gh

exp(aV;(gh)
> g mi(glg ) exp(aVi(gh)

{an m(gt|g‘—1)exp<al/t<g‘>)} = m(glg' Do

8t+1

= m(glg' " Homi(gh),

where we used formula (20) for the household’s conditional distortion. Plugging the two
derivatives back into the optimality condition and simplifying delivers (34) in the text.

APPENDIX C: RECURSIVE FORMULATION

First we give an expanded version of Proposition 3.

ProposiTiON 3'. Let the approximating model of government expenditures be Markov.
Then the fiscal authority’s problem from period one onward can be represented recursively
by keeping as a state variable the vector (g;, M}, &:). The likelihood ratio M| and the
multiplier & follow laws of motion

M =M* (g1, 811, M]_1, €-1; D)

Er =680, 8-1, M|, &-1; D),
with initial values (Mg, &) = (1,0). The policy functions for consumption, household
utility, and debt for t > 1 are
¢ = (8, M7, & @)
Vi=V (g M}, : D)
by =b(g,, M{, & ).

A similar recursive formulation can be achieved in terms of (g;, M}, &) with initial
state value (g, 1, 0).
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C.1 Statevariables (M}, &)

Assume that a sequential saddle-point that solves the policy problem exists.3! Our ob-
jective is to transform the sequential saddle-point into a recursive saddle-point along
the lines of Marcet and Marimon (2011). To achieve this, we augment the state space and
modify properly the period return function associated with the sequential saddle-point.

Fix the multiplier on the implementability constraint (27) to a positive value, ® > 0,
and form the partial Lagrangian

Lo=U(g0) + PQy(g0) — PUc(g0)bo + BL,

where
B o0
L=Ey) B NU+OM;Q — &1V — Us — BUEm} Vi1 + 0Emy, Inm} )1}

t=1

Note that we do not include in the partial Lagrangian the law of motion of the like-
lihood ratio M;* (which is the reason why we distinguish in notation between L in this
section and L in Section B.2) and that we have already expressed labor in terms of con-
sumption 4; = ¢; + g; in L. Furthermore, we differentiate between the initial period
and the rest of the periods due to the presence of initial debt and the realization of un-
certainty at t = 0.

Bear in mind that we do not substitute for the optimal value of the conditional like-
lihood ratio m} (20) in the household’s utility recursion, which retains linearity with re-
spect to the approximating model 7 in L. This allows us to apply the law of iterated
expectations and rewrite L in terms of current and lagged values of &;:

o0
L=EyY B'7'U+OM;Q — &(Vi— Up) + &1 (m}Vi+ 6miInm})].  (45)
t=1

Consider the following saddle-point problem from period one onward.

ProOBLEM 1. We have

min max L
Ent>1 ¢, my , MY,V 121

subject to

Mg =migM; (g™, t>1

exp(—Vi(gh/0)
Erexp(~Vi(gh/0) =7

mi(g') =
with initial values My =1, £, =0, and g given.

31The existence of a sequential saddle-point is not guaranteed due to the nonconvexity of the govern-
ment’s problem. However, if it exists, it solves the policy problem. See Marcet and Marimon (2011).
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The modified return function in (45) does not depend on expectations of future vari-
ables, but only on the controls (¢;, mj, V4, &) and the lagged values (M |, §;_1), which
serve as state variables. The object of interest is the value function of Problem 1, which
is a solution to a saddle-point functional equation.

More precisely, assume that the approximating model of government expenditures
is Markov with transition probabilities g, = Prob(g; = g|g,—1 = g-) and let the vector
X: = (g, M}, &) denote the state. Let W (X_; ®) denote the corresponding value func-
tion of the saddle-point problem when the state is X_, where the underscore (_) stands
for previous period, i.e., z_ = z,_; for any random variable z. The value of Problem 1 is
W(go, 1,0; ®); ® > 0is treated as a parameter in the value function.

Bellman equation I. The function W (-; ®) satisfies the Bellman equation

W(g-,MZ, & ;®)

=min max Z g {U(cg, 1 —cg—8) + DPmgM* Qg
g

g cgomg,Vy
— E(Ve = Ulcg, 1 — g — ) + E_(miVy + 6m Inm?) + BW (g, mEM*, ég; )},
where
Qe =[Uc(cg, 1 —cg—g) = U(cg, 1 —cg — g)lcg — Uj(cg, 1 —cg — 8)g

and
= exp(—Vg/0)
2o Tglg— exp(—Vg/0)

Time zero problem. The planner’s problem at time zero takes the form

vg.

Wo(80, bo; ®) = nlcng{U(Co, 1 —co—8o) + PQo(cop)
- (I)UC(CO’ 1 —C0 — gO)bO + BW(g()’ 17 07 CI))},
which is effectively the static problem

max U(cp, 1 —co— go) + PQy(cp) — PU(cp, 1 — co — go)bo.

From the problem above, we get the initial period consumption, cy(go, bg; P).
Envelope conditions. The envelope conditions are

Wy (g—, M* , é_; D) = Z glg Mg[ P + PWi+(8, My, g3 D)] (46)
8

Wg(g,,Mi,f,;CI))=Z77g‘g_[m;Vg+6mzlan]. (47)
8

Condition (47) exposes the connection between the shadow value ¢ of manipulating the
worst-case model and the promised utility to the household. Furthermore, solving (46)
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forward and converting to sequence notation allows us to conclude that

*

o0
M* .
Wirs (g1, M}y, &-1; @) = PE, 1 Y B'— 10

i=0 M
M.
= (I)Elflm;k [El‘ Z Bl ]\4[:1 Qt+ii| (48)
i=0 !

= CI)E:—]’”}'< Uctby,

where, in the last line, we recognize the relationship between the present value of gov-
ernment surpluses and debt.

First-order conditions. For completeness, we derive the first-order conditions of the
functional equation to verify that they match the first-order conditions of the sequential
Lagrangian formulation. Assign the multiplier g, fig on the optimal distortion m} and
get the first-order conditions

Cgt (Upg—Ueg)(1+ &g + PmEM¥)

(49)
= (DmZMi[(Ucc - 2Ucl,g + Ull,g)cg + (Ull,g - Ucl,g)g]
my: fug=PMZ[Qg + Wi (g, My, &g P) + E_ [V + 0(1 + Inmyy)] (50)
Ve &g=omy [ﬁg - Z ng—m:giﬁg} +mgé (51)
g
§gi Ve=Ug+ PWe(g, My, &g; D). (52)

Equation (49) represents the familiar optimal wedge, with /¢ = ¢ + g. Furthermore,
using the envelope condition with respect to £ ((47)) in optimality condition (52) deliv-
ers the household’s utility recursion (30). It remains to show that (51) describes the ap-
propriate law of motion of the multiplier ;. For that, consider at first (50) in sequence
notation and use the fact that Inm} = —V;/6 —InE,_; exp(—V;/0) to get

- V
iy =M [ [PQ + BWy=(g, M[, & D)+ 5119[1 —InE;,_4 eXP(‘é)]

Using (48), we see that ®Q; + BWis« (g, M}, &1, ) = P(Q, + BE,m;"HUC,tHb,H) =
q)UCtbt. Thus

Y V
My = Mt*_lq)Uctbt + §t_10|:1 —InE;_4 exp(_gt>:|’
with innovation
e — Eiymiy =M; (®(Ueb; — E—ymiUeby),

since the term multiplying &;_1 is known with respect to information at + — 1. Plugging
the innovation of & into (51) delivers the law of motion (38).
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Policy functions and debt. Given the recursive representation of the government’s
problem, we attain a time invariant representation of the policy functions as functions
of the state, e.g., the optimal policy function for consumption is c¢g = cg(g—, M*, é_; ®).
In the case of an independent and identically distributed approximating model, we can
drop the dependence on g_. Note though that (49) shows that (g, Mg, &) is sufficient
to determine c. Thus, the vector of state variables (g_, M*, £_) affects the optimal pol-
icy for consumption at g by determining the value of the current state (g, Mg, £,) and,
consequently, ¢ = cg(g—, M*, ;D) = c(g, M;, &g; ®). Therefore, labor and the opti-
mal tax rate also depend on the current values of the state. Note also that (52) allows
us to use the same logic with the household’s utility, so 1, =V (g, M;, &g; ®@). Turning
to debt, using (48) allows us to determine the optimal debt position as a function of the
current state b; = b(g;, M}, &;; @), since

Qy B

b= "
‘= U o0,

WM*(gt’Mt*a gt; q))

To conclude, remember that the recursive formulation has been contingent on the
value @ > (. After the initial period problem and the functional problem are solved, ®
has to be adjusted so that the intertemporal budget constraint is satisfied. The expres-
sion that we derived for optimal debt suggests the use of the derivative W+ for that pur-
pose: Increase (decrease) @ if Qy/U.o + (B/(PU))War+(go, 1,0; ) — by < (>) 0. This
procedure has to be repeated, and the initial period problem and the functional equa-
tion have to be resolved until the intertemporal budget constraint holds with equality.

C.2 Normalized multiplier £,

The same methodology allows us to derive a recursive representation in terms of the nor-

malized multiplier £;. Form the partial Lagrangian by multiplying the household’s utility

recursion (30) with M} and assign to this constraint the multiplier g’ &, with & = 0.

Now follow similar steps as in the previous subsection to get the functional equation:
Bellman equation II. We have

J(g—,M*, §_;®)=min max Z g [Ulcg, 1 —cg—g) + DmigM* Qg
fg Cg’m?Vg g
—mEM* Eg(Vg — Ulcg, 1 — ¢y — @)
+ E MY (miVy + 0m3 Inm) + BI(g, myM*, Eg: ®)],

where Qg and my as before.
Envelope conditions. We have

I (g, M*E @) =) " g [PmgQy — msEg (Ve — Ug) + & (m3Vg + 0m Inm})
4

; (53)
+ BTy (8, M}, &g ©)]

Jp(g- M, E; @) = M2 Y " mgig (msVe + Omylnms). (54)
8
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Matching first-order conditions. Assign multiplier 7g|_fi; on the conditional distor-
tion of the household mj and derive the first-order conditions

Cgt (Upg—Ueg)(1/M} + &g + @) 55
= q)[(Ucc,g - 2Ucl,g + Ull,g)cg + (Ull,g - cl,g)g]

my: g =M*[DQ — E,(Vy — Ug) + E- (Vg + 0(Inmjs + 1)) + B3, (g, M}, &g: D)] (56)

Ve €M™ = U(/lg -y wglgm;@g> +E-M* (57)
8

£t MEM* Vg =miM*Ug + BJ(g, M, g D). (58)

Condition (55) describes the familiar optimal wedge. Now turn to sequence nota-
tion, update the envelope condition (54) one period, substitute in (58), and simplify to
get the household’s utility recursion

Vi=U+ B(Em; Viy1 + 0Em},  Inm}, ).
There is some work needed in order to derive the law of motion of the multiplier &; in
the text. Consider the envelope condition (53) and solve it forward to get

*

0
- M
Im(8i—1, M}, 1-1; ®) = PE,_; Z Bl t+l Qz+z
i=0 -

—E; 1Zﬂ f’§t+,(m+, Usti)

*
1%
+Et 1 ZBl H—l gl-‘rl l(mt+ll/t+l + OmH_l lan_t).
The last sum in the third line can be rewritten as
1%
Et 1 Z :8 t+l §t+l l(mt+[I/l+l + emt_t,_l In mt+l)
=& 1E((m}V,+ 0m} Inm})
O<J .
+Ei1 Z B'érriB(myy i Vivivr + 0my  Inmy, ;).

i=0

Thus the derivative of the value function with respect to the likelihood ratio M* be-
comes

I (81, M}, €15 D)

=DE;_4 Z B’ ’*‘ Qm + &1 E (miVi+ 0mf Inmy)
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o0 *
—E ZB"MW& Vigi — Uri — BEri(m*, .. Vigis1 +0m* . Inm*_.. )
t—1 M*l t+i\Vi+i t+i t+i t+i+1 7 t+i+1 t+i+1 t+i+1
i=0 =

=®F, ymUeb; + &1 E,_1(m}V; + 0m} Inm}),

by using the household’s utility recursion, and the relationship between debt and the
present value of future government surpluses.
Update Jjs+ one period and plug it into the first-order condition (56) to get

P =M; [P+ BEm  Ue 111b,41)
— &V, — Uy — BEm? Vi1 + 0Emt,  Inm?, ) + &_1(V; + 6(nm +1))]
=M} [®Q + BEm}  Uc,141b411) + E—1(Vi + 0(Inm + 1))],

again using the household’s utility recursion. Note that Q; + BE;m}  Uc,1+1b111 = Uctb;.
Now use the expression for the conditional distortion m: to finally get

fue =M {[PUcib; + &10(1 = InE,_y exp(aV)].

Therefore, the innovation in i, becomes i, — E,_1mf i, = @M} [Uctby — E;_1myUciby].
Plugging the innovation into (57) and simplifying delivers the law of motion of the nor-
malized multiplier (39).
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